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of the full-system solution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281

18.5 The relaxation time scale (tr) as a function of wavelength λ. The wavelength is given in
units of mean ice thickness (h̄) and tr is given in years. The mean surface slope is α=0.002,
the slip ratio is C̄=999, and n = m = 1. For these values tr is on the order of 10 years for
a fairly wide range of wavelengths. Lowering the slip ratio will reduce the value of tr. It
follows that ice streams will react to sudden changes in basal properties or surface pro�le
by a characteristic time scale of a few years. . . . . . . . . . . . . . . . . . . . . . . . . . 282



LIST OF FIGURES 13

18.6 Steady-state response of surface topography (∆s) to a perturbation in bed topography
(∆b). The surface slope is 0.002, the mean slip ratio C̄=100, and n = m = 1. Transfer
functions based on the shallow-ice-stream approximation (dashed line, Eq. 18.32), the
shallow-ice-sheet approximation (dotted line, and a full system solution (solid line) are
shown. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282

18.7 (a) The SSTREAM amplitude ratio (|Tsb|) between surface and bed topography (Eq. 18.32).
Surface slope is 0.002, the slip ratio C̄=99, and n = m = 1. λ is the wavelength of the sinu-
soidal bed topography perturbation and θ is the angle with respect to the x axis, with θ=0
and θ=90 corresponding to transverse and longitudinal undulations in bed topography,
respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282

18.7 (b) The FS amplitude ratio between surface and bed topography (|Tsb|). The shape
of the same transfer function for the same set of parameters based on the SSTREAM
approximation is shown in Fig. 18.7a. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282

18.8 (a) The steady-state amplitude ratio (|Tub|) between longitudinal surface velocity (∆u)
and bed topography (∆b) in the shallow-ice-stream approximation. Surface slope is 0.002,
the slip ratio is 99, and n = m = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

18.8 (b) The steady-state amplitude ratio (|Tub|) between longitudinal surface velocity (∆u)
and bed topography (∆b). The shape of the same transfer function for the same set of
parameters, but based on the shallow-ice-stream approximation, is shown in Fig. 18.8a. . 283

18.9 (a) The steady-state amplitude ratio (|Tvb|) between transverse velocity (∆v) and bed
topography (∆b) in the shallow-ice-stream approximation. Surface slope is 0.002, the slip
ratio is 99 and n = m = 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283

18.8 (b) The steady-state amplitude ratio (|Tvb| between transverse velocity (∆v) and bed
topography (∆b). The shape of the same transfer function for the same set of parameters,
but based on the shallow-ice-stream approximation, is shown in Fig. 18.9a. . . . . . . . . 283

18.9 Steady-state response of surface topography to a perturbation in bed topography for linear
and non-linear sliding. All curves are for linear medium (n=1). The solid lines are calcu-
lated for linear sliding (m=1) and the dashed lines for non-linear sliding (m=3). The red
lines are SSHEET solutions, the blue ones are SSTREAM solutions, and the black line is
a FS solution which is only available for m=1. Mean surface slope is 0.002 and slip ratio
is equal to 100. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284

18.9 Steady-state response of surface topography to a basal slipperiness perturbation. Shown
are FS (solid line), SSTREAM (circles), and SSHEET (crosses) transfer amplitudes for
both C̄=1 and C̄=10. In the plot the SSTREAM curves for C̄=1 and C̄=10 are too
similar to be distinguished. The surface slope is 0.002. . . . . . . . . . . . . . . . . . . . 284

18.10Transient surface topography response to a sinusoidal perturbation in bed topography
applied at t=0. Shown are the amplitude ratios between surface and bed topography
(|Tsb|) as a function of wavelength for α=0.002, θ=0, C̄=100, and n = m = 1 for t=0.001
(red), t=0.01 (blue), and t=10 (green). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284

18.10Steady-state response of surface longitudinal (u), transverse (v), and vertical (w) velocity
components to a basal slipperiness perturbation. The surface slope is 0.002 and the slip
ratio C̄=10. The Tuc and Twc amplitudes are calculated for slipperiness perturbations
aligned transversely to the �ow direction (θ=0). For Tvc, θ=45 degrees. Of the two y axis
the scale to the left is for the horizontal velocity components (Tuc and Twc), and the one
to the right is the scale for Tuc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284

18.11Steady-state response of the surface longitudinal (∆u) velocity component to a basal slip-
periness perturbation in the shallow-ice-stream approximation. The surface slope is 0.002
and the slip ratio C̄=99. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285

18.12(a) Surface topography response to a �ow over a Gaussian-shaped bedrock disturbance as
given by a FS (lower half of �gure) and a SSTREAM solution (upper half of �gure). The
mean �ow direction is from left to right. Surface slope is 3 degrees and mean basal velocity
equal to mean deformational velocity (C̄=1). The spatial unit is one mean ice thickness
(h̄). The Gaussian-shaped bedrock disturbance has a width of 10 h̄ and it's amplitude is
0.1 h̄. The problem de�nition is symmetrical about the x axis (y=0) and any deviations in
the �gure from this symmetry are due to di�erences in the FS and the SSTREAM solutions. 285



14 LIST OF FIGURES

18.13(b) Response in surface velocity to a Gaussian-shaped bedrock perturbation. All param-
eters are equal to those in Fig. 18.12a. The contour lines give horizontal speed and the
vectors the horizontal velocities. The velocity unit is mean-deformational velocity (ūd).
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Introduction

Úa is a �nite-element ice �ow model. This document provides some theoretical background information
to Úa . It is not a manual. This is a `life' document, i.e. it is constantly being modi�ed and changed
and the current from of the document is in no means �nal. It contains some general material on glacier
mechanics, a bit on the FE method, and lots of some very speci�c Úa related stu�. Most of the material
related to glacier mechanics is from a glaciology lectures given at Caltech in 2014, and ETH Zurich prior
to that.

i



ii INTRODUCTION



Notation and de�nitions

Typical problem geometry is depicted in Fig. 1 and the main geometrical variables listed in Table 2.
Upper and lower glacier surfaces are denoted by s and b, respectively, while the ocean surface and the
bedrock are denoted by S and B, respectively. The ice thickness is

h = s− b ,

and is always positive. The ocean depth, or vertical distance from bedrock (B) to the ocean surface (S),
is

H = S −B ,

and this quantity can be either positive or negative, depending on location.
The three components of the velocity vector are

v =

uv
w


but frequently we will just refer to the horizontal velocity components and write

v =

(
u
v

)
and which form is being used should be clear from context.

The maximal ice thickness possible without grounding is denoted by hf and is

hf := (S −B)ρo/ρ , (1)

where ρ and ρo are the ice and the ocean densities, respectively. The ice grounds if the ice thickness
exceeds hf , that is whenever h > hf . Note that hf becomes negative for B > S, i.e. whenever the bedrock
(B) is located above sea level (S). In that case we always have h > hf for any positive ice thickness h
and the ice is always grounded. We also de�ne the positive �otation thickness, h+f , as

h+f = hf H(hf ) , (2)

where H is the Heaviside function, de�ned as

H(x) =


0 for x < 0

1/2 for x = 0

1 for x > 0

The function H(h− hf ) (equal to one if grounded, zero if a�oat), is needed frequently and we de�ne
the grounding/�otation mask G as

G = H(h− hf )
Hence

G = H(h− hf ) =


0 over �oating areas

1/2 at the grounding line

1 over grounded areas

(3)

The variable G can the thought of as a `grounding' parameter.

iii
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Figure 1: Geometrical variables: Glacier surface (s)), glacier bed (b), ocean surface (S), ocean �oor
(Basals), glacier thickness (h = s − b)), ocean depth (H = S − B), glacier draft, d = S − b, glacier
freeboard f = s− S.

The freeboard f , which at the calving front we can also refer to as the subaerial cli� height, is

f := s− S,

and the draft d, i.e. the submarine ice thickness, is de�ned as

d :=

{
S − b, if S > b

0, otherwise
(4)

which can also be written as
d = H(H)(S − b), (5)

The `positive' ocean depth H+ is de�ned as

H+ := H(H)H, (6)

i.e. H+ = H if H > 0 and zero otherwise.
To distinguish between continuous quantities and discrete quantities we use bold face for the latter.

In a �nite-element context we might write

f(x) = fq ϕq(x) .

Here f is a continuous function, fq the nodal variables, and ϕq the shape/form functions. We sometimes
group the nodal variables together into a vector writing

f = [f1, f1, . . . , fN ]T ,

and then
f(x) = fT · ϕ(x) .

Note that f(x) and fq very are di�erent quantities: f(x) is a function, whereas fq is a scalar and can be
thought of as the qth component of the function f(x) in the basis {ϕ}.

If, for a vector f , we need to refer to the q element of the vector, we write [f ]q, i.e.

fq = [f ]q .

The matrix representation of a continuous operator L : H1 → H2 is written in bold as L. The elements
of the matrix are Lpq = [L]pq.

The L2 inner product is

⟨f, g⟩L2 =

∫
f(x) g(x) dx ,
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Table 1: List of variables

s elevation of upper glacier surface
ŝ measurements of the elevation of upper glacier surface
b elevation of lower glacier surface
b̂ measurements of the elevation of lower glacier surface
S ocean surface
B bedrock / ocean �oor

h := s− b glacier thickness
H := S −B ocean depth (pos. or neg. depending on location)
H+ = H(H)H (positive) ocean depth

d := H(H)(S − b) glacier draft, i.e. submarine ice thickness (positive by de�nition)
f := s− S freeboard (always positive)

G := H(h− hf ) grounding/�otation mask, 1 if ice grounded, 0 otherwise.
hf := ρoH/ρ �otation thickness (maximal ice thickness without grounding)
h+f := ρoH

+/ρ positive �otation thickness
α tilt of coordinate system
ρ ice density
ρo ocean density

ϱ = ρ (1− ρ/ρo)
(ub, vb, wb) xyz components of basal velocity
(us, vs, ws) xyz components of surface velocity

τxx, τyy, τxy etc. deviatoric stress components
σxx, σyy, σxy etc. Cauchy stress components
ϵ̇xx, ϵ̇yy, ϵ̇xy etc. strain rates

g gravitational acceleration

where f and g are square integrable functions and the l2 inner product is

(f , g)l2 = fT · g ,

where f and g are vectors. The inner products de�ne corresponding L2 and l2 norms.
The notation used for inner products is currently a bit inconsistent in this compendium, as I use both

the round bracket and the angle bracket (bra/ket) notations. Hence, for inner product from V → R all
these notations are used

(f, g) = ⟨f, g⟩ = ⟨f | g⟩ ,
and they all have the same meaning.

From the de�nition of an inner product we have the induced norm

∥f∥2 = ⟨f | f⟩.

Hence

∥f∥L2 =
√
⟨f | f⟩L2 =

√∫
f(x) f(x) dx

We often need to linearise various quantities, which we do by calculating directional derivatives. The
directional derivative Df of a function f of the variable x in the direction v is de�ned as

Dvf(x) = lim
ϵ→0

d

dϵ
f(x+ ϵv) . (7)

Often we think of v being a small perturbation to x in which case we write

D∆xf(x) = lim
ϵ→0

d

dϵ
f(x+ ϵ∆x) ,

and may then write Df(x) or just δf . In this document I use Dvf(x), Df(x)[v], and δvf to denote the
directional derivative.
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Table 2: List of main geometrical variables.

symbol de�nition
s upper glacier surface
b lower glacier surface
S ocean surface
B bedrock / ocean �oor

h := s− b glacier thickness
H := S −B ocean depth (pos. or neg. depending on location)

d := H(H)(S − b) glacier, i.e. submarine ice thickness (positive by de�nition)
f := s− S freeboard (always positive)
hf := ρwH/ρ maximum ice thickness without grounding

As explained in more detail in Appendix D the gradient is de�ned in terms of the directional derivative
for a given inner product as

Df(p)[ϕ] = ⟨∇J(p) | ϕ⟩H , (8)

where H is a Hilbert space and f : H → R.
Consider the scalar function J of the function f(x)

J = J(f(x)) .

The functional J might, for example, be some cost function that we are interested in minimising with
respect to the function f(x). In a typical FE context the function f expanded in a basis ϕi(x), that is

f(x) = fpϕp(x)

= fT · ϕ(x)

where fp can the thought of as the nodal values. The directional derivative of J with respect to fq, i.e.
with respect to one of the coe�cients (nodal values) in the expansion for f(x), is then

[δJ ]q := DJ(f(x))[fq] = lim
ϵ→0

d

dϵ
J(fpϕp(x) + ϵϕq(x))

= lim
ϵ→0

d

dϵ
J((fp + ϵδpq)ϕp(x))

We express the vector f of the nodal values in a basis {ei} and write f = fqep and refer to this as the
Euclidean representation. For a given FE mesh and element type i.e. for some given basis {ϕi}, we can
now think of J either as a function of the vector of nodal values f , i.e.

J = J(f)

or
J = J(f(x))

and we can express the gradient of f with respect to either the Euclidean basis {ei} or with respect to
the basis {ϕi(x)}.

Taking the viewpoint that f is a function of nodal values, the directional derivative shown above can
be written as

DJ(f(x))[fq] = lim
ϵ→0

d

dϵ
J(f + ϵeq)

The directional derivative can be estimated numerically in a FE model through �rst-order forward �nite
di�erences by perturbing the corresponding nodal value as

DJ(f(x))[fq] ≈
J(f + ϵeq)− J(f)

ϵ
(9)
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Generally, however, the directional gradient will be calculated more e�ciently using the adjoint method,
but the above �nite-di�erence approximation can be used to test the correctness of the adjoint imple-
mentation.

Using the de�nition (8) of a gradient, we now give examples of several di�erent gradients g, h(x),
j(x), and k(x) de�ned as

DJ(f(x))[fq] = ⟨g, eq⟩l2
= ⟨h, ϕq⟩L2

= ⟨j, ϕq⟩H1

= ⟨∇k,∇ϕq⟩L2

Note that the inner-product induced norm of the last inner product, (⟨∇ · ,∇ ·⟩L2) is a semi-norm. We
are interested in knowing the relationship between these gradients to each other in a typical FE setting.

We refer to the vector g = gpep in the basis {ei} as the l2 gradient, and the function h(x) = hpϕp(x)
in the basis {ϕi(x)} as the L2 gradient. The elements of the l2 and L2 gradients in the respective basis
eq and ϕq(x) are the coe�cients hi and gi the in the expansions

h(x, y) = hqϕq(x, y)

g = gqeq

j(x, y) = jqϕq(x, y)

k(x, y) = kqϕq(x, y)

where we have set Ω = (x, y).
The l2 gradient relates to the directional derivative in a simple way. Each element q of the l2 gradient

vector g is simply the directional derivative of J(f) in the direction eq. This follows from the de�nition
of the l2 inner product

DJ(f(x))[fq] = lim
ϵ→0

d

dϵ
J(f + ϵeq)

= ⟨g, eq⟩
= ⟨gpep, eq⟩
= gp ⟨ep, eq⟩
= gp ep · eq
= gp δpq

= gq .

For the L2 gradient we �nd, using the de�nition of the corresponding L2 inner product, that

DJ(f(x))[fq] = lim
ϵ→0

d

dϵ
J(f + ϵeq)

= ⟨h(x), ϕq(x))⟩L2

= ⟨hpϕp(x), ϕq(x)⟩L2

= hp (ϕp(x), ϕq(x)⟩L2

= hpMpq

where Mpq are the elements of the mass matrix

Mpq = ⟨ϕp(x), ϕq(x)⟩L2 =

∫
A

ϕp(x)ϕq(x) dA

also referred to as the Gramian matrix elements of the basis ϕi in the inner product space L2. Hence the
elements gi and hi of the l2 gradient g and the L2 gradient h(x), respectively, are related by

gi =Mijhj

or in matrix notation
g = Mh
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where again [h]i = hi and the L2 gradient is h(x) = hpϕp(x). Since the mass matrix is always invertible
we can calculate the L2 gradient vector h as

h = M−1g

where the elements of the l2 gradient g are the directional derivatives with respect to the nodal values.
Same calculations using the H1 inner product lead to

g = (M +Dxx +Dyy)j

where
j(x) = j · ϕ(x)

is the H1 gradient. For the ∥∇·∥L2
semi-norm we can de�ne the H1 semi-norm gradient k as before

through

DJ(f(x))[fq] =: ⟨k(x), ϕq(x)⟩H1

= ⟨∇k(x),∇ϕq(x)⟩L2

= kp⟨∇ϕp,∇ϕq⟩L2

= kD

And in two dimensions the elements of the l2 and the H1 semi-norm gradients are related as

g = (Dxx +Dyy)k

Sobolev space of order 1 on Ω denoted by H1 and de�ned by

H1(Ω) =
{
f, ∂xf, ∂yf ∈ L2(Ω)

}
The inner product is

⟨f, g⟩H1 =

∫
Ω

(fg + ∂xf∂xg + ∂yf∂yg) dΩ

and the resulting inner-product induced norm

∥f∥2H1 =

∫
Ω

(
f2 + (∇f)2

)
dΩ

= ∥f∥2L2 + ∥∇f∥2L2

where f is a real valued function.1

Alternatively to the �nite-di�erences test given by (9), the correctness of the gradient calculation can
be veri�ed

J(f(x) + ϵd(x)) = J(f(x)) + ϵ⟨∇J, d(x)⟩+O(ϵ2)

by calculating the limit

lim
ϵ→0

J(f(x) + ϵd(x))− J(f(x))
ϵ⟨∇J, d(x)⟩

1A common Sobolev-norm notation is

∥f∥Wk
p (Ω) :=

 ∑
|α|≤k

∥Dαu∥pLp

1/p

and the Sobolev spaces de�ned as

Wk
p (Ω) =

{
f ∈ L1 : ∥f∥Wk

p
⟨∞

}
And another common notational simpli�cation is to de�ne

Hk(Ω) := Wk
2 (Ω)

We have
∥f∥2H1 = ∥f∥2L2

+ ∥∇f∥2L2

and ∥∇·∥L2
is a semi-norm.
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which must be equal to 1 for the gradient estimate to be correct.
For a scalar function f using the l2 inner product, the �rst-order Taylor expansion of a scalar function

f is here written as
f(x+ h) = f(x) + (∇f)T h ,

and similarly for a vector function f as

f(x+ h) = f(x) + (∇f)T h ,

which implies that the gradient of a scalar function f is a column vector and the gradient of a vector
function f the matrix2

∇f =


∂x1f1 ∂x1f2 · · · ∂x1fm
∂x2

f1 ∂x2
f2 · · · ∂x2

fm

. . .
...

. . .
...

∂xnf1 ∂x2f2 · · · ∂xnfm


=∇⊗ f

and also

∇f(x) = ∂fi
∂xj

ei ⊗ ej .

Using index notation and the summation and comma conventions we can write the Taylor expansion as

fp(x+ h) = fp(x) + fp,q hq

and
[∇f ]pq = fq,p .

The Jakobian matrixK for a vector function f = (f1, f2, · · · , fm)T of the vector x = (x1, x2, · · · , xn)T
is commonly de�ned as the m × n matrix having the elements [K]ij = ∂fi/∂xj . Therefore K = (∇f)T
and the �rst-order Taylor expansion can be written as

f(x+ h) = f(x) +Kh .

2Sometimes an outer product between two (column) vectors a and b is de�ned as

abT = a⊗ b .

If we think of the operator ∇ as a (column) vector, then one could argue that a correct notation for the operation of ∇ on
f is, written using the outer product, ∇fT .
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Figure 2: Distribution of integration points with the unit reference triangle and the degree of precision.
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Chapter 1

Key governing equations

1.1 Equations of ice �ow

For reference, we start by recapping the key governing equations of glacier �ow which are

ϵ̇ = Aτn−1τ (constitutive law) (1.1)

tb = f(v)
vb

∥vb∥
(sliding law) (1.2)

∇ · σ + b = 0 (momentum) (1.3)

∇ · v = 0 (mass) (1.4)

where the e�ective stress is

τ =
√
τpqτpq/2 ,

and f : R3 → R, is a given scalar function (the sliding law).
The constitutive law can also be written in terms of strain rates as

τ = A−1/n ϵ̇(1−n)/n ϵ̇ , (1.5)

where

ϵ̇ =
√
ϵ̇pq ϵ̇pq/2 ,

is the e�ective strain rate, or in an implicit form as

τ = A−1 τ1−n ϵ̇ . (1.6)

Sometimes the constitutive law is written on the form

τij = 2η ϵ̇ij (1.7)

where η is the e�ective viscosity given by

η =
1

2
A−1/n ϵ̇(1−n)/n (1.8)

=
τ1−n

2A
. (1.9)

The relationship between the elements, σpq, of the Cauchy stress tensor and the deviatoric stress
components, τpq, and the pressure, p, is

σ = τ − p1

that is σxx σxy σxz
σxy σyy σyz
σxz σyz σzz

 =

τxx − p τxy τxz
τxy τyy − p τyz
τxz τyz τzz − p

 , (1.10)

3
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and the elements of the strain-rate tensor are related to the velocity components as follow:

ϵ̇ =

ϵ̇xx ϵ̇xy ϵ̇xz
ϵ̇xy ϵ̇xy ϵ̇yz
ϵ̇xz ϵ̇yz ϵ̇zz

 =


∂u
∂x

1
2

(
∂u
∂y + ∂v

∂x

)
1
2

(
∂u
∂z + ∂w

∂x

)
1
2

(
∂u
∂y + ∂v

∂x

)
∂v
∂y

1
2

(
∂v
∂z + ∂w

∂y

)
1
2

(
∂u
∂z + ∂w

∂x

)
1
2

(
∂v
∂z + ∂w

∂y

)
∂w
∂z

 . (1.11)

Written out, the three components of the momentum equation, (1.3), are

∂xσxx + ∂yτxy + ∂zτxz = 0 , (1.12)

∂xτxy + ∂yσyy + ∂zτyz = 0 , (1.13)

∂xτxz + ∂yτyz + ∂zσzz = ρg , (1.14)

or equally as

∂xτxx + ∂yτxy + ∂zτxz = ∂xp , (1.15)

∂xτxy + ∂yτyy + ∂zτyz = ∂yp , (1.16)

∂xτxz + ∂yτyz + ∂zτzz = ∂zp+ ρg , (1.17)

where we have assumed a coordinate system where the z axis is oriented upwards, that is against the
direction of the gravity vector.

1.2 Shallow Ice-Stream Approximation (SSTREAM/SSA)

The shallow ice-stream (SSTREAM/SSA/Shelfy) equations are

∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx = (ρgh∂xs+
1

2
h2g ∂xρ) cosα− ρgh sinα (1.18)

∂y(h(2τyy + τxx)) + ∂x(hτxy)− tby = (ρgh∂ys+
1

2
h2g ∂yρ) cosα (1.19)

were α is the tilt of the coordinate system with respect to the gravity vector, and the shallow ice-stream
approximation for the e�ective stress, τ , is

τ = τSSA =
√
τ2xx + τ2yy + τxxτyy + τ2xy . (1.20)

These equations can also be written in terms of velocities as

∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))− β2 u = (ρgh∂xs+
1

2
h2g ∂xρ) cosα− ρg sinα, (1.21)

∂y(4hη∂yv + 2hη∂xu) + ∂x(hη(∂yu+ ∂xv))− β2 v = (ρgh∂ys+
1

2
h2g ∂xρ) cosα . (1.22)

where we have written the sliding law as

tbx = β2 u, (1.23)

tby = β2 v, (1.24)

and used the constitutive law on the form

ϵ̇ij =
1

2η
τij (1.25)

where

η =
1

2
A−1/n ϵ̇(1−n)/n,

and where in the SSA the e�ective strain rate, ϵ̇, is given by

ϵ̇ = ϵ̇SSA =
√
(∂xu)2 + (∂yv)2 + ∂xu ∂yv + (∂xv + ∂yu)2/4 .
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De�ning the resistive stress tensor as

R =

(
2τxx + τyy τxy

τxy 2τyy + τxx

)
(1.26)

and
∇xy = (∂x, ∂y)

the SSA �eld equations can be written in a compact form as

∇xy · (hR)− tbh = ρgh∇xy s+
1

2
gh2∇xy ρ , (1.27)

for α = 0, where

tbh =

(
tbx
tby

)
is the horizontal part of the basal stress vector (basal traction)

tb = σn̂− (n̂ · σn̂)n̂,

with n̂ being a unit normal vector to the bed pointing into the ice.
As shown in section 1.17 we have

gρh∂xs+
1

2
gh2∂xρ =

g

2
∂x(ρh

2 − ρod2) + g(ρh− ρod)∂xb, (1.28)

and also
g(ρh− ρod)∂xb = G g(ρh− ρoH+)∂xB. (1.29)

We can therefore also write the �eld equations as

∇xy · (hR)− tbh =
g

2
∇xy(ρh

2 − ρod2) + g(ρh− ρod)∇xyb, (1.30)

or
∇xy · (hR)− tbh =

g

2
∇xy(ρh

2 − ρod2) + G g(ρh− ρoH+)∇xyB. (1.31)

again for α = 0. Note that where the ice is a�oat the right hand sides of Eqs. (1.30) and (1.31) are equal
to zero.

We will also show (see section 1.16) that the stress boundary condition at both grounded and �oating
ice edges can be written as

hR · n̂xy =
g

2
(ρh2 − ρod2)n̂xy. (1.32)

where
n̂xy = (nx, ny, 0)

T ,

is a unit normal pointing horizontally outward from the ice front.
Note that it is the horizontal component of the basal traction that enters the �eld equations. We will

sometimes just write tb instead of tbh which is a slight abuse of notation, and strictly speaking incorrect.
In Úa the form of the SSTREAM equations is therefore (written for non-tilted coordinate system):

∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx =
1

2
g∂x(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂xB (1.224)

∂y(h(2τyy + τxx)) + ∂x(hτxy)− tby =
1

2
g∂y(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂yB (1.225)

And written in terms of the velocity components:

∂x(hη(4∂xu+ 2∂yv)) + ∂y(hη(∂yu+ ∂xv))− tbx =

1

2
g∂x(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂xB (1.226)

∂y(hη(4∂yv + 2∂xu)) + ∂x(hη(∂xv + ∂yu)− tby =

1

2
g∂y(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂yB (1.227)
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Here the draft d, is
d = H(hf − h)ρh/ρo +H(h− hf )H+ (1.203)

and the positive ocean 'thickness' H+ is

H+ := H(H)H, (1.33)

i.e. H+ = H if H > 0 and zero otherwise. The variable hf is the �otation thickness (maximal ice
thickness without grounding)

hf := Hρo/ρ , (1)

where ρ and ρo are the ice and the ocean densities, respectively. The function H(x) is the Heaviside step
function, i.e. H(x) = 1 for x > 0 and H(x) = 0 for x < 0 and H(0) = 1/2. The ice thickness h is h = s−b
where s is the upper and b the lower ice surfaces. The ocean 'thickness' H is H = S −B where S is the
ocean surface and B the ocean �oor.

1.3 Shallow Ice Shelf (SSHELF/SSA)

The shallow ice shelf approximation is simply the shallow ice stress approximation with the drag term
dropped. Since

s = S + h (1− ρ/ρo)
we have over a �oating ice shelf

ρgh∇xy s =
1

2
ϱg∇xy h

2

where
ϱ = ρ (1− ρ/ρo) , (1.34)

and the momentum equations have the form

∇xy · (hR) =
1

2
ϱg∇xy h

2 +
1

2
gh2∇xy ρ , (1.35)

or if we skip the spatial density gradient

∇xy ·
(
R− 1

2
ϱg

(
h 0
0 h

))
= 0 (1.36)

1.4 Shallow Ice-Sheet (SSHEET/SIA)

In the shallow ice-sheet approximation, the stress balance is

tb = tSIAb = −ρgh∇xys , (1.37)

and the pressure and the stresses are

−p(z) = σzz(z) = −ρg (s− z) ,
τxz(z) = −ρg (s− z) ∂xs ,
τyz(z) = −ρg (s− z) ∂ys ,

and the e�ective stress therefore

τ(z) = τSIA =
√
τ2xz(z) + τ2yz(z) ,

= ρg(s− z)
√
(∂xs)2 + (∂ys)2 .

The �ow law
ϵ̇ij = A(T ) τn−1 τij , (17.5)

implies

∂zu = 2Aτn−1 τxz

= −2A
(
ρg(s− z)

√
(∂xs)2 + (∂ys)2

)n−1

ρg(s− z)∂xs
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Integrating, and assuming A does not vary with depth, we �nd

v = −2A(ρg)n
(
(∂xs)

2 + (∂ys)
2)
)(n−1)/2 ∇xys

∫ z

b

(s− z′)n dz′ + vb

= − 2A

n+ 1
(ρg)n ∥∇xys∥n−1

(hn+1 − (s− z)n+1)∇xys+ vb

= − 2A

(n+ 1)hn
(ρgh)n ∥∇xys∥n−1

(hn+1 − (s− z)n+1)∇xys+ vb

= − 2A

(n+ 1)hn
(ρgh)n ∥∇xys∥n−1

(hn+1 − (s− z)n+1)∇xys+ vb

=
2A

(n+ 1)hn
(hn+1 − (s− z)n+1)

∥∥tSIAb

∥∥n−1
tSIAb + vb

that is

vd(z) =
2A

(n+ 1)hn
(hn+1 − (s− z)n+1)

∥∥tSIAb

∥∥n−1
tSIAb (1.38)

where
∥∇xys∥ =

√
(∂xs)2 + (∂ys)2 .

and tSIAb is given by Eq. (1.37). For a sliding law on the form

vb = C
∥∥tSIAb

∥∥m−1
tSIAb ,

the basal velocity, vb, is
vb = −C(ρgh)m ∥∇xys∥m−1 ∇xys .

or

v = vd + vb

=
2A

(n+ 1)hn
(hn+1 − (s− z)n+1)

∥∥tSIAb

∥∥n−1
tSIAb + C

∥∥tSIAb

∥∥m−1
tSIAb . (1.39)

The deformational velocity, vd, can also be written as

vd(z) = −E ∥∇xys∥n−1 (
hn+1 − (s− z)n+1

)
∇xys , (1.40)

where

E =
2A

n+ 1
(ρg)n .

The vertically integrated �ux

q =

∫ s

b

ρv dz,

is then

qd =

∫ s

b

ρvd dz = −
2ρA

n+ 2
(ρgh ∥∇xys∥)n−1

(ρgh ∇xys) h
2 (1.41)

=
2ρA

n+ 2

∥∥tSIAb

∥∥n−1
tSIAb h2 , (1.42)

and

qb =

∫ s

b

ρvb dz = −Cρh(ρgh)m ∥∇xys∥m−1∇xys (1.43)

= Cρh
∥∥tSIAb

∥∥m−1
tSIAb , (1.44)

hence

q = qd + qb

=
2ρA

n+ 2

∥∥tSIAb

∥∥n−1
tSIAb h2 + Cρh

∥∥tSIAb

∥∥m−1
tSIAb , (1.45)
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where tb is given by Eq. (1.37), and where we have assumed that A and ρ are independent of depth.
We can also write qd as

qd = −Dρ ∥∇xys∥n−1
hn+2 ∇xys , (1.46)

where

D =
2A

n+ 2
(ρg)n . (1.47)

The �ux can also be written in terms of the deformational and basal velocities as

q = qd + qb

= ρh (Fvd(z = s) + vb) ,

with

F =
n+ 1

n+ 2
.

In the SIA/SSTREAM approximation the driving stress, −ρgh∂xs, is always equal to the basal traction.
This is because the impact of horizontal stress gradients on the force balance is not included.

The ice-thickness evolution is then calculated by solving the vertically integrated mass-conservation
equation, derived in section 1.8, or

ρ ∂th+∇xy · q = ρa . (1.121)

Because q can be written explicitly in terms of h as given by (1.46), we simply solve for the thickness
evolution h directly and then calculate the velocities, should those be required, afterwards using (1.40).

1.5 Recap of typically SIA and SSA scalings

The shallow ice-sheet (SIA/SSHEET) and the shallow ice-stream (SSA/SSTREAM) equations are derived
in Chapters 16 and 17, respectively. Baral (1999) provides a useful overview over asymptotic theories of
large-scale glacier �ow. Here, we give a short overview over the main assumptions.

Both the shallow ice-sheet (SIA/SSHEET) and the shallow ice-stream (SSA/SSTREAM) are shallow-
ice approximations, that is they assume [z]/[x] = ε ≪ 1. For the mass conservation, vp,p = 0, to be
invariant, we then must have [w]/[u] = ε. For the kinematic boundary conditions to be invariant, we
must scale time as [t] = [x]/[u].

In both SIA and SSA the strain-rate tensor is, in terms of velocities, given by

ϵ̇ =


∂u
∂x

1
2

(
∂u
∂y + ∂v

∂x

)
1
2

(
1
ε
∂u
∂z + ε∂w∂x

)
1
2

(
∂u
∂y + ∂v

∂x

)
∂v
∂y

1
2

(
1
ε
∂v
∂z + ε∂w∂y

)
1
2

(
1
ε
∂u
∂z + ε∂w∂x

)
1
2

(
1
ε
∂v
∂z + ε∂w∂y

)
∂w
∂z

 (1.48)

Although shallow ice-stream (SSA) stresses are usually scaled using the shallowness ratio ε, there is
no reason to expect the deviatoric stresses to, for example, go to zero as ε→ 0 (e.g. horizontal deviatoric
stresses in an ice shelf do not become smaller as the ice shelf gets longer and wider).

SSA stress scalings:

τSSA = [σ]

 τxx τxy δτxz
τxy τyy δτyz
δτxz δτyz τzz

 (1.49)

On the other hand, the deviatoric SIA stresses should go to zero as ε→ 0, and the horizontal deviatoric
stresses to be smaller than the vertical shear stresses. One way of expressing this is to write

τSIA = ε[σ]

ετxx ετxy τxz
ετxy ετyy τyz
τxz τyz ετzz

 (1.50)

In both SIA and SSA, [p] = [σ] = ρg[z]. Note that since [p] = [σ] = ρg[z], we have [ρg] = [p]/[z] =
[p]/(ε[x]). The e�ective stress, τ , is zeroth-order in in SSA, but of �rst order, O(ε), in SIA. It is actu-
ally not very usefully to discuss these orders without referring to the balances that the SSTREAM and
SSHEET assume, and, as discussed below, SSTREAM balances horizontal deviatoric stresses and hori-
zontal velocity gradients, while SSHEET balances vertical shear deformation and vertical shear stresses.
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The scaled shallow ice-stream (SSTREAM/SSA) momentum equations are

∂xτxx + ∂yτxy + ∂zτxz = ∂xp , (1.51)

∂xτxy + ∂yτyy + ∂zσyz = ∂yp , (1.52)

δ2∂xτxz + δ2∂yτyz + ∂zτzz = ∂zp+ ρg . (1.53)

Note that the vertical shear stresses enter the momentum balance at leading order, and that the SSA
pressure, p, is not hydrostatic.

The scaled shallow ice-sheet (SSHEET/SIA) momentum equations are

ε2∂xτxx + ε2∂yτxy +
ε

ε
∂zτxz = ∂xp , (1.54)

ε2∂xτxy + ε2∂yτyy +
ε

ε
∂zσyz = ∂yp , (1.55)

ε∂xτxz + ε∂yτyz +
ε2

ε
∂zτzz =

1

ε
∂zp+

1

ε
ρg . (1.56)

Note that the vertical shear stresses are the only leading order terms in the horizontal momentum balance,
and that the SIA pressure, p, is hydrostatic.

In the shallow ice stream approximation (SSTREAM/SSA) we balance horizontal deviatoric stresses
and horizontal strain rates, were

[u]

[x]

∂u

∂x
= A[σ]n τxx (SSA xz-term)

and we get the balance we aim at for

[u]

[x]
= A[σ]n (SSA balance)

Physically, this implies horizontal velocity gradients, [u]/[x], are controlled by horizontal deviatoric
stresses, noticing that in the SSA scalings above [τ ] = [σ]. For the xz term in the constitutive rela-
tionship we then obtain

[u]

[x]

1

2

(
1

ε

∂u

∂z
+ ε

∂w

∂x

)
= A[σ]nδ τxz (SSA xz-term)

or
1

2

(
∂u

∂z
+ ε2

∂w

∂x

)
= εδ τxz (SSA xz-term)

Traditionally, in the SSA approximation we set δ = ε, in which case we must conclude that ∂u/∂z = O(ε2),
and the horizontal velocity therefore independent of depth.

In the shallow ice-sheet approximation (SIA) we aim at balancing the vertical shearing of the ice with
vertical shear stresses, were

[u]

[x]

(
1

ε

∂u

∂z
+ ε

∂w

∂x

)
= A[σ]nεnτxz (SIA xz-term)

and the SIA balance therefore is

[u]

[x]
= A[σ]nεn+1 (SIA balance)

or
[u] = A[τ ]n[z] .

The physical picture here is that of thin-�lm �ow controlled by shearing across the thickness of the layer.
For the SIA xx term of the constitutive relationships, we �nd that

[u]

[x]

∂u

∂x
= Aεn[σ]nε2τxx (SIA xx-term)

or
[u]

A[x][σ]nεn+1

∂u

∂x
= ετxx
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and therefore ∂u/∂x = O(ε).
The e�ective SSA and SIA strain rates are

ϵ̇SSA =
√
(∂xub)2 + (∂yvb)2 + ∂xub ∂yvb + (∂xvb + ∂yub)2/4 (1.57)

and
ϵ̇SIA =

√
(∂zud)2 + (∂zvd)2 (1.58)

The SIA velocities are calculated by �rst observing that p = ρg(s− z), using Eq. (1.56), and therefore
τxz = ρg(s − z)∂xs from Eq. (1.54), and then use the �ow law together with Eq. (1.58) to calculate the
deformational velocity components (ud and vd) as a function of depth. This is a reasonable approximation
if the horizontal deviatoric stresses are small.

1.5.1 BCs for small slopes

Typically, ice-�ow approximations assume small slopes and/or small aspect ratios, i.e. ε = [z]/[x] ≪ 1.
As shown in Chapter 17 the stress conditions at the surface σn̂ = 0 are to second order in ε

−σxx ∂xs− τxy ∂ys+ τxz = 0, (17.38)

−τxy ∂xs− σyy ∂ys+ τyz = 0, (17.39)

σzz = 0, (17.40)

for z = s(x, y). Using

σxx = 2τxx + τyy + σzz , (17.54)

together with (17.40), and therefore

σxx = 2τxx + τyy (at z = s(x, y)) .

We can also write the upper-surface stress conditions, Eqs. (17.38) and (17.39), as

−(2τxx + τyy) ∂xs− τxy ∂ys+ τxz = 0, (1.59)

−τxy ∂xs− (2τyy + τxx) ∂ys+ τyz = 0, (1.60)

for z = s(x, y), or in terms of velocities, as

0 = ∂xs (4∂xu+ 2∂yv) + ∂ys (∂xv + ∂yu)− ∂zu , (1.61)

0 = ∂ys (4∂yv + 2∂xu) + ∂xs (∂xu+ ∂yv)− ∂zv . (1.62)

for z = b(x, y), where we have used τpq = 2η(vp,q + vq,p) and ∂xw and ∂yw being of second order, or
smaller.

At the lower surface, z = b(x, y), we have the sliding law

ub = C ∥tb∥m−1
tbx, (17.44)

vb = C ∥tb∥m−1
tby, (17.45)

where, to second order

tbx = ∂xb (σzz − σxx)− ∂yb τxy + τxz, (17.41)

tby = ∂yb (σzz − σyy)− ∂xb τxy + τyz, (17.42)

for z = b(x, y). Again using
σxx = 2τxx + τyy + σzz , (17.54)

we can also write the basal boundary conditions, Eqs. (17.41) and (17.42), as

tbx = −∂xb (2τxx + τyy)− ∂yb τxy + τxz , (1.63)

tby = −∂yb (2τyy + τxx)− ∂xb τxy + τxz . (1.64)
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for z = b(x, y), or in terms of the velocities as

tbx = −η (∂xb (4∂xu+ 2∂yv)− ∂yb (∂xv + ∂yu) + ∂zu) , (1.65)

tby = −η (∂yb (4∂yv + 2∂xu)− ∂xb (∂xu+ ∂yv) + ∂zv) , (1.66)

for z = b(x, y), where we have used τpq = 2ηϵ̇pq and ∂xw and ∂yw being of second order, or smaller.
These small-slope BCs are used in both SIA and SSA, but in the case of SIA where horizontal

deviatoric stresses are small, they simplify to

τxz = 0,

τyz = 0,

σzz = 0,

for z = s(x, y), and

tbx = τxz ,

tby = τyz ,

at z = b(x, y).

1.6 Three dimensional formulation, assuming cryostatic vertical
stresses

Alternatively to vertically integrated formulations, and as a possible path towards a hybrid formulation,
we can include the e�ect of horizontal stresses on the vertical shear stresses using the full form of the
x and y momentum balance, while assuming that ∂xτxz + ∂yτyz are small compared to ∂zσzz (i.e. the
second-order δ terms in Eq. (1.53) dropped), that is

∂xσxx + ∂yτxy + ∂zτxz = 0 , (1.12)

∂xτxy + ∂yσyy + ∂zτyz = 0 , (1.13)

∂zσzz = ρg . (1.67)

and therefore
σzz = −ρg(s− z) . (1.68)

Hence, the pressure is non-hydrostatic and the vertical stresses, σzz, are lithostatic/cryostatic. Note that
using

σxx = 2τxx + τyy + σzz , (17.54)

and (1.68), the system (1.12) and (1.13) can be written as

∂x(2τxx + τyy) + ∂yτxy + ∂zτxz = ρg∂xs , (1.69)

∂y(2τyy + τxx) + ∂xτxy + ∂zτyz = ρg∂ys , (1.70)

or equivalently using
τij = 2η ϵ̇ij , (1.7)

as

∂x(2η(2∂xu+ ∂yv)) + ∂y(η(∂xv + ∂vu)) + ∂z(η∂zu) = ρg∂xs , (1.71)

∂y(2η(2∂yv + ∂xu)) + ∂x(η(pxv + ∂uu)) + ∂z(η∂zv) = ρg∂ys . (1.72)

where we have also simpli�ed the strain-rate tensor by dropping ∂xw and ∂yw (see 1.48). The resulting
system, which is fully three-dimensional, is usually referred to as the Blatter-Pattyn model (Blatter,
1995; Pattyn, 2003), and is sometimes used together with the stress boundary conditions for small slopes
(Eqs. 17.38, 17.39 ,17.40, 17.44 and 17.45). The original derivation of the Blatter-Pattyn system by
Blatter (1995), is arguably somewhat inconsistent as the terms ∂xτxz and ∂yτyz appear to be dropped
without a full justi�cation, however Dukowicz et al. (2010, 2011) shows that this is required for the
dissipation rate to be positive.
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1.7 Vertical integration, assuming cryostatic vertical stress state

Integrating the x component of the momentum equations, Eq. (1.12), over the depth from z = b to z = s,
and changing the order of di�erentiation and integration gives

0 =∂x

∫ s

b

σxx dz + ∂y

∫ s

b

τxydz (1.73)

− σxx(s)∂xs− τxy(s)∂ys+ τxz(s)

+ σxx(b)∂xb+ τxy(b)∂yb− τxz(b)

The second line is identically zero due to the small-amplitude boundary condition Eq. (17.38), and the
third line can be written as −tbx + ∂xb σzz(b), giving

0 =∂x

∫ s

b

σxx dz + ∂y

∫ s

b

τxydz − tbx + ∂xb σzz(b) . (1.74)

Using (17.54)
σxx = 2τxx + τyy + σzz , (17.54)

the (1.73) term, involving vertical integration over σxx, can be written (see also page 269) as∫ s

b

σxx dz =

∫ s

b

(2τxx + τyy) dz + σzz(b) (∂xs− ∂xb)

and Eq. (1.74), hence, becomes

∂x

∫ s

b

(2τxx + τyy) dz + ∂y

∫ s

b

τxydz − tbx = ρgh∂xs (1.75)

∂y

∫ s

b

(2τyy + τxx) dz + ∂x

∫ s

b

τxydz − tby = ρgh∂ys (1.76)

where we have used σzz(z = b) = −ρgh, and where have added the corresponding equation for the y
direction.

Equations (1.75) and (1.76) have a long history in glaciology. These same equations are, for example,
Eqs. (14) and (15) in Van Der Veen and Whillans (1989)1 and these equations, or simple variants thereof,
can be found in Kamb and Echelmeyer (1986); Echelmeyer et al. (1986) and various other papers and
books before that.2 Eqs. (1.75) and (1.76) are usually solved as functions of velocities, with velocities
and pressure being the primitive variables, and, generally, solving Eqs. (1.75) and (1.76) will involve a
vertical integration.3 Similar ideas, but arguably more general as the ∂xτxz terms are included, are found
in Budd (1969) and Budd (1970), see for example Eq. 20 in Budd (1970) and Eq. 10 in Nye (1969).

Evaluating the integrals in Eqs. (1.75) and (1.76) for non-Newtonian media such as ice, requires
knowing the e�ective viscosity (or the e�ective strain rates) as a function of depth, and that in turns
requires knowledge of the vertical shear stresses (or the vertical shear strain rates). Hence, although τxz
and τyx, (or ϵ̇xz ϵ̇yz) do not appear explicitly in Eqs. (1.75) and (1.76), these equations can not be solved
without knowing the vertical shear stresses. Here we can use an iterative procedure where, once we have
solved Eqs. (1.75) and (1.76) using an initial guess for τxz and τyz, we re-calculate the vertical shear
stresses, τxz and τyz, using again the the momentum equations, that is

∂xσxx + ∂yτxy + ∂zτxz = 0 , (17.49)

1Although Van Der Veen and Whillans (1989) appear to be wrong to state that this equation is exact and can be arrived
at without any approximations. The approximations are: a) ∂xτxz and ∂yτyz small compared to ∂zτzz and therefore
σzz = ρg(s− z), and b) small-slopes in the kinematic boundary conditions.

2In the shallow ice-stream approximation, where τxx, τyy and τxy are all independent of depth, equation (1.75) simpli�es
to

∂x(2hτxx + hτyy) + ∂y(hτxy)− tbx = ρgh∂xs ,

∂y(2hτyy + hτxx) + ∂x(hτxy)− tby = ρgh∂ys ,

which is Eq. (1.18) for α = 0 and ∂xρ = 0. In the case of the shallow ice-sheet approximation, Eqs. (1.75) and (1.76) simply
become

tb = −ρgh∇xys ,

which is Eq. (1.37).
3For the SSTREAM, the integration can be done analytically, and is in fact trivial, as all terms are independent of depth,

and in the SSHEET approximation, no integration is required because all related terms are identically zero.
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giving

∂zτxz = −∂xσxx − ∂yτxy (from 17.49)

= −∂x(2τxx + τyy + σzz)− ∂yτxy (using 17.54)

= −ρg∂xs− ∂x(2τxx + τyy)− ∂yτxy (1.77)

and then integrating

τxz(z) = −ρg(s− z)∂xs−
∫ z

b

(∂x(2τxx + τyy) + ∂yτxy) dz +K (1.78)

where K needs to be determined from the boundary conditions. We �nd a similar equation for τyz. The
vertical velocity pro�le is then obtained by integrating

u(z) = 2

∫ z

b

Aτn−1τxz dz + ub (1.79)

where
τ(z) =

√
τ2xx + τ2yy + τxxτyy + τ2xy + τ2xz(z) + τ2yz(z) . (1.80)

Again, while this procedure has here been described in terms of the stresses, this system would typically
be written down, and solved, in terms of the velocities using the �ow law on the form

τij = A−1/n ϵ̇(1−n)/n ϵ̇ij , (1.188)

where
ϵ̇ =

√
(∂xu)2 + (∂yv)2 + ∂xu ∂yv + (∂xv + ∂yu)2/4 + (∂zu)2/4 + (∂zv)2/4 . (1.81)

To my knowledge the above procedure of exactly solving Eq. (1.75) and (1.76) is almost never used.
Rather, typically some additional simpli�cations are made to make the vertical integration involved less
onerous (examples provided below).

1.7.1 Simpli�cations of the vertically-integrated system

Various suggestions have been made on how best to simplify, or get rid of altogether, the vertical inte-
gration in Eq. (1.75) and (1.76), and/or the additional vertical integration of the vertical shear stress,
(1.78), and velocity, (1.79). To simplify the notation I here just write out the equations for the �ow-line
case, where τyy = τxy = 0, and Eq (1.75) reduces to

2 ∂x

∫ s

b

τxx dz − tbx = ρgh∂xs (1.82)

This equation is generally solved in terms of the velocity and we can assume that we have a sliding law
relating the basal traction to basal velocity, that is

tbx = f(ub)

where f is some given function (the sliding law). The most logical approach would then presumably be
to use the constitutive law, Eq. (1.5), to write τxx in terms of the velocities as

τxx = A−1/n ϵ̇(1−n)/n ϵ̇xx

=
1

2
A−1/n

(
(∂xu)

2 + (∂zu)
2/4
)(1−n)/(2n)

∂xu

insert this expression into Eq. (1.82) and evaluate the integral in terms of the unknown u(x, z). This
would give a value for tbx.

However, several papers in the past have here used the implicit form of the �ow law

τxx = A−1 τn−1ϵ̇xx , (1.6)

i.e. with the elements of the deviatoric stress tensor on both sides, and where here the e�ective stress is

τ =
√

(τ2xx + τ2xz) ,

that is
τxx = A−1

(
τ2xx + τ2xz

)(1−n)/2
∂xu , (1.83)

resulting in an implicit equation for τxx in terms of u and τxz.
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1.7.2 Budd simpli�cation

One simpli�cation, which I believe might originally be due to Budd (1970), is simply to assume that
τxz(z) = ρg(h− z)∂xs, in which case Eq. (1.83) reads

τxx(z) = A−1(τ2xx + (ρg(h− z)∂xs)2)(1−n)/2∂xu (1.84)

which can solved for τxx(z) for a given ∂xu. Knowing τxx as a function of depth, then allows us to solve
(1.82) for tbx. If we use a sliding law on the form tbx = f(ub)ub, we would solve for ub in this step. There
is now no need to do the integration in (1.78) as we have already assumed τxz is known as a function of
depth, and we then calculate the velocities through vertical integration using (1.79) and ub we calculated
previously when solving (1.82). This could be solved using an iterative procedure where, once we have
(re) calculated u(x, z) using (1.79), then re-solve Eq. (1.84) for τxx using our new estimate of u(x, z).

1.7.3 L1L2

Another approach, which most likely was originally presented by Hindmarsh (2004) and then further
explored by Schoof and Hindmarsh (2010), is to approximate (1.83) as

τxx = A−1
(
τ2xx + τ2xz(b)

)(1−n)/2
∂xub (1.85)

where, similar to Budd (1970), it is assumed that

τxz(z = b) = τSIAxz (z = b) = ρgh∂xs .

Thus, when calculating the e�ective stress, τ , the vertical shear stress, τxz, is evaluated at the base
assuming SIA force balance, and the horizontal velocity gradient is similarly approximated by its value
at the base. This assumption greatly (over) simpli�es the solution procedure as τxx is now independent
of depth. To summarise, using this approximation, we solve Eq. (1.82), which we write on on the form

4 ∂x

∫ s

b

η ∂xub dz − f(ub)ub = ρgh∂xs , (1.86)

for the basal velocity, ub, where have used

τxx = 2η∂xub ,

where the e�ective viscosity, η, is now a solution to the implicit equation

2η = A−1
(
4η2(∂xub)

2 + (ρgh∂xs)
2
)(1−n)/2

, (1.87)

which follows from (1.85). Note that if A is independent of depth, η is independent of depth as well and
the vertical integration in (1.86) is trivial and we have

4 ∂x (hη∂xub)− f(ub)ub = ρgh∂xs , (1.88)

which is formally identical to the SSA/SSTREAM equations, the only di�erence being that the e�ective
viscosity is now determined by solving Eq. (1.87), rather than as η = 1

2A
−1/n|∂xub|1−1/n.

We then determine τxz as a function of depth, using (1.78), which now reads

τxz(z) = −ρg(s− z)∂xs− 2

∫ z

b

∂xτxx dz ,

= −ρg(s− z)∂xs− 2(z − b)∂xτxx
because we have assumed that τxz(z = b) = ρgh∂xs, and therefore the integration constantK in Eq. (1.78)
equal to zero, and because all horizontal stresses are independent of depth, or rather, where we simply
chose to use the values at the bed. We then calculate the deformational velocity using (1.79), which here
has the form

u(z) = 2

∫ z

b

Aτn−1τxz dz + ub , (1.89)

where, as in Eq. (1.80), the e�ective stress is given by

τ(z) =
√
τ2xx + τ2xz(z) . (1.90)

It appears that at least in some implementations of the L1L2 method, the deformational velocity, ud(z) =
u(z)− ub, is however not included (Cornford et al., 2013).
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1.7.4 The Goldberg Variation

Goldberg (2011) suggested another variation, where we solve directly for the mean vertically averaged
horizontal velocities, ū and v̄. He writes (Eqs. 20 and 21 in Goldberg (2011))

h−1∂x(2η̄h(2∂xū+ ∂y v̄)) + h−1∂y(η̄h(∂xv̄ + ∂vū)) + ∂z(η∂zu) = ρg∂xs , (1.91)

h−1∂y(2η̄h(2∂y v̄ + ∂xū)) + h−1∂x(η̄h(pxv̄ + ∂uū)) + ∂z(η∂zv) = ρg∂ys , (1.92)

which he derives from a variational principle, where η̄ is the vertical average

η̄ =
1

h

∫ s

b

η(z) dz ,

of

η =
1

2A1/n

(
(∂xū)

2 + (∂y v̄)
2 + ∂xū ∂y v̄ + (∂xv̄ + ∂yū)

2/4 + (∂zud)
2/4 + (∂zvd)

2/4
) 1−n

2n .

Note that in Eqs. (1.91) and (1.92) all variables in all terms, except ∂z(η∂zu) and ∂z(η∂zv), have been
replaced by the vertically-integrated counterparts. The advantage of this formulation/ansatz is that it
can now easily be vertically integrated, and using the same manipulations of the ∂zτxz and ∂zτyz terms
as above in section 1.7 we arrive at

∂x(2hη̄(∂xū+ ∂y v̄)) + ∂y(hη(∂xv̄ + ∂yū))− β2 ub = ρgh∂xs , (1.93)

∂y(2hη̄(∂y v̄ + ∂xū)) + ∂x(hη(∂yū+ ∂xv̄))− β2 vb = ρgh∂ys . (1.94)

One of the consequences of this formulation is that from comparing Eq. (1.93) with Eq. (1.91), we must
conclude that

−β2ub = h∂z(η∂zu) , (1.95)

that is
−β2ub = ∂zτxz , (1.96)

using τxz = η∂zu. The left-hand side of (1.96) is independent of z, so the implication must be that η∂zu
is too and that τxz is therefore a linear function of depth. This is plausible and strictly true in both the
SSA and the SIA limits.

Integrating (1.95)

−
∫ s

z

β2ub dz
′ = h

∫ s

z

∂z(η∂zu)dz
′ ,

gives

−β2ub (s− z) = hη(s)∂zu|s − hη(z)∂zu|z
= hτxz(s)− hτxz(z)

If τxz(s) = 0, then
η∂zu = β2ub (s− z)/h , (1.97)

giving a very simple expression for the vertical shear stress, τxz, where τxz varies linearly with depth,
and is equal to zero at the upper surface and equal to β2ub at the lower surface.4

Integrating (1.97) ∫ z

b

∂zu dz
′ =

β2ub
h

∫ z

b

s− z′
η(z′)

dz′ ,

gives

u(z)− ub =
β2ub
h

∫ z

b

s− z′
η(z′)

dz′ ,

4However, the stress conditions at the surface, σn̂ = 0, are (to second order in ε)

−σxx ∂xs− τxy ∂ys+ τxz = 0, (17.38)

−τxy ∂xs− σyy ∂ys+ τyz = 0, (17.39)

σzz = 0, (17.40)

for z = s(x, y), and therefore it is incorrect to assume τxz(s) = 0 as Goldberg (2011) appears to do in his Eq. (31). However,
Goldberg (2011) writes the upper stress BCs as ∂zu = 0 and ∂zv = 0, i.e. assumes that τxz(s) = τyz(s) = 0 (his Eq. (22)).
So in his derivation everything is consistent, but the questions remains why he assumes τxz(s) = τyz(s) = 0. He also
appears to make a similar simpli�cation for the basal stress BCs (his Eq. (23)).
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or

u(z) = ub

(
1 +

β2

h

∫ z

b

s− z′
η(z′)

dz′
)
. (1.98)

We can integrate both sides once again to determine the mean velocity

ū =
1

h

∫ s

b

u(z′) dz′

and arrive at

ū = ub

(
1 +

β2

h2

∫ b

s

∫ z

b

s− z′
η(z′)

dz′ dz

)
.

This provides us with a relationship between the mean vertically average velocity, ū, and the basal
velocity, ub, and we can now replace ub and vb in Eqs. (1.93) and (1.94) with ū and v̄, respectively, by
simply rede�ning β2 accordingly. We therefore solve exactly the same equations as we would solve in
the SSA, the only change being that the e�ective viscosity is calculated somewhat di�erently. In the
Goldberg Variation, the e�ect of τxz and τyz terms on the e�ective stress and the e�ective viscosity are
included, whereas in the SSA these terms are dropped.

From (1.98) it might appear that u(z) will be zero for ub = 0. However, this is not correct as in
that limit the basal boundary condition must be modi�ed. We can do this easily by simply replacing
the product β2ub with τxz(b). Note, however, that it appears strictly speaking incorrect, or at least
somewhat inaccurate, to do so as this implies tbx = τxz(b), which while generally correct in the SIA limit,
is only correct in the SSA limit for almost �at lower surfaces. But that would imply variations in basal
topography slopes to be smaller than [z]/[x], which seems unnecessarily restrictive.

Alternative approach #1

When deriving Eq. (1.75) and (1.76), no assumptions were made about the vertical shear stresses τxz
and τyz. We can see from (1.51)and (1.52), that in the shallow ice-stream approximation τxz and τyz are
linear functions of depth, and the same holds of course for the shallow ice-sheet approximation where
they are identically equal to zero.

We solve the SSA equations, without any modi�cations,

∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx = ρgh∂xs (1.99)

∂y(h(2τyy + τxx)) + ∂x(hτxy)− tby = ρgh∂ys (1.100)

with

tbx = f(v)ub (1.101)

tby = f(v)vb (1.102)

where f : R3 → R, is a given scalar function. Solving the SSA equations gives the basal sliding velocity,
vb. We then determine the vertical shear stress distribution by assuming a linear variation with depth,
and where the upper and lower surface shear stresses are given by the SSA solution, that is

τxz(z = s) = (2τxx + τyy) ∂xs+ τxy ∂ys, (1.103)

τyz(z = s) = τxy ∂xs+ (2τyy + τxx) ∂ys, (1.104)

at z = s(x, y), (see 1.59 and 1.60), and (see 1.63 and 1.64)

τxz(z = b) = tbx + ∂xb (2τxx + τyy) + ∂yb τxy , (1.105)

τyz(z = b) = tby + ∂yb (2τyy + τxx) + ∂xb τxy . (1.106)

for z = b(x, y).
Linear vertical shear stress variation with depth

τxz(z) = τsxz + (τ bxz − τsxz)(s− z)/h
τyz(z) = τsyz + (τ byz − τsyz)(s− z)/h

and
τ(z) = τSIA =

√
τ2xz(z) + τ2yz(z)
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∂zu = 2Aτn−1 τxz .

u = 2A

∫ z

b

τ(z′)n−1 τxz(z
′) dz′ + ub

q = 2ρ

∫ s

b

∫ z

b

Aτ(z′)n−1 τxz(z
′) dz′ dz + ρhub

Alternative approach #2

We solve the SSA equations, without any modi�cations,

∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx = ρgh∂xs (1.107)

∂y(h(2τyy + τxx)) + ∂x(hτxy)− tby = ρgh∂ys (1.108)

and the SSA expression for the e�ective stress,

τ = τSSA = τ
√
τ2xx + τ2yy + τxxτyy + τ2xy . (1.109)

with

tbx = f(v)ub (1.110)

tby = f(v)vb (1.111)

where f : R3 → R, is a given scalar function (mapping into the scalar �eld of real numbers), and where
This gives us the basal velocity, vb.

The small amplitude boundary conditions give

τxz(z = s) = ∂xs (2τxx + τyy) + ∂ys τxy , (1.112)

τyz(z = s) = ∂ys (2τyy + τxx) + ∂xs τxy , (1.113)

τxz(z = b) = tbx + ∂xb (2τxx + τyy) + ∂yb τxy , (1.114)

τyz(z = b) = tby + ∂yb (2τyy + τxx) + ∂xb τxy . (1.115)

We now make the approximation,

τxz(z) = tbx (s− z)/h , (1.116)

τyz(z) = tby (s− z)/h (1.117)

i.e. we make the approximations, both correct in the SIA limit, that τxz(z = s) = 0 and τxz(z = b) = tbx,
and that the variation in vertical shear stresses with depth is linear, correct in both the SIA and the SSA
limits. We then further consider the SIA limit where

τ(z) = τSSA(z) =
√
τ2xz + τ2yz (1.118)

which we can also write as

τSIA =
√
t2bx + t2by (s− z)/h

In this limit, the �ow law
ϵ̇ij = A(T ) τn−1

SIA τij , (17.5)

implies

∂zu = 2Aτn−1
SSA τxz

= 2A
(
(τ bxz)

2 + (τ byz)
2
)(n−1)/2

τxz ((s− z)/h)n
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Integrating, and assuming A does not vary with depth, we then arrive at

v =
2A

hn
(
(τ bxz)

2 + (τ byz)
2
)(n−1)/2

tSSAb

∫ z

b

(s− z′)n dz′ + vb

=
2A

(n+ 1)hn
(
(τ bxz)

2 + (τ byz)
2
)(n−1)/2

tSSAb [−(s− z′)n+1]zb + vb

=
2A

(n+ 1)hn
∥∥tSSAb

∥∥(n−1)/2
tSSAb (hn+1 − (s− z)n+1) + vb

that is

v = vd + vb

=
2A

(n+ 1)hn
(hn+1 − (s− z)n+1) ∥tb∥n−1

tb + vSSAb

To summarise, the velocity and the vertically integrated �ux are, hence,

v =
2A

(n+ 1)hn
(hn+1 − (s− z)n+1) ∥tb∥n−1

tb + vb (1.119)

q =
2ρA

n+ 2
∥tb∥n−1

tb h
2 + ρvbh , (1.120)

where basal drag, tb, and the basal velocity, vb, are determined by solving the unmodi�ed SSA system
(1.107) and (1.108), and where the e�ective stress is given by Eq. (1.109). Anticipating that in the SIA
limit the shear stresses dominate horizontal deviatoric stresses, we have approximated the e�ective stress
by Eq. (1.118) when calculating the SIA contribution, allowing for an analytical vertical integration.

The resulting velocities and �uxes are correct in both the SIA and the SSA limits. In the SSA limit
� where horizontal deviatoric stresses are large compared to vertical shear stresses but the vertical shear
stresses appear in the stress balance at leading order � we have the limit ∥tb∥ → 0, and therefore the SSA
solutions for the velocity v = vb and the ice �ux, q = ρvh. In the SIA limit, where horizontal deviatoric
stresses can be ignored, Eqs. (1.99) and (1.100) imply tb = ρgh∇s which agrees with the SIA expression
(1.37) and the velocity and vertically integrated �ux is identical to (1.38) and (1.42), respectively.

1.8 Equation of mass conservation

The prognostic equation
ρ ∂th+∇xy · q = ρa, (1.121)

where
a = as + ab , (1.122)

is a vertically-integrated expression of mass conservation. The mass balance term, a, has the units
distance per time, and the mass �ux, ρa, the SI units kg/(m2sec), i.e. mass per area per time. If the
mass balance, a, is available as water equivalent per time, then a will need to be multiplied by the ratio
between the density of water and the density of the ice at a given location. That is, the a provided needs
to be multiplied by the dimensionless ratio 1000/ρ, assuming ρ is in SI units.

We will now derive Eq. (1.121) using the local form of the mass-conservation equation5 and the
kinematic boundary conditions at the upper and lower surfaces. The local form of the mass-conservation
equation is

∇ · (ρv) + ∂tρ = 0, (1.123)

5Assuming ∣∣∣∣Dρ

Dt

∣∣∣∣ ≪ ρ∇ · v

we have

∇ · (ρv) + ∂tρ = ∇ · v +
Dρ

Dt

≈ ∇ · v

and the local from is
∇ · v = 0 .
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and the kinematic boundary conditions at the upper and lower surface are

∂ts+ us∂xs+ vs∂ys− ws = as at z = s, (1.124)

∂tb+ ub∂xb+ vb∂yb− wb = −ab at z = b. (1.125)

Note the sign convention for as and ab used in (1.124) and (1.125). Mass �ux into the ice is de�ned
positive irrespective over which surface it takes place. Surface accumulation is positive, melting always
negative.

The horizontal ice �ux is de�ned as

qxy =

∫ s

b

ρvxy ,

although we will not always write the subscripts xy and frequently simply write instead

q =

∫ s

b

ρv .

Focusing on the �ow-line case for the moment we �nd that

∂xqx = ∂x

∫ s

b

(ρu) dz

=

∫ s

b

∂x(ρu) dz + ρus∂xs− ρub∂xb

= −
∫ s

b

(∂z(ρw) + ∂tρ) dz + ρus∂xs− ρub ∂xb

= −ρws + ρwb − h∂tρ+ ρus∂xs− ρub ∂xb
= −h∂tρ− ρws + ρus∂xs+ ρwb − ρub ∂xb
= −h∂tρ+ ρas − ρ∂ts+ ρab + ρ∂tb

= −h∂tρ+ ρa− ρ∂th

or
∂xqx = −∂t(ρh) + ρa . (1.126)

where again
a = as + ab , (1.122)

and therefore, once the y component has been added

∂t(ρh) +∇xy · q = ρa . (1.127)

In deriving (1.127) we used
∂x(ρu) + ∂y(ρv) = −∂z(ρw) + ∂tρ

which follows from the general form of the local mass conservation equation, Eq. (1.123). However, when
inserting the integration limits, we we assumed same value for ρ at both the upper and lower boundaries.
If ρ varies vertically, we must use the corresponding density values at the upper and lower surface when
evaluating the limits of the integral.

In most modelling work of large ice masses it is assumed that the density ρ is uniform in space and
does not vary with time. In Úawe relax this condition somewhat and only assume that the density at a
given location does not change with time, i.e.

∂tρ = 0 ,

but allow the density to vary in the horizontal (∂xρ and ∂yρ are not assumed to be equal to zero, but
∂zρ = 0) and (1.127) therefore reads

ρ ∂th+∇ · q = ρa (1.121)

or
ρ ∂th+ ∂x(ρhu) + ∂y(ρhv) = ρa (1.128)

for a velocity and density �elds that only vary horizontally and not with depth.
Eq. (1.121) is the form of the mass continuity equation used in Úa . The e�ect of horizontal gradients

in (vertically integrated) density are also included in the momentum equations (1.27). The implications
horizontal density gradients on ice �ow are explored in Schelpe and Gudmundsson (2023).
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1.9 Vertically averaged density and �rn density corrections

Úa uses for the density the vertically averaged value, that is

ρÚa := ρ̄ =
1

h

∫ s

b

ρ(z) dz .

Sometimes a two layer model consisting of an ice layer and a �rn layer, is used for the thickness h = s−b.
Let F be the thickness of the �rn layer and ρf the density of that �rn layer, then the vertically averaged
ice density can be calculated as

ρ̄ =
1

h

∫ s

b

ρ(z) dz

=
1

h

(∫ s−F

b

ρi dz +

∫ s

s−F

ρf dz

)

=
1

h
((h− F )ρi + I)

=
1

h
(ρih− (ρiF − I)) (1.129)

where I denotes the integral

I :=

∫ s

s−F

ρf dz .

The ��rn air content�, δ, is sometimes de�ned as

δ =
1

ρi

∫ s

s−F

(ρi − ρf ) dz

=
1

ρi
(ρiF − I)

(note that δ has the units distance), or
ρiF − I = ρi δ . (1.130)

Inserting (1.130) into (1.129) shows that the vertically averaged density (ρ̄) is related to ice thickness (h),
ice density (ρi) and air content (δ) through

ρ̄ =
1

h
(hρi − δρi)

= (1− δ/h)ρi . (1.131)

In some other numerical models the density is kept constant, often set equal to the density of ice, and
instead the ice thickness modi�ed by subtracting the �rn air content, δ, from the ice thickness h. Hence,
those models would then use for the ice thickness h

′
= h− δ. This is, for example, the assumption made

in the BedMachine data compilation (Morlighem et al., 2020). In BedMachine the �otation condition
can be thought of as being

((s− δ)− b)ρi + δ ρair = (S − b) ρo , (1.132)

but as the air density, ρair, is small compared to ice and ocean densities, the approximation ρair ≈ 0 is
made, and the �otation condition then reads

(s− δ − b)ρi = (S − b) ρo (BedMachine) , (1.133)

whereas in Úa it is

(s− b) ρ̄ = (S − b)ρo (Úa ) , (1.134)

with ρ̄ given by Eq. (1.131). Both formulations result in an identical �otation condition, that is both
Eqs. (1.133) and (1.134)

(S − b)ρo = (s− b) ρ̄ (Úa )

= h(1− δ/h)ρi
= (h− δ)ρi
= h

′
ρo (BedMachine)

= (S − b)ρo
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so at the grounding line where b = B,
h ρ̄ = h

′
ρi = Hρo

but the ice thicknesses used di�erent, i.e. h and h
′
= h− δ.

1.10 Vertical velocities

Note that

ws = us ∂xs+ wb − ub ∂xb−
1

ρ
∂xqx −

h

ρ
∂tρ

or

ws = us ∂xs+ ∂tb+ ab −
1

ρ
∂xqx −

h

ρ
∂tρ

which can be used to calculate vertical velocities. If the bed elevation does not change with time and if
furthermore ∂tρ = 0, we have the special case

ws = us ∂xs+ ab −
1

ρ
∂xqx

1.11 Sliding laws

Basal drag is often assumed to be a function of velocity, i.e. Robin type boundary condition, and written
as

tb = f(u, v, h)
vb

∥vb∥
,

where f is some given function, vb is the tangential basal velocity, i.e. the basal sliding velocity

vb = v − (n̂T · v)n̂, (1.135)

= Tv, (1.136)

and tb is the tangential component of the basal traction

tb = −T (σn̂) , (1.137)

where
T = 1− n̂⊗ n̂ , (1.138)

is the tangential operator6. We refer to tb as basal shear traction. Note that the shear traction is, in
general, not equal to basal shear stress. The basal drag caused by ice �ow only acts over the grounded
parts, a fact which we can express as

tb = Gf(vb) ,

where G is the grounding/�otation mask de�ned as

G := H(h− hf ) .

All formulations in use assume that the tangential component of the basal drag vector points in the
same direction as the basal component of the basal velocity, that is

tb = ∥tb∥
vb

∥vb∥
. (1.139)

6This can be seen as follows:

vb = v − (vT · n̂)n̂

= (1− n̂⊗ n̂)v

= Tv

where vb it the bed tangential component of v and we have used the identity (n̂ ⊗ n̂)v = (vT · n̂)n̂. One can also de�ne
the normal operator N as

N = n̂⊗ n̂,

and we have
σ = Nσ + Tσ.

In general, given a unit vector n̂, the orthogonal projection onto the subspace spanned by n̂ is n̂⊗ n̂.
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Table 1.1: Sliding laws and de�nitions.

Name Abbreviation De�nition Parameters
Weertman W tb = G β2 vb C m
Coulomb C tb = µkN

vb

∥vb∥ µk

Budd W-N tb = G Nq/m β2 vb C m q
Tsai minCW tb = min(G β2 ∥vb∥ vb, µkN) vb

∥vb∥ C m µk

Cornford rCWm tb =
G β2 ∥vb∥ µkN

((µkN)m+(G β2∥vb∥)m)1/m
vb

∥vb∥ C m µk

Umbi rCW tb =
G β2 ∥vb∥ µkN
µkN+G β2∥vb∥

vb

∥vb∥ C m µk

Zeroth-order hydrology N0 N = Ggρ(h− h+f )
When combined with the zeroth-order hydrology the abbreviations are: W, C, W-
N0, minCW-N0, rCWm-N0 , and rCW-N0. The variable β2 is de�ned as

β2 = C−1/m ∥vb∥1/m−1

and hence, depends on the parameters C and m.

1.11.1 Weertman sliding law (W)

The power-law type Weertman sliding law is

Tσn̂+ C−1/m ∥Tv∥1/m−1
Tv = 0, for z = B(x, y)

where the tangential operator is
T = 1− n̂⊗ n̂ , (1.138)

with n̂ being a unit vector normal to the bed pro�le. The tangential basal sliding velocity, vb, is

vb = Tv, (1.136)

and the tangential component of the basal traction

tb = −T (σn̂) . (1.137)

Di�erent formulations of the Weertman sliding law are

tb = G C−1/m ∥vb∥1/m−1
vb, (1.140)

tb = G C−1/m ∥vb∥1/m
vb

∥vb∥
, (1.141)

tb = G β2 vb, (1.142)

∥tb∥ = G β2 ∥vb∥ , (1.143)

where β2 is de�ned as,
β2 = C−1/m ∥vb∥1/m−1

, (1.144)

and7

vb = GmC ∥tb∥m−1
tb, (1.145)

∥vb∥ = Gm C ∥tb∥m , (1.146)

In Úa the power-law sliding law is given as(
tbx
tby

)
= G β2

(
ub
vb

)
7Since

G = Gm ,

for any power m we do not strictly need to include the stress exponent m in any equations involving G. However if we
use an approximation to Heaviside function H in the de�nition of G given by Eq. (3), then this stress exponent should be
included.
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with
β2 = (C + C0)

−1/m (u2b + v2b + u2o)
(1−m)/2m ,

and where C0 and u0 are some (small) regularisation parameters.
The basal slipperiness C has the physical dimensions of velocity divided by stress to the power m. It

can be useful to think of C as the ratio

C =
Cv

Cm
τ

where Cv has the dimensions of velocity and Cτ the dimensions of stress. We can then write (1.140) and
(1.145) as

tb = G Cτ

(∥vb∥
Cv

)1/m
vb

∥vb∥
(1.147)

vb = Cv

(∥tb∥
GCτ

)m
tb
∥tb∥

(1.148)

Weertman sliding law limits

If we now consider the limit m → +∞ we see from Eq. (1.145) that ∥tb∥ → Cτ over the grounded
areas (where G = 1) for the velocity to remain �nite. With increasing m, the basal velocity vb becomes
increasingly sensitive to basal shear traction, and in the limit m → +∞ the velocity can be considered
to become in�nitely sensitive to basal shear traction. For m → +∞, 1/m → 0 and inserting 1/m = 0
into Eq. (1.147) gives

tb = Cτ
vb

∥vb∥
for m→ +∞.

Hence, the basal shear traction is in this limit equal to Cτ , and Cτ can be considered to be a yield stress.
In this particular limit it therefore arguably better to recast the 'sliding' law as

tb = τ∗
vb

∥vb∥
for m→ +∞,

where τ∗ = Cτ is a yield stress, and the `sliding law' is now simply a stress condition for the basal shear
traction and τ∗ a property of the bed (e.g. till) that is determined by some other physical principle.
Using this viewpoint, in the limit m → +∞ the parameter Cv has no e�ect on the solution, but can be
calculated afterwards from the velocity. The basal sliding law does not impose any direct constraints on
the basal sliding velocity, i.e. for given basal shear traction, the basal velocity can have any value. The
basal velocity can still be calculated by solving the SSTREAM/SSA equations provided the velocity is set
to a value somewhere along the boundary by the boundary conditions (In this limit the SSTREAM �eld
equations only provide constraints on the gradients of velocities). In the SIA equations the velocity can
not be determined using the momentum equation (as by de�nition there is no direct functional relationship
between velocity and basal shear traction), and must be determined from other consideration (such as
mass conservation).

Considering the opposite limit where m → 0, we see from Eq. (1.147) that now it is the basal shear
traction that becomes in�nitely sensitive to basal velocity, or conversely, the basal velocity becomes in
this limit independent of basal shear traction. From Eq. (1.145), we �nd

vb = Cv
tb
∥tb∥

for m→ 0.

This is a limit which is (I �nd) di�cult to understand in physical terms. The basal velocity is now no
longer a function of the stress state and must be determined by some other physical principle. What
physical conditions at the bed would force the basal sliding velocity to obtain some particular value
independently of the state of stress?

Note that the limits m→ +∞ and m→ 0 are fundamentally di�erent. In the former the basal shear
traction is �xed, in the latter the basal velocity.

1.11.2 Budd sliding law (Generalised Weertman sliding law, W-N)

The Budd sliding law is
tb = G Nq/m C−1/m ∥vb∥1/m−1

vb . (1.149)
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where N = p− pw, is the e�ective pressure. This sliding relationship can also be written as

tb = G Nq/m β2 vb, (1.150)

vb =
C

GmNq
∥tb∥m−1

tb, (1.151)

∥vb∥ =
C

GmNq
∥tb∥m , (1.152)

∥tb∥ = G
(
Nq

C

)1/m

∥vb∥m . (1.153)

where β2 is again de�ned by

β2 = C−1/m ∥vb∥1/m−1
. (7.28)

If one assumes perfect hydrological connection with the ocean (see section 1.13.1), Budd sliding law
takes the form

tb = G
(
ρg(h− h+f )

)q/m
C−1/m ∥vb∥1/m−1

vb, (1.154)

= G
(
ρg(h− h+f )

)q/m
β2 vb, (1.155)

It follows that N = 0 where h = hf = Hρo/ρ and therefore tb = 0 at the grounding line.

1.11.3 Coulomb (C)

The Coulomb friction law is
tb = µkN

vb

∥vb∥
, (Coulomb) (1.156)

where N is the e�ective pressure the and coe�cient of kinetic friction, µk, an empirical property. The
e�ective pressure, N , has the same units as the basal drag, tb, or Pascal per square-meter, and µk is
dimensionless.8

1.11.4 Combining Weertman (W) with Coulomb (C)

Budd sliding law ensures that basal drag goes to zero as the grounding line is approached. But there are
many other ways of ensuring that ∥tb∥ → 0 as N → 0, for example by combining Weertman sliding and
the Coulomb friction laws:

tb = G β2 vb , (Weertman) (1.147)

tb = µkN
vb

∥vb∥
, (Coulomb) (1.156)

with
β2 = C−1/m ∥vb∥1/m−1

. (7.28)

and of regularising the Coulomb friction law, see for example Schoof (2010). Two of those various
approaches of combining Weertman and Coulomb type sliding laws, are the Minimum Value and the
Reciprocal Sum approaches.

8Weertman sliding law is

tb = G C−1/m ∥vb∥1/m
vb

∥vp∥
and therefore

µkN = G C−1/m ∥vb∥1/m ,

and, if C has been determined, it is tempting to calculate N using

N = G µ−1
k C−1/m ∥vb∥1/m .

However, there is no guarantee that this will produce a physically plausible e�ective pressure distribution. For example, for
any �nite-valued inverted C distribution, N calculated in this manner will not go to zero as the grounding line is approached
from above.
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Minimum Value (Tsai, minCW)

Here the idea is that basal drag is limited by these two processes acting independently, and the process
giving the lower value at a given location is the one to use at that location (Tsai et al., 2015). So calculate
both

∥tb∥ = G β2 ∥vb∥ (Weertman) (1.157)

∥tb∥ = µkN (Coulomb) (1.158)

and at each location use the law producing the lower value of the two. Hence,

tb = min(G β2 ∥vb∥ vb, µkN)
vb

∥vb∥
(Tsai) (1.159)

Again, assuming perfect hydrological connection, the e�ective pressure can be approximated close to the
grounding line using Eq. (1.187).

Reciprocal Sum (rCW, rCWm)

Another option of combining Weertman and Coulomb drag laws is to use a reciprocal sum of the two, i.e.

1

∥tb∥
=

1∥∥tWb ∥∥ +
1∥∥tCb ∥∥ ,

or

∥tb∥ =
1

1

∥tWb ∥ +
1

∥tCb ∥
,

where again ∥∥tWb ∥∥ = G β2 ∥vb∥ , (1.143)∥∥tCb ∥∥ = µkN (1.158)

giving9,

∥tb∥ =
1

1/
∥∥tWb ∥∥+ 1/

∥∥tCb ∥∥
=

∥∥tCb ∥∥ ∥∥tWb ∥∥∥∥tWb ∥∥+ ∥∥tCb ∥∥
= G µkN β2 ∥vb∥

µkN + Gβ2 ∥vb∥
. (1.160)

By looking at the limits where either the Coulomb or Weertman drag becomes small compared to the
other, we see that this idea is similar to the minimum value idea above, i.e. that these two processes act
independently, and the basal drag is at each location e�ectively determined by the process giving the
lower drag of the two.

Note that the grounding/�oating mask G in the numerator is arguably redundant as GN = N , but
we keep it here to get the right limits as N → +∞. The basal drag vector is then calculated as

tb = ∥tb∥
vb

∥vb∥

=
µkN Gβ2 ∥vb∥
µkN + Gβ2 ∥vb∥

vb

∥vb∥
(1.161)

= G µkN

µkN + G β2 ∥vb∥
β2 vb . (1.162)

9Formally this appears similar to Schoof's suggestion which, apart from some stress exponents, is

∥tb∥ =
µkN ∥vb∥

λAN + ∥vb∥

and we get Eq. (1.160) if we set λA = µk/β
2, but the physical interpretation is very di�erent.
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Figure 1.1: MismipPlus: Grounded area as function of time for di�erent sliding laws. Description of the
experimental setup is given in Asay-Davis et al. (2016) and recent inter-comparison results are presented
in Cornford et al. (2020).

This gives the limits

∥tb∥ = G β2 ∥vb∥ for N → +∞ (Weertman)

∥tb∥ = µkN for N → 0 (Coulomb)

∥tb∥ = µkN for ∥vb∥ → +∞ (Coulomb)

∥tb∥ = Gβ2 ∥vb∥ for ∥vb∥ → 0 (Weertman)

Cornford's reciprocal power weighting (rCWm)

In Asay-Davis et al. (2016), Cornford suggests combining the Weertman and Coulomb sliding laws using
the reciprocal sum with each term raised to the power m, or as

1

∥tb∥m
=

1∥∥tWb ∥∥m +
1∥∥tCb ∥∥m ,

giving

∥tb∥ =
1(

1/
∥∥tWb ∥∥m + 1/

∥∥tCb ∥∥m)1/m
=

∥∥tCb ∥∥ ∥∥tWb ∥∥(∥∥tCb ∥∥m +
∥∥tWb ∥∥m)1/m

=
µkN G β2 ∥vb∥

((µkN)m + (G β2 ∥vb∥)m)
1/m

. (1.163)

Thus

tb =
µkN G β2 ∥vb∥

((µkN)m + (G β2 ∥vb∥)m)
1/m

vb

∥vb∥
. (1.164)
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While expression (1.164) is not identical to Eq. (1.161) it clearly re�ects the same idea, i.e. to combine
Weertman and Coulomb laws in a gradual and continuous manner, and it gives the same limits, i.e.

∥tb∥ = G β2 ∥vb∥ for N → +∞ (Weertman)

∥tb∥ = µkN for N → 0 (Coulomb)

∥tb∥ = µkN for ∥vb∥ → +∞ (Coulomb)

∥tb∥ = Gβ2 ∥vb∥ for ∥vb∥ → 0 (Weertman)

Di�erent notations for the rCWm sliding law in the literature

In Asay-Davis et al. (2016), Eq. 11, the sliding law (1.164) is written as

tb =
β2
C ∥vb∥1/m−1

α2
CN

(β2m
C ∥vb∥+ (α2

CN)m)
1/m

vb , (Eq. 11 in Assay-Davis, 2016)

where

α2
C = µk (1.165)

β2
C ∥vb∥1/m−1

= G β2 (1.166)

and therefore

tb =
β2
C ∥vb∥1/m−1

α2
CN

(β2m
C ∥vb∥+ (α2

CN)m)
1/m

vb

=
µkN G β2 ∥vb∥

((µkN)m + (G β2 ∥vb∥)m)
1/m

vb

∥vb∥
(1.167)

showing that (1.164) and Eq. 11 in Asay-Davis et al. (2016) are identical once we have made the notational
substitutions (1.165) and (1.166). Note that the β2 in Asay-Davis et al. (2016) is not the same as β2

used here, and for that reason I have used β2
C where Asay-Davis et al. (2016) use β2.

Joughin's regularised Coulomb-Weertman sliding (rCWm)

In Joughin et al. (2019), Joughin suggest using

tb = GC−1/m

( ∥vb∥
∥vb∥+ v0

)1/m
vb

∥vb∥
(1.168)

where v0 is a new parameters. In Joughin et al. (2019), the value of v0 = 300ma−1 and m = 3 was used.
This law includes both Weertman and Coulomb laws as separate limits. For v0 ≫ ∥vb∥ we can write

(∥vb∥+ v0) ≈ v0 and (1.168) can now be approximated as

tb ≈ G(Cv0)−1/m ∥vb∥1/m
vb

∥vb∥
(1.169)

which is Weertman sliding law (1.141) where

CWeertman = Cv0 .

For v0 ≪ ∥vb∥ we can write (∥vb∥+ v0) ≈ ∥vb∥ and (1.168) can now be approximated as

tb ≈ GC−1/m vb

∥vb∥
(1.170)

which is Coulomb friction law (1.156) where

µkN = GC−1/m .

However, since C is here a constant, or some spatially variable �eld determined through model inversion,
the basal drag will not automatically go to zero as the grounding line is approached and N → 0. In fact,
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it appears somewhat questionable to equate this limit with the Coulomb friction law, as the basal drag
is not limited, or in any manner a�ected, by the e�ective basal pressure. Rather, the limit is reached
whenever the basal speed is signi�cantly larger than v0, irrespective of the state of normal stresses between
the basal ice and the substrate.

To obtain the same C �eld in the limit v0 → +∞ as for the Weertman sliding law, write

tb = GC−1/mv
1/m
0

( ∥vb∥
∥vb∥+ v0

)1/m
vb

∥vb∥
(1.171)

1.12 Ocean and atmospheric drag terms

To simulate the drag exerted on the ice by the ocean and the atmosphere, corresponding drag terms can
be added. For ocean drag term we add

tob = (1− G)C−1/mo
o ∥vb − vo∥1/mo−1

(vb − vo) ,

where v0 is the velocity of the ocean current, and G is the �oating/grounding mask (see Table 1).
The sea-ice literature suggest m0 = 1/2, i.e.

tob = (1− G)C−2
o ∥vb − vo∥ (vb − vo) ,

and de�nes
Do = C−2

o ,

where
Do = ρoco ,

and typically c0 = 0.0055 (no units). Hence

Co =
1√
Do

=
1√
ρoco

≈ 0.4 (units:
√
(m/s)/Pa) .

The total drag is a sum of that due to basal sliding and ocean currents, or

tb = G β2 vb + (1− G) β2
o (vb − vo) .

where apparently the literature seems to suggest

β2
o = ρoco ∥vb − vo∥ .

Ocean current can have speeds on the order of 0.05m s−1 = 1500 km/yr, or at least three orders of
magnitudes greater than typical ice �ow speeds. The ocean drag, ∥tob∥, is then about

∥tob∥ = ρocov
2
o = 1000× 0.0055× 0.052 = 10−5 Pa .

In comparison the driving stress term for an ice shelf with slope 10−5 is

1

2
ϱg∂xh

2 = 1000× 10× 100× 10−5 = 10Pa .

This term however, can be even smaller if the thickness gradient is su�ciently small.
By applying ocean drag detached ice shelves (tabular ice bergs) can be included in the computational

domain as otherwise the system would be singular.

1.12.1 Note on icebergs and detached ice shelves.

Following Wagner et al. (2017) the momentum equation for an (undeformable, point-like) ice berg can
be written on the form

ρ
dv

dt
+ ρk × v = tp + tob + tab (1.172)

where tp is the ocean pressure gradient, and ρk × v is due to Coriolis force.
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Assuming geostrophic �ow, the ocean pressure gradient, which will be closely related to the ocean
surface slopes, can be approximated from ocean velocity as

tp = ρfk × v0 ,

and the ocean pressure term can be combined with the Coriolis term to give

ρ
dv

dt
+ ρk × (v − vo) = tob + tab . (1.173)

The movement of a deformable ice berg can be described using the SSA equations, with the drag
being produced by the action of winds and ocean currents, by adding the Coriolis force to Eq. (1.18) and
(1.19) giving

−ρfhv + ∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx =
1

2
ϱg∂xh

2 (1.174)

ρfhu+ ∂y(h(2τyy + τxx)) + ∂x(hτxy)− tby =
1

2
ϱg∂yh

2 (1.175)

where f is the Coriolis parameter (units per time),

f = 2Ω sinφ (1.176)

where φ is the latitude, and Ω the rotational rate of the Earth, i.e. ΩT = 2π where T = 24hr =
7.2921× 10−5 rad s−1 = 2301 rad yr−1.

At a latitude of 70 degrees south, f = 2Ω sinφ ≈ 6.8 × 10−5rad/s, and for an ice-berg, drifting with
the velocity 0.05m/s = 1500 km/yr, the term ρfhv is on the order of

ρfhv = 1000× 6.8× 10−5 × 100× 0.05 ≈ 0.3Pa

To gain some insight into the solutions of Eq. (1.174) and (1.175), consider a one-dimensional �at ice
berg, ignoring the Coriolis terms for the time being. We arrive at (see also Eq. (1.229))

2∂x

(
A−1/n h (∂xu)

1/n
)
− ρoco|u− uo|(u− u0) = 0 (1.177)

or
2

n
A−1/n h (∂xu)

1/n−1 ∂2xxu− ρoc0|u− uo|(u− u0) = 0 (1.178)

We see that the velocity of ice must now vary spatially because u = u0 is not a solution to (1.178).
Nevertheless, we can expect the velocity of the ice berg to be close to that of the ocean.

If the balance is between Coriolis and ocean-induced drag, and we ignore all internal ice deformation
of the ice berg, the Eq. (1.174) and (1.175) read

−ρfh(v − vo) = ρoco ∥v − vo∥ (u− u0) (1.179)

ρfh(u− uo) = ρoco ∥v − vo∥ (v − v0) (1.180)

and the solution is simply
v = vo .

Hence, the ice berg moves at the at the same speed and in the same direction as the ocean current. If the
balance is between Coriolis and wind-induced drag, on the other hand, and we again ignore all internal
ice deformation of the ice berg, the Eq. (1.174) and (1.175) reduce to

−ρfh(v − vo) = ρaca ∥v − va∥ (u− ua) (1.181)

ρfh(u− uo) = ρaca ∥v − va∥ (v − va) (1.182)

Assuming that wind speeds are much larger than the speed of the ice berg we then have

v = vo + γ ∥va∥ua (1.183)

u = uo − γ ∥va∥ va (1.184)

where
γ =

ρaca
ρfh

.

The e�ect of the wind is, hence, to cause the ice berg to move with a velocity at 90 degrees to the wind
direction.
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1.13 E�ective basal water pressure

1.13.1 Hydrology

The First Law of Observational Subglacial Hydrology is that if you drill a hole in a warm-based glacier
and measure the subglacial water pressure, that pressure will tend to be at or close to the ice overburden
pressure. This observation can be expressed as either relative or absolute terms as (relative)

N

ρgh
< γw (1.185)

where γw is small compared to unity, e.g.

γw ≲ 0.1

or (absolute)

N < Γw

where Γw is a dimensional number based on observations, e.g. Γw ≲ 1 kPa.

Perfect hydrological connection

It is sometimes assumed that the sub-glacial pressure in the vicinity of the grounding line equals the
ocean pressure, in which case

N = g(ρh− ρoH+) (1.186)

= gρ(h− h+f ) . (1.187)

where H+ is the positive ocean depth and h+f the positive �otation thickness de�ned by Eqs. (1.33) and
(2), respectively. It follows that

dN

dh
=

{
ρg if h ≥ hf
0 if h < hf

when h ≥ hf , and this might seem rather unrealistic if h≫ hf .
Note that the assumption of perfect hydrological implies

γw =
ρg(h− h+f )

ρgh

= 1− h+f /h

clearly violating the relative formulation of the �rst law of observational subglacial hydrology (Eq. 1.185)
whenever h+f < (1− γw)h.

Rosier hydrology

The Rosier hydrology, de�ned as

N = min
(
ρg(h− h+f ), γwρgh

)
where

γw = (eπ)−1 ≈ 0.117

is one approach to satisfy the �rst law in its relative from.10 For the Rosier hydrology

dN

dh
=


γwρg if h⟩hf/(1− γw)
ρg if hf ≤ h ≤ hf/(1− γw)
0 if h < hf

10The exact mathematical expression for γw is based on unpublished work by S. Rosier.
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Passive hydrology

The passive hydrology model is motivated by the absolute formulation of the �rst law. It does not predict
the exact value of N at all, but states that the e�ective pressure is independent of ice thickness, i.e.

∂N

∂h
= 0 .

It can be argued that currently many (most?) ice-sheet models implicitly assume the hydrology to be
passive in this sense.

1.14 Flow law

Glen's �ow law is
ϵ̇ij = Aτn−1τij ,

where
τ =

√
τijτij/2

The �ow law can also be written as
τij = A−1/n ϵ̇(1−n)/n ϵ̇ij , (1.188)

where
ϵ̇ =

√
ϵ̇ij ϵ̇ij/2

which in the Shallow Ice Stream Approximation takes the form

ϵ̇ =
√
(ϵ̇xx)2 + (ϵ̇yy)2 + ϵ̇xx ϵ̇yy + (ϵ̇xy)2 (1.189)

= ((∂xu)
2 + (∂yv)

2 + ∂xu ∂yv + (∂xv + ∂yu)
2/4)1/2 (1.190)

If we write
τij = 2ηϵ̇ij

then η is the e�ective viscosity given by

η =
1

2
A−1/n ϵ̇(1−n)/n (1.8)

or

η =
1

2
A−1/n ((∂xu)

2 + (∂yv)
2 + ∂xu ∂yv + (∂xv + ∂yu)

2/4)(1−n)/2n (1.191)

1.15 Floating relationships

For a given bedrock geometry B and ocean surface S the ice is �oating provided h < hf where

hf := ρoH/ρ, (1.192)

and for h ≥ hf the glacier is grounded.
Where the ice is a�oat, we have the �oating condition

ρg (s− b) = ρog (S − b),
ρgh = ρogd.

Following relations are obtained by rearranging this �oating condition,

h = ρod/ρ =
s− S

1− ρ/ρo
=
ρo
ρ
(S − b), (1.193)

b =
ρoS − ρs
ρo − ρ

= S − ρ

ρo
h, (1.194)

s = S + (1− ρ/ρo)h = (1− ρo/ρ)b+
ρo
ρ
S, (1.195)

f := s− S = (1− ρ/ρo)h. (1.196)
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Furthermore, if ∂xS = 0, and ρ is spatially constant, then the slopes of the upper and the lower
boundary are related through

b ∂xs− s ∂xb = S ∂xh, (1.197)

and also
∂xs = (1− ρ/ρo)∂xh.

At the grounding line we have

h = hf ,

d = H,

where hf is de�ned by Eq. (1.192).

1.15.1 Expressing geometrical variables in terms of ice thickness

For a fully implicit treatment, i.e. implicit with respect both velocity and geometry, is advantageous to
be able to express geometrical variables such as s, b, and d in terms of ice thickness h.

It is easy to see that

s = H(h− hf ) (h+B) +H(hf − h) (S + (1− ρ/ρo) h), (1.198)

b = H(h− hf ) B +H(hf − h) (S − ρh/ρo), (1.199)

and that

d :=H(H)(S − b) (1.200)

=H(H) [H(hf − h)ρh/ρo +H(h− hf )H], (1.201)

i.e.

d =


H, if h > hf and H > 0

ρh/ρo, if h < hf and H > 0

0, if H < 0

The draft is always 0 ≤ d ≤ ρh/ρo.
Eq. (1.201) can be simpli�ed a bit further by noticing that if H > 0 then H(H)H(hf−h) = H(hf−h).

On the other hand if H < 0 then H(H) = 0 but so is H(hf − h) because if H = S − B < 0 then
hf = ρo

ρ (S −B) < 0 and since h is always positive we have H(hf − h) = 0, i.e.

H(H)H(hf − h) = H(hf − h),
and d can therefore be written as a function of h as

d = H(hf − h)ρh/ρo +H(H)H(h− hf )H. (1.202)

or as
d = H(hf − h)ρh/ρo +H(h− hf )H+. (1.203)

using
H+ := H(H)H.

1.15.2 Calculating b and s given h, S and B

If we think of S, B, and h as independent variables, i.e.

s = s(h, S,B, ρ, ρo)

b = b(h, S,B, ρ, ρo)

then s and b are given by

s = G(B + h) + (1− G) ((1− ρo/ρ)b+ ρoS/ρ) ,

= G(B + h) + (1− G)
(
b+

ρo
ρ
(S − b)

)
,

b = GB + (1− G)(S − ρh/ρo),
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valid both over the grounded and the �oating sections. where again the grounding/�otation mask G is
de�ned as

G := H(h− hf ),
with

hf := ρo(S −B)/ρ.

Here s and b are explicit functions of h because for h and S and B given, the �otation/grounding mask
G is already determined.

In numerical calculations, it may sometimes be desired to use a smooth and continuous approximation
of the Heaviside step function.11 However, any smooth approximation of the Heaviside step function will
inescapably imply that the upper and lower surfaces are not in a perfect point-wise agreement with
�otation/grounding conditions. In particular, we can have the situation where the lower ice surface b is
lower than the bedrock B. To see this note that the condition b ≥ B implies

b−B = B (G − 1) + (1− G)(S − ρh/ρo)
= (S −B)(1− G)− (1− G)ρh/ρo
= H(1− G)− (1− G)ρh/ρo
= (H − ρh/ρo) (1− G)
≥ 0

or
(ρoH/ρ− h)H(ρoH/ρ− h) ≥ 0

or simply
xH(x) ≥ 0 .

Whenever H(x) is an exact step function, this inequality is clearly ful�lled for any x. If, however, H(x) is
approximated by some smooth function this is no longer the case. For example, if H(−ϵ) = δ > 0 where ϵ
and δ are some arbitrarily small positive numbers, then xH(x) < 0 for x = −ϵ and therefore b < B. One
can argue that for any sensible approximation of the Heaviside step function, we must have H(x) ≥ 1/2
for x ≥ 0. Assuming this, then at the grounding line where h = hf , we have G = 1/2 and therefore

b = B/2 + (S − ρhf/ρo)/2
= B/2 + (S − (S −B))/2

= B

and downstream of the grounding line b > B. However, upstream of the grounding line any approxi-
mation of the Heaviside step function unavoidably implies that the we may encounter a situation where
numerically b < B. This can be seen to be a consequence of b being partly determined by �otation
conditions upstream of the grounding line despite h there being greater than �otation thickness hf .

1.15.3 Calculating b and h given s, S and B

The lower glacier surface (b) and the ice thickness (h) can be calculated from the upper glacier surface
(s), the ocean surface (S) and the bedrock (B) as

b = max

{
B,

ρs− ρoS
ρ− ρo

}
, (1.204)

h = s− b . (1.205)

Hence, b should never be lower than the bedrock, B, or the �otation limit for the lower surface. Again
as discussed above, this is potentially violated if �otation mask is calculated using a (slightly) smoothed
step function (as is done in Úa ). For that reason this problem is a bit more complicated, and in Úa it is
solved implicitly as follows. We write

b = b(s, S,B, ρ, ρo) ,

h = h(s, S,B, ρ, ρo) ,

11This is, for example, needed to achieve second-order convergence in the NR iteration.
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Figure 1.2: Calculating b and h from s, S, and B by minimising J as given in Eq. (1.209) with respect
to b.

as

b = G B + (1− G)ρs− ρoS
ρ− ρo

, (1.206)

h = G (s−B) + (1− G) s− S
1− ρ/ρo

, (1.207)

where
G = H(h− ρo(S −B)/ρ) . (1.208)

The system (1.206) to (1.208) is non-linear because G depends on h. Finding b given s, S and B is
equivalent to solving the equation

Fb(b) = 0 ,

where the function Fb is de�ned as

Fb(b) := b− GB − (1− G)ρs− ρoS
ρ− ρo

,

and G and h are de�ned in terms of b through Eqs. (1.206) and (1.207).
We can calculate b from s, S and B given ρ and ρo by minimising the cost function J de�ned as

J =
1

2
∥Fb∥2l2 =

1

2
Fb · Fb (1.209)

with respect to b using the NR method as follows: For given s, S, B, ρ and ρo, and an initial guess for b
and h repeat:

G = H(h− ρo(S −B)/ρ)

Fb = b− GB − (1− G)(ρs− ρoS)/(ρ− ρo)
∂Fb/∂b = 1 + δ(h− hf ) (B − (ρs− ρoS)/(ρ− ρo))

(∂Fb/∂b)∆b = −Fb

b = b+∆b

h = s− b

until ∥J∥ < ϵ. An initial guess for b and h is provided by Eqs. (1.204) and (1.205).

1.16 Stress boundary conditions at an ice front

We consider the case of an ice front in contact with water of a given depth. The treatment is general
and includes the cases of zero water depth, i.e. glacier terminating on land, and a �oating ice front, i.e.
a glacier terminating in an ocean.
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At the calving front the jump condition is

σ · n̂xy = −pon̂n.

where po is the hydrostatic ocean pressure, and

n̂xy = (nx, ny, 0)
T ,

is a unit normal pointing horizontally outward from the ice front. The vertically integrated form of this
stress condition is ∫ s

b

(σxxnx + σxyny) dz = −
∫ S

b

ponx dz on Γ2 (1.210)

∫ s

b

(σxynx + σyyny) dz = −
∫ S

b

pony dz on Γ2 (1.211)

If the draft d at the ice front is zero, i.e. if the ice front is fully grounded, then S < b, the right hand
sides of (1.210) and (1.211) are to be set to zero.

Using

σxx = 2τxx + τyy + σzz,

and with

σzz = −ρg(s− z),

(where we have set α = 0), if follows that∫ s

b

σxx dz =

∫ s

b

(2τxx + τyy) dz −
∫ s

b

ρg(s− z) dx

= h(2τxx + τyy)−
ρg

2
h2.

The x component of the vertically integrated ocean pressure acting on the calving front is

−
∫ S

b

ponx dz = −
∫ S

b

ρog(S − z)nx dz

= −1

2
ρog(S − b)2

= −1

2
ρogd

2.

Boundary conditions (1.210) and (1.211) can therefore be written as

h(2τxx + τyy)nx + hτxyny =
g

2
(ρh2 − ρod2)nx, (1.212)

h(2τyy + τxx)ny + hτxynx =
g

2
(ρh2 − ρod2)ny, (1.213)

or more compactly as

R · n̂xy =
g

2h
(ρh2 − ρod2) n̂xy. (1.214)

where the resistive stress tensor, R, is

R =

(
2τxx + τyy τxy

τxy 2τyy + τxx

)
(1.26)

Boundary condition (1.214) is valid for both grounded and �oating ice edges.
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1.16.1 Floating

In the particular case where the calving front is a�oat, ρh = ρod boundary conditions (1.212) and (1.213)
simplify to

h(2τxx + τyy)nx + hτxy ny =
1

2
ϱgh2nx (1.215)

h(2τyy + τxx)ny + hτxy nx =
1

2
ϱgh2ny (1.216)

where

ϱ := ρ (1− ρ/ρo),

Written in terms of the velocity components the boundary conditions along a �oating ice front are:

ηh(4∂xu+ 2∂yv)nx + ηh(∂xv + ∂yu)ny =
ϱgh2

2
nx, (1.217)

ηh(∂xv + ∂yu)nx + ηh(4∂yv + 2∂xu)ny =
ϱgh2

2
ny. (1.218)

1.16.2 Grounded

On the other hand if the ice terminates on land then d = 0 and

h(2τxx + τyy)nx + hτxy ny =
g

2
ρh2 nx, (1.219)

h(2τyy + τxx)ny + hτxy nx =
g

2
ρh2 ny. (1.220)

1.17 Boundary condition at a glacier terminus as a natural bound-
ary condition

For solving (1.18) and (1.19) it is advantageous to modify the equations in such a way that the boundary
conditions (1.212) and (1.213) become the `natural' boundary conditions. Furthermore, for an implicit
time integration with respect to both velocities, grounding-line position, and ice thickness, it is of advan-
tage to write all evolving geometrical variables (s, b) in terms of the ice thickness h.

The key idea is to rewrite (assuming α = 0) the Eqs. (1.18) and (1.19) as

∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx =
1

2
g∂x(ρh

2 − ρod2) + g(ρh− ρod)∂xb, (1.221)

∂y(h(2τyy + τxx)) + ∂x(hτxy)− tby =
1

2
g∂y(ρh

2 − ρod2) + g(ρh− ρod)∂yb, (1.222)

(note the d term is not missing a H(H) because d is automatically zero whenever H(H) = 0.) where it
has been used that ∂xρo = ∂yρo = 0 and ∂xS = ∂yS = 0. Note that in Eqs. (1.221) and (1.222) the second
terms on the right hand sides are automatically zero where the ice is a�oat and that this formulation can
also be used if the ice density varies in the horizontal.

The equality of the right-hand terms in (1.18) and (1.221) (for α = 0) follows from

1

2
g∂x(ρh

2 − ρod2) + g(ρh− ρod)∂xb =
1

2
gh2∂xρ+ g (ρh∂xh− ρod ∂xd) + g(ρh− ρod)∂xb

=
1

2
gh2∂xρ+ g (ρh∂x(s− b)− ρod ∂xd) + g(ρh− ρod)∂xb

=
1

2
gh2∂xρ+ g (ρh∂xs− ρod ∂xd)− gρod∂xb

=
1

2
gh2∂xρ+ g (ρh∂xs− ρod ∂x(H(H)(S − b)))− gρod∂xb

=
1

2
gh2∂xρ+ gρh∂xs− gρod (S − b)∂xH(H)
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and the last term is (in an integrated sense) zero∫
gρod(S − b)∂xH(H) dx =

∫
gρod (S − b) ∂HH(H) ∂xH dx

=

∫
gρod (S − b) δ(H) ∂xH dx

= gρod (S − b) (for x where H = 0)

= 0

where the last step follows from the fact that where H = 0, we have S = b, because if H = 0, then
hf = ρH/ρo = 0, and hence h ≥ hf because h is never negative. Where H = 0 the ice is therefore
grounded, and B = b and therefore S − b = S −B = H = 0, so S = b.

Hence

gρh∂xs+
1

2
gh2∂xρ =

1

2
g∂x(ρh

2 − ρod2) + g(ρh− ρod)∂xb. (1.223)

Because ρod ≤ ρh, with the equality sign ful�lled where the ice is a�oat, the second terms on the
right-hand sides of Eqs. (1.221) and (1.222) are positive where the ice is both partly and fully grounded,
and zero where it is a�oat. Therefore

g(ρh− ρod)∂xb = H(h− hf )g(ρh− ρod)∂xb
= H(h− hf )g(ρh− ρod)∂xB
= H(h− hf )g(ρh− ρoH+)∂xB

where we used
d = H(hf − h)ρh/ρo +H(h− hf )H+, (1.203)

and hence
H(h− hf )d = H2(h− hf )H+,

again in an integrated sense (i.e. when evaluated under an integral).
The basal drag terms are also zero where the ice is a�oat and the system can therefore be written as

∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx =
1

2
g∂x(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂xB (1.224)

∂y(h(2τyy + τxx)) + ∂x(hτxy)− tby =
1

2
g∂y(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂yB (1.225)

This suggests how the boundary condition (1.214) can form the natural boundary condition of our FE
formulation. This can be achieved by including in the corresponding boundary integral the �rst terms
on the left and right-hand sides of (1.224) and (1.225). The details are given in Section 2.2.

Written in terms of the velocity components:

∂x(hη(4∂xu+ 2∂yv)) + ∂y(hη(∂yu+ ∂xv))− tbx =

1

2
g∂x(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂xB (1.226)

∂y(hη(4∂yv + 2∂xu)) + ∂x(hη(∂xv + ∂yu)− tby =

1

2
g∂y(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂yB (1.227)

1.18 SSTREAM in 1HD

In one horizontal dimension (1HD), i.e. in the �ow-line case, the SSTREAM equation becomes

4∂x(hη∂xu)− tbx =
1

2
g∂x(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂xB

with

η =
1

2
A−1/nϵ̇(1−n)/n =

1

2
A−1/n ∥∂xu∥(1−n)/n
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Figure 1.3: Comparison between analytical and nu-
merical solutions for a one-dimensional ice shelf.
Parameters: A = 1.14 × 10−8 kPa−3a−1, n = 3,
hgl = 1000m, ugl = 300ma−1, ρ = 910 kgm−3,
ρo = 1030 kgm−3. The value for A corresponds to
an ice temperature of about -10 degrees Celsius.

Figure 1.4: Close up of velocity and surface pro�les.
The analytical solutions are derived in section 11.5,
see for example Eq. (11.43). This numerical solution
was obtained using linear elements and automated
mesh re�nement based on the gradient of the e�ec-
tive strain rate.

if we use Glen's �ow law, and with

tbx = H(h− hf ) C−1/m|u|1/m−1 u

if we use Weertman sliding law, where d is the draft

d = H(H)(S − b) .

Inserting Glen's �ow law we get

2∂x(A
−1/n h |∂xu|(1−n)/n∂xu)− tbx =

1

2
g∂x(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂xB (1.228)

and if we can assume that u > 0 and ∂xu > 0 then the SSTREAM equation is

2∂x

(
A−1/n h (∂xu)

1/n
)
−H(h− hf )C−1/mu1/m = ρgh∂xs+

1

2
gh2∂xρ (1.229)

Eq. (1.229) is a common way of writing down the SSTREAM/SSA equation in 1HD.
If the ice is a�oat, in which case H(h− hf ) = 1, and basal drag can be ignored we have

2∂x(A
−1/n h (∂xu)

(1−n)/n∂xu) =
1

2
g∂x(ρh

2 − ρod2)

which we can integrate to

A−1/n h (∂xu)
(1−n)/n∂xu =

1

4
g (ρh2 − ρod2) ,

where we have used the boundary condition at the calving front to show the integration constant is zero.
This can be rearranged to

ϵ̇xx = A

(
g(ρh2 − ρod2)

4h

)n

,

and

hτxx =
1

4
g(ρh2 − ρod2) .



Chapter 2

Finite-element implementation

The general idea behind �nite elements is to expand all functions in a given basis, {ϕp| p = 1 . . . n}, insert
those into the equations, L(x) = 0, to be solved, and then form the algebraic system

⟨L(x)|ϕq⟩ = 0

for q = 1 . . . n.

2.1 Function expansions in the FE basis

Generally, when solving for example the non-linear system

L = ∂x (a(x, f(x)) ∂xf(x)) + b(x, f(x)) f(x) = g(x, f(x))

for the unknown f(x) and the given functions g(x, f(x)), a(x, f(x)) and b(x, f(x)), we expand f(x) as

f(x) = fp ϕp(x)

and solve
⟨L(x, f(x))|ϕq⟩ = 0 for q = 1 . . . n

for fp, where p = 1 . . . n. The basis functions, ϕq(x), have the property that

ϕp(xq) = δpq

where xq are the nodal coordinates. Hence,

f(xq) = fpϕp(xq) = fq

so fq is the values of f(x) at the nodal point q with the coordinate xq.
There are several di�erent options of expanding the functions a, b and g, which in general can be

expected to be functions of f for non-linear problems. One approach is to evaluate the functions on the
nodal points

ap :=a(xp, f(xp))

bp :=b(xp, f(xp))

gp :=g(xp, f(xp))

and then expand as, for example.
a(x) = apϕp(x)

Another approach would be to evaluate a(x, f(x)) at the integration points. This approach must be used
if the functions a, b and g depend on the derivative of f(x), which can only be evaluated within the
element, for example at the integration points.

For example, assume we have the two functions f(x) and h(x), and the function g(x) where

g(x) = f(h(x)) .

39



40 CHAPTER 2. FINITE-ELEMENT IMPLEMENTATION

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
x

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

?
1
(x

);
?
(2

(x
);
;
(x

);
h
(x

);
d
(x

);
r(

x
)

?1

?2

;(x) = ;1 ?1(x) + ;2 ?2(x)
h(x) = h1 ?1(x) + h2 ?2(x)
d(x) = d1 ?1(x) + d2 ?2(x)
;o

rnode(x) = r1 ?1(x) + r2 ?2(x)
rint(x) = ;(x)h(x)! ;o dint(x)

Figure 2.1: Comparison between nodal and integration-point evaluations.

What are the values of g(x) at the integration points xint? Assuming f(x) and h(x) are expanded in
terms of their know nodal values as

f(x) = fpϕp(x)

h(x) = hpϕp(x)

then we have two options for expanding g(x), i.e. the nodal-point and the integration-point approach.
Using the nodal-point approach, we write

g(x) = gp ϕp(x)

= g(f(hp))ϕp(x)

i.e. we evaluate g(x) = f(h(x)) at the nodes, giving us the nodal values of g(x) as

gp = f(hp)

and then we expand g(x) as g(x) = gp ϕp(x). This gives us the integration-point values for g(x) as

g(xint) = g(f(hp))ϕp(xint)

Alternatively, using the integration-point approach, we evaluate the function g(x) at the integration
as

g(xint) = g(f(hint))

Generally, those two modes of evaluation integration-point values of a composite function do not agree,
that is

g(f(hp))ϕp(xint)︸ ︷︷ ︸
nodal

̸= g(f(hint))︸ ︷︷ ︸
integration-point

As an example, assume ϕ1(x) = x and ϕ2(x) = 1− x, over the interval 0 ≤ x ≤ 1, and we expand the
functions ρ(x) and h(x) as

ρ(x) = ρ1ϕ1(x) + ρ2ϕ2(x)

h(x) = h1ϕ1(x) + h2ϕ2(x)
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We would like to select d(x) such that

ρ(x)h(x)− ρod(x) = 0

for ρ(x), h(x) and ρ0, given, i.e. we must have

d(x) = ρ(x)h(x)/ρo .

Using the nodal-point evaluation for d(x) we �rst write

dnode(x) = d1ϕ1(x) + d2ϕ2(x)

and solve for d1 and d2 by writing the residual

r(x) := ρ(x)h(x)− ρod(x)

and setting r(xj) = 0 at nodal points, which here are x1 = 0 and x2 = 1. Since

ϕi(xj) = δij

we �nd that

d1 = ρ1h1/ρo

d2 = ρ2h2/ρo

The residual r, using the nodal evaluation for d(x), is therefore

rnode(x) = (ρ1ϕ1(x) + ρ2ϕ2(x))(h1ϕ1(x) + h2ϕ2(x))− ρo dnode
= (ρ1ϕ1(x) + ρ2ϕ2(x))(h1ϕ1(x) + h2ϕ2(x))− ρo (d1ϕ1(x) + d2ϕ2(x))

This residual will be zero at the nodal points where x = xp, but not necessarily zero for all values of x.
Alternatively, we can calculate d(x) at any given location as d(x) = ρ(x)h(x)/ρo, i.e.

dint(x) =
1

ρo
(ρ1ϕ1(x) + ρ2ϕ2(x))(h1ϕ1(x) + h2ϕ2(x))

Now the residual function, using the integration-point evaluation for d(x), becomes

rint(x) = (ρ1ϕ1(x) + ρ2ϕ2(x))(h1ϕ1(x) + h2ϕ2(x))− ρo dint(x)
= (ρ1ϕ1(x) + ρ2ϕ2(x))(h1ϕ1(x) + h2ϕ2(x))− (ρ1ϕ1(x) + ρ2ϕ2(x))(h1ϕ1(x) + h2ϕ2(x))

which clearly is zero for all values of x. This situation is depicted in Fig. (2.1), for ρ1 = 0.9, ρ2 = 0,
h1 = 1.1, h2 = 0, and ρo = 1. As can be seen, the nodal residual is zero at the nodes, but not at all
values within the element.

As a further example consider the basal drag term in 1HD written as

tbx = H(h− hf )β2(u)u

where

hf = ρoH/ρ

or
b(x, u(x)) = H(h(x)− hf (x))β2(u(x), x)

or, when evaluated at nodes,
b(x) = bpϕp(x)

where
bp = H(h(xp)− hf (xp))β2(up, xp)
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2.2 FE formulation of the diagnostic equations

In the FE method the inner product of the �eld equations with a test function is formed. The inner
product is

⟨ϕ | θ⟩ =
∫∫

Ω

ϕ θ dx dy

where ϕ and θ are some functions. One form of Green's theorem states that∫∫
Ω

ϕ∂xθ dx dy = −
∫∫

Ω

∂xϕ θ dx dy +

∮
Γ

ϕ θ nx dΓ

As shown above, the SSA/SSTREAM momentum equations are

∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx =
1

2
g∂x(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂xB (1.224)

∂y(h(2τyy + τxx)) + ∂x(hτxy)− tby =
1

2
g∂y(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂yB (1.225)

where the (positive) ocean depth is

H+ :=H(H)H (1.33)

=H(H)(S −B)

i.e. H+ = H if H > 0 and zero otherwise, and the draft is

d = H(H)(S − b). (5)

Applying the Green's theorem on the stress terms and the �rst term on the right-hand side of
Eq. (1.224), i.e. x direction, leads to

0 =

∫∫
Ω

(
h(2τxx + τyy)∂xϕ+ hτxy ∂yϕ+ tbx ϕ

− 1

2
g(ρh2 − ρod2) ∂xϕ

+ ϕ gH(h− hf )(ρh− ρoH+)∂xB
)
dx dy

−
∮
Γ

(h(2τxx + τyy)ϕnx + hτxy ϕny −
1

2
g(ρh2 − ρod2)ϕnx) , dΓ

Performing the same calculation of the y direction results in boundary terms that are identically equal
to zero for the boundary condition (1.214). The natural boundary condition is therefore exactly (1.214)
and covers not only the case of a fully �oating ice front, but that of a grounded and partially grounded
ice fronts as well. Using Eq. (1.201) the draft (d) appearing the equations above can be written in terms
of the ice thickness (h). This formulation is therefore well suited as a starting point for a linearisation
around h required for a fully implicit solution of transient �ow.

Expressing the SSA (SSTREAM) momentum equation ins terms of the velocity components u and v
leads to

0 =

∫∫
Ω

(hη(4∂xu+ 2∂yv)∂xϕ+ hη(∂yu+ ∂xv)∂yϕ+H(h− hf )β2uϕ

− 1

2
g(ρh2 − ρod2)∂xϕ+ ϕ gH(h− hf )(ρh− ρoH+)∂xB) dx dy

−
∮
Γ

(hη(4∂xu+ 2∂yv)ϕnx + hη(∂yu+ ∂xv)ϕny −
1

2
g(ρh2 − ρod2)N)nx dΓ (2.1)

0 =

∫∫
Ω

(hη(4∂yv + 2∂xu)∂yϕ+ hη(∂xv + ∂yu)∂xϕ+H(h− hf )β2v ϕ

− 1

2
g(ρh2 − ρod2)∂yϕ+ ϕ gH(h− hf )(ρh− ρoH+)∂xB) dx dy

−
∮
Γ

(hη(4∂yv + 2∂xu)ϕny + hη(∂xv + ∂yu)ϕnx −
1

2
g(ρh2 − ρod2)N)ny dΓ (2.2)

where the corresponding expression in y direction has been added.
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2.3 FE formulation of the transient problem

Úa allows for implicit time integration with respect to both geometry, grounding-line migration, and
velocity. This approach is not limited by the CFL condition and is unconditionally stable allowing for
arbitrarily large times steps irrespective of spatial discretisation. The time step is only limited by the
convergence radius of the Newton-Raphson method1.

The recommended option in a transient run is to use an implicit fractional-step θ scheme combined
with the consistent streamline-upwind Petrov-Galerkin method (SUPG). This is the default option.

In Úa a semi-implicit approach (implicit with respect to geometry, explicit with respect to velocity)
is also implemented. Unless memory is a limiting factor, the fully implicit approach is always preferable
to the semi-implicit (staggered) approach.

Experience shows the θ method to give good results when used in a combination with a fully implicit
forward time integration. For a semi-implicit approach a third-order Taylor Galerkin (TG3) is a better
approach.

In 2HD both θ and TG3 have been implemented for both staggered and implicit approach. (The
1HD fully implicit was only done using the θ method and not using TG3.) Using TG3 in 1HD staggered
approach resulted in a great improvement over the θ method. It appears that in the implicit approach
there is no great advantage of using TG3 over the θ method.

There is no separate di�usion term added to the prognostic equations in Úa , and no shock-stabilisation
term either. Even just using the fully implicit approach without SUPG generally gives good results. But
using SUPG is nevertheless recommended, especially for problems involving grounding line migration.

2.3.1 Time integration algorithms

Consider the transient problem
dy

dt
= f(y)

where f is a known function, and y = y(t). A large number of time-discretisation methods have been
proposed.

The θ method

The (generalised) trapezoidal method, often referred to as the θ method, is

y1 − y0
∆t

= θf(y1) + (1− θ)f(y0) θ ∈ [0 , 1] (2.3)

where y0 = y(t0) and y1 = y(t1) with t1 = t0+∆t. For θ = 0 we have the explicit forward Euler method,
for θ = 1 the implicit backward Euler method, and for θ = 1/2 the implicit Crank-Nicolson method.

Selection of method and parameters is problem dependent. Forward Euler should, for example, never
be used for hyperbolic equations as it is unconditionally unstable for all wave-numbers. To see this
consider the linear hyperbolic equation

yt = −v yx
for v > 0, and the �nite-di�erence discretisation on a regular grid for f(y) = −vyx and θ = 0 in Eq. (2.3)
gives

y1i − y0i
∆t

= f(y0i )

= −v dy
0
i

dx

= −v
y0j+1 − y0j−1

2∆x

or

y1j = y0j −
ξ

2
(y0j+1 − y0j−1)

1Joseph Raphson published his method 50 years earlier than Newton in his book Analysis Aequationum Universalis,
Raphson (1702)
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where ξ := v∆t/∆x is the Courant number (or the Courant-Friedrichs-Lewy number). Von Neumann
stability analysis with

y1j = Y 1
k e

ikxj

y0j = Y 0
k e

ikxj

y0j+1 = Y 0
k e

ik(xj+∆x)

y0j−1 = Y 0
k e

ik(xj−∆x)

gives for the forward Euler method

Y 1
k e

ikxj = Y 0
k e

ikxj − ξ

2
(Y 0

k e
ik(xj+∆x) − Y 0

k e
ik(xj−∆x))

= Y 0
k e

ikxj

(
1− ξ

2
(eik∆x − e−ik∆x)

)
= Y 0

k e
ikxj (1− iξ sin(k∆x))

or the ampli�cation factor r as

r :=
Y 1
k

Y 0
k

= 1− iξ sin(k∆x)

and since |r| > 0 for all wave-numbers k and all time steps ∆t, the method is always unconditionally
unstable.

For backward Euler, where θ = 1, with

y1j = y0j −
ξ

2
(y1j+1 − y1j−1)

we �nd
Y 1
k

Y 0
k

=
1

1 + iξ sin(k∆x)

which is unconditionally stable.
In the generalised trapezoidal method, or the θ method, we write

y1i − y0i
∆t

= −a
(
θ
y1j+1 − y1j−1

2∆x
+ (1− θ)

y0j+1 − y0j−1

2∆x

)

that is

y1i − y0i = −ξ
2

(
θ (y1j+1 − y1j−1) + (1− θ) (y0j+1 − y0j−1)

)
And stability analysis gives

Y 1
k e

ikxj − Y 0
k e

ikxj = −ξ
2
(θ (Y 1

k e
ik(xj+∆x) − Y 1

k e
ik(xj−∆x)) + (1− θ)(Y 0

k e
ik(xj+∆x) − Y 0

k e
ik(xj−∆x)))

Y 1
k − Y 0

k = −ξ
2
(θ (Y 1

k e
ik∆x − Y 1

k e
−ik∆x) + (1− θ)(Y 0

k e
ik∆x − Y 0

k e
−ik∆x))

Y 1
k − Y 0

k = −ξ
2
(θ Y 1

k (e
ik∆x − e−ik∆x) + (1− θ)Y 0

k (eik∆x − e−ik∆x))

Y 1
k − Y 0

k = −iξ(θ Y 1
k (sin(k∆x)) + (1− θ)Y 0

k sin(k∆x)))

or
Y 1
k (1 + iξ(θ (sin(k∆x)) = Y 0

k (1− iξ(1− θ) sin(k∆x)))

that is

r =
Y 1
k

Y 0
k

=
1− iξ(1− θ) sin(k∆x)

1 + iξθ sin(k∆x)

For θ = 1/2 the method is A stable but not L stable. For θ = 1 the methods is A and L stable, but
somewhat dissipative.
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Explicit Euler with upwinding

Apparently, some ice-�ow model use forward Euler with upwinding. For the test equation

yt = −v yx

for a > 0, �nite-di�erence discretisation with upwinding on a regular grid gives

y1i − y0i
∆t

= f(y0i )

= −ady
0
i

dx

= −a
y0j − y0j−1

∆x

or
y1j = y0j − ξ(y0j − y0j−1)

where ξ := a∆t/∆x is the Courant number (or the Courant-Friedrichs-Lewy number). Von Neumann
stability analysis with

y1j = Y 1
k e

ikxj

y0j = Y 0
k e

ikxj

y0j−1 = Y 0
k e

ik(xj−∆x)

y0j = Y 0
k e

ik xj

gives for the forward Euler method gives for the forward Euler method

Y 1
k e

ikxj = Y 0
k e

ikxj − ξ(Y 0
k e

ikxj − Y 0
k e

ik (xj−∆x)))

= Y 0
k e

ikxj
(
1 + ξ(eik∆x − 1)

)
or the complex ampli�cation factor r as

r :=
Y 1
k

Y 0
k

= 1 + ξ
(
eik∆x − 1

)
where again

ξ :=
v∆t

∆x
.

The method is stable for ξ < 1, but causes severe damping of amplitudes with time for even relatively
small ξ values (see Fig. 2.2) as compared to the other stable methods.

TR-BDR2

The TR-BDF2 method (Bank et al., 1985) is a two stage method consisting of a fractional trapezoidal
(TR) stage followed by a second order backward di�erence formula (BDF2) stage, i.e.

yγ − y0
γ∆t

=
1

2
f(yγ) +

1

2
f(y0)

y1 − 1

γ(2− γ)y
γ +

(1− γ)2
γ(2− γ)y

0 =
1− γ
2− γ ∆t f(y1)

where γ ∈ (0, 1), or as

yγ = y0 +
γ∆t

2

(
f(yγ) + f(y0)

)
(2.4)

y1 =
1

2− γ

(
1

γ
yγ +

(1− γ)2
γ

y0 + (1− γ)∆t f(y1)
)

(2.5)

While this method involves two stages, it is a one-step method as only the solution at the previous time
step is required. Note that if we set γ = 1 we obtain the trapezoidal method, i.e. the θ method for
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Figure 2.2: Ampli�cation factors for di�erent time discretisation methods, for the dy/dt = −v dy/dx
equation.

θ = 1/2. Often the TR-BDF2 method is used with γ = 1/2 or γ = 2 −
√
2. The γ = 2 −

√
2 gives the

largest stability region and a proportional Jacobian, as we have

γ

2
=

1− γ
2− γ

for γ = 2−
√
2. The TR-BDF2 method is both A and L stable (Bank et al., 1985; Hosea and Shampine,

1996; Carciopolo, 2015), whereas the trapezoidal method for θ = 1/2 is only A stable, and this is
sometimes re�ected in oscillations not being damped over time (Dharmaraja, 2007). The TR-BDF2 is a
popular time-discretisation methods and used in various FE codes (e.g. Bathe, 2007).

For
yt = f(y) ,

the �rst phase, i.e. the TR part of the TR-BDF2 methods Eq. (2.4) is

yγ = y0 +
γ∆t

2

(
f(yγ) + f(y0)

)
.

Using Newton-Raphson method we write

yγi+1 = yγi +∆y ,

and

f(yγi+1) = f(yγi +∆y)

= f(yγi ) + ∂yf(y
γ
i )∆y

where the Jacobian is
Jγ
i := ∂yf(y

γ
i ) ,

leading to

yγi +∆y = y0 +
γ∆t

2

(
f(yγi ) + Jγ

i ∆y + f(y0)
)
. (2.6)
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The Newton-Raphson iterations, thus, consist in repeatedly solving(
1− 1

2
γ∆t Jγ

i

)
∆y = y0 − yγi +

1

2
γ∆t

(
f(yγi ) + f(y0)

)
(2.7)

yγi ← yγi +∆y (2.8)

until either ∥∆y∥ < ϵ or

∥y0 − yγi +
1

2
γ∆t

(
f(yγi ) + f(y0)

)
∥ < δ

where ϵ and δ are some prescribed tolerances.
The second phase, i.e. the BDF2 part of the TR-BDF2 methods Eq. (2.5) is

y1 =
1

2− γ

(
1

γ
yγ +

(1− γ)2
γ

y0 + (1− γ)∆t f(y1)
)

Here y1 is the unknown and y0 and yγ are known. Again using the Newton-Raphson method we write

y1i+1 = y1i +∆y

and

y1i +∆y =
1

2− γ

(
1

γ
yγ +

(1− γ)2
γ

y0 + (1− γ)∆t f(y1i +∆y)

)
y1i +∆y =

1

2− γ

(
1

γ
yγ +

(1− γ)2
γ

y0 + (1− γ)∆t (f(y1i ) + J1
i ∆y)

)
or (

1− 1− γ
2− γ ∆t J1

i

)
∆y = −y1i +

1

2− γ

(
1

γ
yγ +

(1− γ)2
γ

y0 + (1− γ)∆t f(y1i )
)

(2.9)

y1i ← y1i +∆y (2.10)

As mentioned above, we get identical left-hand sides of Eqs. (2.7) and (2.9) for γ = 2−
√
2.

Third order implicit Taylor Galerkin (TG3)

This method is also referred to as fourth-order Crank-Nicolson time-stepping.
First expand h at time step 1 and 0 using third order Taylor expansion as

h1 = h0 +∆t ∂th0 +
(∆t)2

2
∂2tth0 +

(∆t)3

6
∂3ttth0,

h0 = h1 −∆t ∂th1 +
(∆t)2

2
∂2tth1 −

(∆t)3

6
∂3ttth1,

adding and simplifying gives

1

∆t
(h1 − h0) =

1

2
(∂th0 + ∂th1) +

∆t

4
(∂2tth0 − ∂2tth1) +

(∆t)2

12
(∂3ttth0 + ∂3ttth1) (2.11)

Note that including only the �rst term of the Taylor expansion is equal to using the θ method with
θ = 1/2.)

Then replace the third-order derivative is expressed through �nite di�erences giving

1

∆t
(h1 − h0) =

1

2
(∂th0 + ∂th1) +

∆t

4
(∂2tth0 − ∂2tth1) +

(∆t)2

12∆t
(∂2tt(h1 − h0) + ∂2tt(h1 − h0))

=
1

2
(∂th0 + ∂th1) +

∆t

4
(∂2tth0 − ∂2tth1) +

∆t

6
∂2tt(h1 − h0)

i.e.

h1 − h0 =
∆t

2
(∂th0 + ∂th1) +

(∆t)2

12
(∂2tth0 − ∂2tth1) (2.12)
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At this stage we can use the di�erential equation, i.e.

dy

dt
= f(y)

to express time derivatives in terms of f(y).
For example if we have and equation on the form

dh

dt
= a−∇ · q(h(t),v(t))

we �nd

ρ∂2tth = ρ∂ta−∇xy · ∂tq
= ρ∂ta−∇xy · (∂hq ∂th+ (∇uvq) · ∂tv)
= ρ∂ta−∇xy · (∂hq(ρa−∇xy · q)/ρ+ (∇uvq) · ∂tv)

or
ρ∂2tth = ρ∂ta−∇xy · (∂hq(ρa−∇xy · q)/ρ+ (∇uvq) · ∂tv) (2.13)

where ∇uv := (∂u, ∂v) is the horizontal velocity gradient operator.

Third-order Taylor-Galerkin (TG3) for SSHEET/SSA

Using (2.13) in the SSHEET/SIA approximation where

q = v(h),

we �nd that
ρ∂2tth = ρ∂ta−∇xy · (∂hq(ρa−∇xy · q)).

TG3 for SSTREAM/SSA

Using (2.13) in the SSTREAM/SSA approximation where q = ρhv we �nd2

ρ∂2tth = ρ∂ta−∇xy · (v(ρa−∇xy · q) + ρh ∂tv) (2.15)

The Third-Order-Taylor-Galerkin (TG3) method is obtained by inserting Eqs. (1.128) and (2.15) into
Eq. (2.12) leading to

⟨ρ(h1 − h0), N⟩ =
∆t

2
(⟨ρa0 −∇xy · q0 | N⟩+ ⟨ρa1 −∇xy · q1 | N⟩) (2.16)

+
1

2

∆t2

6
(⟨ρa0 −∇xy · q0 | v0 · ∇xyN⟩ − ⟨ρa1 −∇xy · q1 | v1 · ∇xyN⟩)

(where a few terms involving ∂tu and ∂ta have been omitted as well as the boundary terms, see below).
This from is suitable as a starting point of a fully implicit approach, i.e. where both thickness and velocity
is solved for implicitly. Note that the higher-order terms (i.e. those of second and third order) in the
implicit TG3 method for t = t0 and t1 = t0 +∆t have opposite signs. In steady-state they will therefore
cancel each other out.

In more detail the TG3 system is as follows (missing ρ in a number of places):

0 =
1

∆t
(h1 − h0) (2.17)

− 1

2
(a0 − ∂x(qx0)− ∂y(q0y) + a1 − ∂x(qx1)− ∂y(qy1))

− ∆t

12
(∂ta0 − ∂x(h0∂tu0 + u0(a0 − ∂x(qx0)− ∂y(q0y)))− ∂y(h0∂tv0 + v0(a0 − ∂x(qx0)− ∂y(q0y))))

+
∆t

12
(∂ta1 − ∂x(h1∂tu1 + u1(a1 − ∂x(qx1)− ∂y(qy1)))− ∂y(h1∂tv1 + v1(a1 − ∂x(qx1)− ∂y(qy1))))

2This expression can also be derived operating on each component as follows

∂2
tth = ∂ta− ∂2

tx(hu)− ∂2
ty(hv)

= ∂ta− ∂x(h∂tu+ u∂th)− ∂y(h∂tv + v∂th)

leading to
∂2
tth = ∂ta− ∂x(h∂tu+ u(a− ∂x(hu)− ∂y(hv)))− ∂y(h∂tv + v(a− ∂x(hu)− ∂y(hv))) (2.14)

which is identical to Eq. (2.15).
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For (2.17) corresponding Galerkin system is

0 =

∫
(h1 − h0 −

∆t

2
(a0 − ∂x(qx0)− ∂y(q0y) + a1 − ∂x(qx1)− ∂y(qy1)))N dA (2.18)

− ∆t2

12

∫
(∂ta0N + (h0∂tu0 + u0(a0 − ∂x(qx0)− ∂y(q0y)))∂xN

+ (h0∂tv0 + v0(a0 − ∂x(qx0)− ∂y(q0y)))∂yN) dA

+
∆t2

12

∫
(∂ta1N + (h1∂tu1 + u1(a1 − ∂x(qx1)− ∂y(qy1)))∂xN

+ (h1∂tv1 + v1(a1 − ∂x(qx1)− ∂y(qy1)))∂yN) dA

+
∆t2

12

∮
((h0∂tu0 + u0(a0 − ∂x(qx0)− ∂y(q0y)))nx

+ (h0∂tv0 + v0(a0 − ∂x(qx0)− ∂y(q0y)))ny)N dγ

− ∆t2

12

∮
((h1∂tu1 + u1(a1 − ∂x(qx1)− ∂y(qy1)))nx

+ (h1∂tv1 + v1(a1 − ∂x(qx1)− ∂y(qy1)))ny)N dγ

where the second order spatial derivatives have be eliminated through partial integration.
The boundary term can be written as

∆t2

12

∮
((h0∂tu0 + u0(a0 − ∂x(qx0)− ∂y(q0y)))nx

+ (h0∂tv0 + v0(a0 − ∂x(qx0)− ∂y(q0y)))ny)N dγ

− ∆t2

12

∮
((h1∂tu1 + u1(a1 − ∂x(qx1)− ∂y(qy1)))nx

+ (h1∂tv1 + v1(a1 − ∂x(qx1)− ∂y(qy1)))ny)N dγ

=
∆t2

12

∮
((h0∂tu0 + u0∂th0)nx + (h0∂tv0 + v0∂th0)ny)N dγ

− ∆t2

12

∮
((h1∂tu1 + u1∂th1)nx + (h1∂tv1 + v1∂th1)ny)N dγ

=
∆t2

12

∮
(∂t(qx0)nx + ∂t(q0y)ny)N dγ − ∆t2

12

∮
(∂t(qx1)nx + ∂t(h1v1)ny)N dγ

=
∆t2

12

∮
∂t(h0v0 − h1v1) · nN dγ

showing that it disappears if ∂tq = 0 over the boundary. Experience suggests that this boundary term
can be ignored.

2.4 Consistent Streamline-Upwind Petrov-Galerkin (SUPG)

The standard SUPG is on the form

⟨ρ∂th+∇q − ρa | N +M⟩ = 0 (2.19)

where M is a perturbation to the test-function space. In the literature various forms for M have been
suggested. One such form is

M = τ v · ∇N
where τ is a parameter with the dimension of time Jia and Esmaily (2023). Note that in (2.19) the added
term is applied to all terms, including time derivative . This is sometimes referred to as a 'consistent'
weighting. The extra terms are interpreted element-wise, as

⟨ρ∂th+∇q − ρa | N⟩+ β
∑
e

⟨ρ∂th+∇q − ρa | τ v · ∇N⟩ = 0
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The extra term, which is considered as a correction term, is zero for an exact solution in the classical
sense. There is no one single accepted/optimal way of selecting τ , and in the literature various de�nition
has been proposed, e.g. Manzan, M; Oñate (2000).

The SUPG was initially introduced for equations on the form

∂th+ v · ∇h−∇ · k∇h+ g = 0

and in this case, and for linear elements and regular grids, the optimal value for τ is

τ =
l

2 ∥v∥

(
cothPe− 1

Pe

)
. (2.20)

where the Péclet number is
Pe = ∥v∥ l/(2k)

with k the di�usivity and l is a measure of the (local) element size. In the limiting case where k → 0,
the equation becomes hyperbolic, Pe→ +∞, and τ simply becomes

τ =
l

2 ∥v∥

and perturbation term to the test function has the form

M =
l

2

v

∥v∥ · ∇N

If on the other hand Pe→ 0 then (2.20) leads to

τ =
l

2 ∥v∥
Pe

3
=

l

2 ∥v∥
∥v∥ l
6k

=
l2

12k

in which case

M =
l2

12k
v · ∇N .

It is somewhat unclear how best to estimate the Péclet number for the mass conservation equation

ρ∂th+ u∂xh+ h∂xu = ρ a

But if we consider the problem of grounded ice with �ow mainly due to Weertman type sliding, where

u = −C(ρgh)m|∂xh|m−1 ∂xh

assuming �at bed. Inserting gives a di�usion term on the form

−hC(ρgh)mm(∂xh)
m−1∂2xxh

or
k = mCh(ρgh)m(∂xh)

m−1

which has the units of velocity times distance. Using the sliding law, we write

k =
muh

|∂xh|

suggesting that the element Péclet number is

Pe =
∥v∥ l
2k

≈ ∥∇h∥ l
2mh

≈ 10−3

1000
l
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Figure 2.3: SUPG

where l is in the units meters. So for almost all element sizes Pe≪ 1. This suggests using

τ =
l2

12k

∝ ∥∇h∥
12mh

l2

∥v∥
The value of τ given by (2.20) does not depend on ∆t. For transient problems with high Péclet

number it has been suggested using
τ = τt

where
τt := ∆t/2 (2.21)

as well as
τ = τs

where

τs :=
l

2 ∥v∥ (2.22)

The �rst de�nition (τt) is a temporal criterion while the second (τs) is a spatial criterion. The �rst form
is often used in transient situations where di�usion is small and the problem either hyperbolic or close to
being hyperbolic. The second form is often used for convection di�usion problems involving temperature
such as v · ∇T −∇(k∇T ) + f = 0 (no time dependency).

A guidance as to how to select τ is looking at some speci�c limits. The SUPG correction term should
vanish if ∆t→ 0, if l→ 0, and also if ∥v∥ → 0. A smart choice could then be

τ = τ1

where

τ1 := τs κ (2.23)

=
l

2 ∥v∥ κ (2.24)

with

κ = coth ξ − 1

ξ
(2.25)

and where

ξ =
∥v∥
l

∆t (2.26)

=
1

2τs
2τt (2.27)

=
τt
τs

(2.28)
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is the element Courant number and l is a characteristic local element size. We can also write τ1 as

τ1 :=
l

2 ∥v∥ κ

=
∆t

2

1

ξ

(
coth (ξ)− 1

ξ

)
=

l

2 ∥v∥

(
coth

(∥v∥ ∆t
l

)
− l

∥v∥ ∆t

)
.

For ξ ≪ 1 we have κ ∼ ξ/3, and

τ1 =
l

2 ∥v∥
∥v∥ ∆t

3l
= ∆t/6

hence

M =
∆t

6
v · ∇N

showing that for τ = τ1 the SUPG correction term does indeed go to zero as either ∆t→ 0 and ∥v∥ → 0.
Furthermore, if l → 0 then κ → 1 and τ1 → 0, so all the above listed limits are obtained with τ = τ1
given by (2.24).

In summary, for τ = τ1 given by (2.24) the SUPG perturbation term is

M =
lκ

2 ∥v∥ v · ∇N

and the following limits are obtained

M → 0 when ∆t→ 0

M → 0 when ∥v∥ → 0

M → 0 when l→ 0

M → l

2

v

∥v∥ · ∇N when ∆t→∞ (2.29)

M → l

2

v

∥v∥ · ∇N when ∥v∥ → ∞ (2.30)

M → ∆t

6
v · ∇N when l→∞ (2.31)

In the literature it is shown that (2.29) and (2.30) is the optimal choice in the convective limit, i.e.
for large element Courant numbers. Limit (2.31) can be justi�ed using Taylor-Galerkin approach (see
below). The local element size, l, can be de�ned in a number of similar ways leading to di�erent numerical
pre-factors to τ and ξ. The exact functional relationship between κ and ξ is also not uniquely de�ned.

Another option of creating a smooth transition between the temporal and spatial criteria 2.21 and
2.22 is to select τ as

τ = τ2

where

τ2 :=

(
1

τt
+

1

τs

)−1

(2.32)

which can also be written as

τ2 =
1

2

∆t

1 + ξ
(2.33)

Expression (2.33) gives the limits

M → 0 when ∆t→ 0

M → 0 when ∥v∥ → 0

M → 0 when l→ 0

M → l

2

v

∥v∥ · ∇N when ∆t→∞

M → l

2

v

∥v∥ · ∇N when ∥v∥ → ∞

M → ∆t

2
v · ∇N when l→∞ (2.34)



2.4. CONSISTENT STREAMLINE-UPWIND PETROV-GALERKIN (SUPG) 53

Table 2.1: SUPG form function (M) limits for di�erent de�nitions of τ

∆t→ 0 ∥v∥ → 0 l→ 0 ∆t→∞ ∥v∥ → ∞ l→∞ ξ →∞
M = τ1 v · ∇N 0 0 0 l

2
v

∥v∥ · ∇N l
2

v
∥v∥ · ∇N ∆t

6 v · ∇N 0

M = τ2 v · ∇N 0 0 0 l
2

v
∥v∥ · ∇N l

2
v

∥v∥ · ∇N ∆t
2 v · ∇N 0

M = τt v · ∇N 0 0 ∆t
2 v · ∇N ∞ ∞ ∆t

2 v · ∇N
M = τs v · ∇N l

2∥v∥v · ∇N 0 0 l
2

v
∥v∥ · ∇N l

2
v

∥v∥ · ∇N ∞

Apart from a di�erent numerical factor in the last limit, all limits are the same as obtained using de�nition
(2.24).

These two above listed options for τ can also be written as

τ1 =
∆t

2

1

ξ
(coth ξ − 1/ξ) (2.35)

τ2 =
∆t

2

1

1 + ξ
(2.36)

and they are shown in Fig. 2.3b as functions of ξ for ∆t/2 = 1. Only for ∥v∥∆t < 2l is there any
signi�cant di�erence, and the di�erence in newer larger than a factor 3 obtained in the limit ξ → 0. It
appears unlikely that there will be any signi�cant resulting di�erences between selecting τ = τ1 or τ = τ2
(see (2.35) and (2.36)). Currently the SUPG implementation in Úa uses τ = τ1.

Implementing SUPG implicitly using the θ method leads to

0 =⟨ρ(h1 − h0)/∆t+ (1− θ)(∇xy · q0 − a0) + θ(∇xy · q1 − a1) | N⟩
+β⟨ρ(h1 − h0)/∆t+ (1− θ)(∇xy · q0 − a0) + θ(∇xy · q1 − a1) | τ ((1− θ)v0 + θv1) · ∇xyN⟩

Here the correction/perturbation to the test-function space is a weighted average over the values at
the beginning and the end of the time step. This adds another source of non-linearity to the problem.
Experience showed this to reduce the radius of convergence considerably and to increase grumpiness on
a personal level. Former can be avoided by using the value of perturbation term at the beginning of the
time step, i.e.

0 =⟨ρ(h1 − h0)/∆t+ (1− θ)(∇xy · q0 − a0) + θ(∇xy · q1 − a1) | N⟩
+ β⟨ρ(h1 − h0)/∆t+∇xy · q0 − a0 | τ v0 · ∇xyN⟩

In summary, these options for τ are

τs :=
l

2 ∥v∥ ,

τt := ∆t/2

τ1 := τs κ =
l

2 ∥v∥ κ ,

τ2 :=

(
1

τt
+

1

τs

)−1

=
∆t

2(1 + ξ)
,

with

κ = coth ξ − 1

ξ

ξ =
∥v∥
l

∆t ,

where the SUPG term is
M = τ v · ∇N .

These stabilisation methods are usually motivated by considering the convection-di�usion-reaction
equation

∂th+ u · ∇h− ϵ∇2h+ ch = f
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with the weak form
a(h, ϕ) = (f, ϕ)

The SUPG stabilisation term is then
τ⟨u · ∇h,u · ∇ϕ⟩

where, for example,

τ = τ0 min

{
l

∥v∥ ,
l2

ϵ

}
The mass conservation equation

ρ∂th+ u∂xh+ h∂xu = ρ a

If we consider the problem of grounded ice with �ow mainly due to Weertman type sliding, where

u = −C(ρgh)m|∂xh|m−1 ∂xh

assuming �at bed. Inserting gives a di�usion term on the form

−hC(ρgh)mm(∂xh)
m−1∂2xxh

or
ϵ = mCh(ρgh)m(∂xh)

m−1

which has the units of velocity times distance. Using the sliding law, we write

ϵ = hu
m

|∂xh|
and as expected the di�usion term goes to in�nity for zero surface slopes. We therefore have

τ = τ0 min

{
l

∥v∥ ,
l2

ϵ

}
= τ0 min

{
l

∥v∥ ,
l2 ∥∇h∥
∥v∥mh

}
= τ0

l

∥v∥ min

{
1,
l ∥∇h∥
hm

}

2.5 SIA-motivated di�usion

q = qb + qd

where
qb = vh

and
qd = ρDhn+2 ∥∇xys∥n−1 ∇s

where

D =
2A

n+ 2
(ρg)n

s = (h+B)H(h− hf ) + (1−H(h− hf ))(S + (1− ρ/ρo) h)
and therefore (almost)

∂xs = (∂xh+ ∂xB)H(h− hf ) + (1−H(h− hf ))(S + (1− ρ/ρo) ∂xh)
This motivates adding a SIA based di�usion term

−D⟨∥∇xys∥n−1
hn+2∇s | ∇xyN⟩

However, this is (currently) not done in Úa .
In 1HD the SIA form of the continuity equation can be written as

ρ∂ts+ ∂x(k∂xs) = ρa

with

k :=
2ρA(ρg)n

n+ 2
∥∂xs∥n−1

hn+2

suggesting a Peclet number

Pe =
uL

k
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2.6 Connection between third order Taylor-Galerkin (TG3) and
streamline-upwind Petrov-Galerkin (SUPG)

In the context of SUPG, the TG3 system given by (2.16) can be thought of as also introducing extra
weighting term beside the standard N term. But those additional weighting terms are only applied to the
source term (a) and the spatial term, and not to the time-derivative term. Furthermore, as mentioned
above in a steady-state these extra weighting terms cancel each other out.

It is instructive to consider as well the case where a second-order forward Taylor expansion

h1 = h0 +∆t ∂th0 +
(∆t)2

2
∂2tth0 (2.37)

is used instead of the centred expansion given by Eq. (2.12). Inserting (1.128) and (2.15) into (2.37) gives

0 = h1 − h0 −∆t (a−∇xy · q)−
(∆t)2

2
(∂ta−∇xy · (v(a−∇xy · q) + h ∂t v))

The Galerkin system is

⟨ρ(h1 − h0), N⟩ = ∆t ⟨ρa−∇xy · q, N⟩

+
(∆t)2

2
⟨ρ∂ta,N⟩ −

(∆t)2

2
⟨ρ h ∂tv, N⟩

+
(∆t)2

2
⟨ρa−∇xy · q | v · ∇xyN⟩

where a partial integration has been used to get rid of second order derivatives (not writing the boundary
terms). The last term is similar to what in some other ad-hoc methods is introduced as a stabilisation
term. This term only acts in the direction of �ow and is zero transverse to the �ow direction. In the
above expression all terms are to be evaluated at the beginning of the interval. This approach is usually
referred to as the second-order explicit Taylor-Galerkin (TG2e) method. If we evaluate all terms by
taking the mean value over the time interval, we get an implicit method, but now the second-order terms
do not cancel out in steady-state, and the resulting method is quite similar to the streamline-upwind
Petrov-Galerkin.

Dropping the time derivatives of a and v, we can rewrite the above system as

⟨ρ(h1 − h0)/∆t,N⟩ = ⟨ρa−∇xy · q, N +
1

2
∆t v · ∇xyN⟩

showing that the TG2e results in an `inconsistent' weighting with τ = ∆t and β = 1/2.

Comparing 2.16 with (2.19), TG3 can be interpreted as a some sort of Petrov-Galerkin method where
only the spatial terms and the source terms are multiplied by a modi�ed test function. In TG3 the
modi�ed test function is

N +
∆t

6
v · ∇xyN, (2.38)

wheres in SUPG it has the form

N + βτ v · ∇xyN. (2.39)

The weighting is done inconsistently in TG3, i.e. not over the time-derivative. Apart for the inconsistent
weighting used in TG3, the SUPG is equal to TG3 provided the two adjustable parameters β and τ are
selected as β = 1/6 and τ = ∆t.

The TG3 methods follows automatically from a third-order Taylor expansion and involves no ad-
justable parameters. The SUPG is in essence a heuristic method.



56 CHAPTER 2. FINITE-ELEMENT IMPLEMENTATION

Figure 2.4: Initial ice thickness distribution at t =
0. Parameters: A = 3 × 10−9 kPa−3a−1, n = 3,
C = 0.0125 kPa−3, m = 3, as = ab = 0ma−1, ρ =
900 kgm−3.

Figure 2.5: Changes in ice thickness distribution at
t = 10 yr.

2.7 Implementing fully-implicit forward time integration with re-
spect to velocity and thickness

In a fully implicit approach using the Newton-Raphson iteration the unknowns at time-step 1 are written
in incremental form as

ui+1
1 = ∆u+ ui1,

vi+1
1 = ∆v + vi1,

hi+1
1 = ∆h+ hi1,

where ui+1
1 is the estimate for u1 at Newton-Raphson iteration step i. (Note that ∆h ̸= h1−h0 and that

∆h→ 0 with increasing i.)

2.7.1 Mass conservation test

Figures (2.4) to (2.7) show the results of a mass-conservation test. The bedrock is �at with b = B = 0,
and the surface is a Gaussian peak on the form

s(x, y, t = 0) = ∆s0 e
−((x/σ)2+(y/σ)2) + s0

with ∆s0 = 1000m, σ = 10, 000m, and s0 = 100m. Using the SSA �ow approximation the problem was
solved implicitly with respect to velocities and thickness using linear elements. As the Fig. (2.7) shows,
mass is conserved to a high degree of accuracy.

2.7.2 First-order fully implicit

Taking only the �rst-order Taylor terms from (2.18), and only considering the x components for the time
being, gives

0 =
ρ

∆t
(∆h+ hi1 − h0)

− 1

2
(ρ(a0 + a1)− ∂x(ρu0h0)− ∂x(ρ(∆h+ hi1)(∆u+ ui1)))
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Figure 2.6: Boundary conditions for mass-
conservation test.
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Figure 2.7: Changes in ice volume over time. As
there is no mass added or removed, and velocities
along boundaries are set to zero, mass conservation
implies that the volume must not change with time.

If the speci�c mass balance is a function of thickness, i.e.

a = a(h)

then an additional term must be added to the matrix on the left-hand side, and the right-hand side terms
must be evaluated within the NR loop every time that the thickness is updated. The �rst-order equation
is then

0 =
ρ

∆t
(∆h+ hi1 − h0)

− 1

2

(
ρ (a0(h0) + a1(h1) + ∂ha1|h1 ∆h)− ∂x(qx0)− ∂x((∆h+ hi1))(∆u+ ui1)

)
Ignoring second-order terms and taking the terms involving the unknown ∆h to the left-hand side

leads to

ρ
∆h

∆t
+

1

2

(
∂x(ρu

i
1 ∆h+ ρhi1 ∆u) + ∂y(ρv

i
1 ∆h+ ρhi1 ∆v)− ρ∂ha|h1 ∆h)

)
(2.40)

=
ρ

2
(a0 + a1)−

ρ

∆t
(hi1 − h0)−

1

2
(∂x(qx0) + ∂x(ρh

i
1u

i
1) + ∂y(q0y) + ∂y(ρh

i
1v

i
1))

where the corresponding y terms have been added.

2.7.3 Fully implicit SSTREAM time integration with the θ method

Fx = 0 x Momentum

Fy = 0 y Momentum

M = 0 Mass

Kuu ∆u := Drx(u
i
1,v

i
1,h

i
1)[∆u]

In a fully implicit NR iteration we arrive at a block system with the structure KFxu KFxv KFxh

KFyu KFyv KFyh

KMu KMv KMh

 ∆u
∆v
∆h

 =

 rFx

rFy

rM

 (2.41)
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We go from time step t = t0 to t = t1 and solve for the unknown values for u, v, and h, at t = t1
(u1, v1, and h1) given their respective values at t = t0 (u0, v0, and h0).

ui+1
1 = ui

1 +∆u

vi+1
1 = vi

1 +∆v

hi+1
1 = hi

1 +∆h

Note that the increment in velocity and thickness have di�erent physical units. In a transient run it
might be better to solve for

∆ḣ := ∆h/∆t

and consider the system  KFxu KFxv KFxh∆t
KFyu KFyv KFyh∆t
KMu KMv KMh∆t

 ∆u
∆v

∆ḣ

 =

 rFx

rFy

rM

 (2.42)

and
hi+1
1 = hi

1 +∆ḣ∆t

For notational simplicity we omit the i superscript and it is to be understood that the values of η,
β2, h, u, and v are the estimated values at iteration i.

At element level the matrices are

[KFxu]pq =

∫
Ω

{
4ηh∂xNp ∂xNq + hη∂yNp ∂yNq +H(h− hf )β2NpNq

+hDeu(4∂xu+ 2∂yv) ∂xNp + hDeu(∂xv + ∂yu) ∂yNp

+Db uuNpNq

}
dx dy

[KFyv]pq =

∫
Ω

{
4ηh∂yNp ∂yNq + hη∂xNp ∂xNq +H(h− hf )β2NpNq

+hDev(4∂yv + 2∂xu) ∂yNp + hDev(∂xv + ∂yu) ∂xNp

+Db v v NpNq

}
dx dy

[KFxv]pq =

∫
Ω

{
hη(2∂xNp ∂yNq + ∂yNp ∂xNq)

+hDev(4∂xu+ 2∂yv) ∂xNp + hDev(∂xv + ∂yu) ∂yNp

+Db u v NpNq

}
dx dy

[KFxv]pq =

∫
Ω

{
hη(2∂yNp ∂xNq + ∂xNp ∂yNq)

+hDeu(4∂yv + 2∂xu) ∂yNp + hDeu(∂xv + ∂yu) ∂xNp

+Db u v NpNq

}
dx dy

(�oating only (original version)

[Kxh]pq =

∫
Ω

{
η(4∂xu+ 2∂yv)∂xNpNq + η(∂yu+ ∂xv) ∂yNpNq

+δ(h− hf )β2uNpNq

+ρg(H(h− hf ) + hδ(h− hf )) ((ρ/ρo∂xh− ∂xH) cosα− sinα)NpNq

+
ρ2g

ρo
hH(h− hf ) cosαNp ∂xNq

−ϱgh cosα∂xNpNq

}
dx dy
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)
(�oating only (corrected July 2011)

[KFxh]pq =

∫
Ω

{
η(4∂xu+ 2∂yv)∂xNpNq + η(∂yu+ ∂xv) ∂yNpNq

+δ(h− hf )β2uNpNq

+ρgH(h− hf ) ((ρ/ρo∂xh− ∂xH) cosα− sinα)NpNq

+
ρ2g

ρo
hH(h− hf ) cosαNp ∂xNq

+
ρ2

ρo
δ(h− hf ) cosαh∂xhNpNq

−ϱgh cosα∂xNpNq

}
dx dy

)
(general case

[KFxh]pq =

∫
Ω

{
η(4∂xu+ 2∂yv)∂xNpNq + η(∂yu+ ∂xv) ∂yNpNq

+ δ(h− hf )β2uNpNq

+ ρgH(h− hf ) ∂xB cosαNpNq − ρg sinαNpNq

− ρgh
(
1− ρ

ρo
H(hf − h)

)
cosα∂xNpNq

)
( �oating only version:

[KFyh]pq =

∫
Ω

{
η(4∂yv + 2∂xu)∂yNpNq + η(∂xv + ∂yu) ∂xNpNq

+δ(h− hf )β2vNpNq

+ρg(H(h− hf ) + hδ(h− hf )) (ρ/ρo∂yh− ∂yH) cosαNpNq

+
ρ2g

ρo
hH(h− hf ) cosαNp ∂yNq

−ϱgh cosα∂yNpNq

}
dx dy

)
( general case

[KFyh]pq =

∫
Ω

{
η(4∂yv + 2∂xu)∂yNpNq + η(∂xv + ∂yu) ∂xNpNq

+δ(h− hf )β2vNpNq

+ρg(H(h− hf ) + hδ(h− hf )) (ρ/ρo∂yh− ∂yH) cosαNpNq

+
ρ2g

ρo
hH(h− hf ) cosαNp ∂yNq

−ϱgh cosα∂yNpNq

}
dx dy

)

[KMu]pq = θ(∂xhNq + h ∂xNq)Np

[KMv]pq = θ(∂yhNq + h ∂yNq)Np

[KMh]pq = (Nq/∆t+ θ(∂xuNq + u∂xNq + ∂yv Nq + v∂yNq))Np
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In the equations the quantities Deu, Dev, E, and Db, which arise because of the linearisation of η and
β2, are given by

Deu = E((2∂xu+ ∂yv)∂xNq +
1

2
(∂xv + ∂yu)∂yNq) (2.43)

Dev = E((2∂yv + ∂xu)∂yNq +
1

2
(∂xv + ∂yu)∂xNq) (2.44)

(2.45)

E =
1− n
4n

A−1/nϵ̇(1−3n)/n

Db := (1/m− 1)C−1/m ∥v∥(1−3m)/m

Third-order Taylor-Galerkin fully implicit

The terms in

∆t2

12

∫
(∂ta1N + (h1∂tu1 + u1(a1 − ∂x(qx1)− ∂y(qy1)))∂xN

+ (h1∂tv1 + v1(a1 − ∂x(qx1)− ∂y(qy1)))∂yN) dA

(2.46)

from (2.18), need to be linearised. Starting with

h1∂tu1 + u1(a1 − ∂x(qx1)− ∂y(qy1))

and inserting hi+1 = ∆h+ hi1 etc. gives

(∆h+ hi1)∂t(∆u+ ui1) + (∆u+ ui1)(a1 − ∂x((∆h+ hi1)(∆u+ ui1))− ∂y((∆h+ hi1)(∆v + vi1))

and �rst ignoring only some second-order terms

∂tu
i
1 ∆h+ hi1 ∂t∆u‘ + hi1∂tu

i
1 + (a1 ∆u+ ui1a1)− (∆u+ ui1)(∂x(u

i
1 ∆h+ hi1 ∆u+ hi1u

i
1) + ∂y(v1 ∆h+ hi1 ∆v + hi1v

i
1))

and then ignoring the remaining second-order terms

((ui1 − u0)/∆t)(∆h+ hi1) + a1 ∆u+ ui1a1

− ui1(∂x(ui1 ∆h+ hi1 ∆u+ hi1u
i
1) + ∂y(v1 ∆h+ hi1 ∆v + hi1v

i
1))

− (∂x(h
i
1u

i
1) + ∂y(h

i
1v

i
1))∆u

where ∂tui1 = (ui1 − u0)/∆t and ∂t∆u has been set to zero. Now shifting the unknowns over to the
left-hand side

∂tu
i
1 ∆h+ a1 ∆u

− ui1(∂x(ui1 ∆h+ hi1 ∆u) + ∂y(v1 ∆h+ hi1 ∆v))

− (∂x(h
i
1u

i
1) + ∂y(h

i
1v

i
1))∆u

= ui1(∂x(h
i
1u

i
1) + ∂y(h

i
1v

i
1))− ui1a1 − ∂tui1 hi1

and adding the y terms

(∂tu
i
1∂xN + ∂tv

i
1∂yN)∆h+ a1 (∂xN ∆u+ ∂yN ∆v)

− (ui1∂xN + vi1∂yN)(∂x(u
i
1 ∆h+ hi1 ∆u) + ∂y(v1 ∆h+ hi1 ∆v))

− (∂x(h
i
1u

i
1) + ∂y(h

i
1v

i
1)) (∂xN ∆u+ ∂yN ∆v)

=(∂xN ui1 + ∂yN vi1) (∂x(h
i
1u

i
1) + ∂y(h

i
1v

i
1))− a1(∂xN ui1 + ∂yN vi1)− (∂tu

i
1∂xN + ∂tv

i
1∂xN)hi1
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Then adding the remaining higher-order Taylor terms in (2.18), involving �elds from time-step zero, to
the right-hand side gives

(∂tu
i
1∂xN + ∂tv

i
1∂yN)∆h

+ (∂xN ∆u+ ∂yN ∆v) (a1 − ∂x(hi1ui1) + ∂y(h
i
1v

i
1))

− (∂xN ui1 + ∂yN vi1) (∂x(u
i
1 ∆h+ hi1 ∆u) + ∂y(v1 ∆h+ hi1 ∆v))

=∂t(a0 − a1)N
− (ui1 ∂xN + vi1 ∂yN)(a1 − ∂x(hi1ui1) + ∂y(h

i
1v

i
1))− hi1 (∂tui1 ∂xN + ∂tv

i
1 ∂yN)

+ (u0 ∂xN + v0 ∂yN)(a0 − ∂x(qx0) + ∂y(q0y)) + h0 (∂tu0 ∂xN + ∂tv0 ∂yN)

Now adding �rst-order Taylor terms from (2.40) to the expression above

∆hN +
∆t

2

(
∂x(u

i
1 ∆h+ hi1 ∆u) + ∂y(v

i
1 ∆h+ hi1 ∆v)

)
N

+ γ(∂tu
i
1∂xN + ∂tv

i
1∂yN)∆h

+ γ(∂xN ∆u+ ∂yN ∆v) (a1 − ∂x(hi1ui1) + ∂y(h
i
1v

i
1))

− γ(∂xN ui1 + ∂yN vi1) (∂x(u
i
1 ∆h+ hi1 ∆u) + ∂y(v1 ∆h+ hi1 ∆v))

=

(
h0 − hi1 +

∆t

2
(a0 + a1)−

∆t

2
(∂x(qx0) + ∂x(h

i
1u

i
1) + ∂y(q0y) + ∂y(h

i
1v

i
1))

)
N

+ γ∂t(a0 − a1)N
− γ(ui1 ∂xN + vi1 ∂yN)(a1 − ∂x(hi1ui1) + ∂y(h

i
1v

i
1))− γhi1 (∂tui1 ∂xN + ∂tv

i
1 ∂yN)

+ γ(u0 ∂xN + v0 ∂yN)(a0 − ∂x(qx0) + ∂y(q0y)) + γh0 (∂tu0 ∂xN + ∂tv0 ∂yN)

which can also be written as

∆hN +
(
κN − γ (∂xN ui1 + ∂yN vi1)

) (
∂x(u

i
1 ∆h+ hi1 ∆u) + ∂y(v

i
1 ∆h+ hi1 ∆v)

)
+ γ(∂tu

i
1∂xN + ∂tv

i
1∂yN)∆h

+ γ(∂xN ∆u+ ∂yN ∆v) (a1 − ∂x(hi1ui1)− ∂y(hi1vi1))
=(h0 − hi1)N

+ (κN + γ(u0 ∂xN + v0 ∂yN)) (a0 − ∂x(qx0)− ∂y(q0y)))
+
(
κN − γ(ui1 ∂xN + vi1 ∂yN)

) (
a1 − ∂x(hi1ui1)− ∂y(hi1vi1))

)
+ γ∂t(a0 − a1)N
− γhi1 (∂tui1 ∂xN + ∂tv

i
1 ∂yN)

+ γh0 (∂tu0 ∂xN + ∂tv0 ∂yN)

where

γ =
(∆t)2

12

and

κ =
∆

2

2.7.4 Semi-implicit: uv explicit, and h implicit

In the semi-implicit approach h1 is treated as the unknown while h0, u1, v1, h0, v0 are assumed to be
known.
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Taking the unknown h1 in (2.18) to the left-hand side gives∫
(h1 +

∆t

2
(∂x(qx1) + ∂y(qy1)))N dA

+
∆t2

12

∫
((h1∂tu1 − u1(∂x(qx1) + ∂y(qy1)))∂xN + (h1∂tv1 − v1(∂x(qx1) + ∂y(qy1)))∂yN) dA

− ∆t2

12

∮
((h1∂tu1 − u1(∂x(qx1) + ∂y(qy1)))nx + (h1∂tv1 − v1(∂x(qx1) + ∂y(qy1)))ny)N dγ

=

∫
(h0 +

∆t

2
(a0 + a1 − ∂x(qx0)− ∂y(q0y)))N dA

+
∆t2

12

∫
(∂t(a0 − a1)N + (h0∂tu0 − u1a1 + u0(a0 − ∂x(qx0)− ∂y(q0y)))∂xN

+ (h0∂tv0 − v1a1 + v0(a0 − ∂x(qx0)− ∂y(q0y)))∂yN) dA

− ∆t2

12

∮
((h0∂tu0 − u1a1 + u0(a0 − ∂x(qx0)− ∂y(q0y)))nx

+ (h0∂tv0 − v1a1 + v0(a0 − ∂x(qx0)− ∂y(q0y)))ny)N dγ

2.8 Transient implicit SSHEET/SIA with the θ method

In the SIA/SSHEET approximation the ice-thickness evolution is found by solving

ρ ∂th+∇xy · q = ρa . (1.121)

where
q= − ρD ∥∇xys∥(n−1)

hn+2 ∇xys+ ρvbh (1.46)

with

D =
2A

n+ 2
(ρg)n , (1.47)

and all parameters are listed in section 1.4, or using Weertman sliding law

q = qd + qb

= − 2ρA

n+ 2
(ρgh)nh2 ∥∇xys∥n−1∇xys− Cρh(ρgh)m ∥∇xys∥m−1∇xys (2.47)

=
2ρA

n+ 2

∥∥tSIAb

∥∥n−1
tSIAb h2 + Cρh

∥∥tSIAb

∥∥m−1
tSIAb , (1.45)

where tb is
tb = tSIAb = −ρgh∇xys , (1.37)

and where we have assumed that A and ρ are independent of depth.
An implicit method is used where h0 and h1 are the ice thicknesses at the beginning and the end of

the time step, respectively. The non-linear system

F (h, t) = ρ ∂th+∇xy · q − ρa = 0 , (2.48)

is solved implicitly with respect to ice thickness using NR, and we write

hi+1 = hi +∆h

si+1 = si +∆h

where i is the number of the non-linear iteration step. Provided the method converges, ∆h goes to zero
with increasing i. In the following we simply write h instead of hi. Using the θ method we arrive at∫

A
ϕ (h+∆h−h0) dA = −(1−θ)∆t

∫
A
ϕ(∇xy ·q0−a0) dA−θ∆t

∫
A
ϕ (∇xy ·q1(h+∆h)−a1) dA (2.49)

To solve the above equation for ∆h using the NR method, where we repeatedly solve the system,

δhF ∆h = −F (h)
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until ∆h→ 0, or within some prescribed tolerance (see section 4.5), and we need to know the perturbation
in F due to perturbation in thickness, i.e. δhF . The only non-linear term is the �ux term, and the simplest
way of perturbing q(h) with respect to h is to �nd

δhq = lim
ϵ→0

d

dϵ
q(h+ ϵ δh) ,

where in FE context we would typically select

δh = ϕ .

As using SSHEET for �oating ice shelves is somewhat questionable we here only consider the case of
grounded ice3.

Deformational Flux Contribution:

Where grounded the deformational �ux x component is

[qd]x(h) = −ρD
(
(∂xh+ ∂xB)2 + (∂yh+ ∂yB)2

)(n−1)/2
hn+2 ∂xs,

and

∆s = ∆h,

with

D =
2A

n+ 2
(ρg)n (1.47)

Therefore

δhqdx = lim
ϵ→0

d

dϵ
qx(h+ ϵ∆h)

= − lim
ϵ→0

d

dϵ
ρD
(
∂x(s+ ϵ∆h)2 + ∂y(s+ ϵ∆h)2

)(n−1)/2
(h+ ϵ∆h)n+2 ∂x(s+ ϵ∆h)

= −ρD ∥∇xys∥n−1
hn+2 ∂x∆h

− ρD (n+ 2) ∥∇xys∥n−1
hn+1 ∂xs ∆h

− ρD (n− 1) ∥∇xys∥n−3
hn+2 (∂xs ∂x∆h+ ∂ys ∂y∆h) ∂xs

The �rst term of the �nal expression shown above is the perturbation in �ux due to increase in slope,
the second one the perturbation due to increase in thickness. The third term is non-linear terms that
vanishes for n = 1. This third term represents changes �ux caused by a change in e�ective viscosity due
to perturbations in slope. This third terms shows that a change in slope in y direction gives rise to an
increase in �ux in x direction.

As expected, for a negative unperturbed surface slope (∂xs < 0), both a positive perturbation in thick-
ness (∆h > 0), and an increase in (negative) surface slope (∂x∆h < 0), result in a positive perturbation
in �ux (δqx > 0).

Basal Sliding Flux Contribution:

Similarly, linearising the the basal sliding �ux contribution,

[qb]x(h) = −ρD
(
(∂xh+ ∂xB)2 + (∂yh+ ∂yB)2

)(m−1)/2
hm+1 ∂xs,

where

D = C(ρg)m (2.50)

3In general the surface is related tho the ice thickness and bed through

s = (h+B)H(h− hf ) + (S + (1− ρ/ρo)h)H(hf − h).



64 CHAPTER 2. FINITE-ELEMENT IMPLEMENTATION

we arrive at

δhqdx = lim
ϵ→0

d

dϵ
qx(h+ ϵ∆h)

= − lim
ϵ→0

d

dϵ
ρD
(
∂x(s+ ϵ∆h)2 + ∂y(s+ ϵ∆h)2

)(m−1)/2
(h+ ϵ∆h)m+1 ∂x(s+ ϵ∆h)

= −ρD ∥∇xys∥m−1
hm+1 ∂x∆h

− ρD (m+ 1) ∥∇xys∥m−1
hm ∂xs ∆h

− ρD (m− 1) ∥∇xys∥n−3
hm+1 (∂xs ∂x∆h+ ∂ys ∂y∆h) ∂xs

2.8.1 SSHEET with no-�ux natural boundary condition

Using a variant of Gauss theorem given by Eq. (B.3) we write (2.49) on the form

∫
Ω

ϕ∇xy · q dΩ =

∮
∂Ω

ϕq · n̂ dΓ−
∫
Ω

∇xyϕ · q dΩ (2.51)

Applying (2.51) on (linearised) (2.49) and assuming that q · n̂ = 0 on ∂Ω, i.e. ice �ux across the boundary
is zero (homogeneous Neumann boundary condition), gives

∫
Ω

(h+∆h− h0)ϕ dΩ =(1− θ)∆t
∫

q0 · ∇xyϕ dΩ

+ θ∆t

∫
qi
1 · ∇xyϕ dΩ

+ θ∆t

∫
∆q · ∇xyϕ dΩ

or

∫
Ω

∆hϕ dΩ− θ∆t
∫
Ω

∆q · ∇xyϕ dΩ

=−
∫
Ω

(h− h0)ϕ dΩ

+ (1− θ)∆t
∫
Ω

q0 · ∇xyϕ dΩ

+ θ∆t

∫
Ω

qi
1 · ∇xyϕ dΩ

where qi+1 = qi +∆q is the NR iteration, with

∆hqx = lim
ϵ→0

d

dϵ
qx(h+ ϵ∆h)

=−D(n− 1) ∥∇xys∥n−3
(∂xs ∂x∆h+ ∂ys ∂y∆h)h

n+2 ∂xs

−D(n+ 2) ∥∇xys∥n−1
hn+1 ∂xs ∆h

−D ∥∇xys∥n−1
hn+2 ∂x∆h
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Collecting terms, and writing s and h instead of si+1 and hi+1, respectively, and s0 and h0 instead of si

and hi, gives ∫
NpNq ∆hq dΩ

+θ∆t

∫
D(n+ 2) ∥∇xys∥n−1

hn+1 (∂xNp ∂xs+ ∂yNp ∂ys)Nq ∆hq dΩ

+θ∆t

∫
D ∥∇xys∥n−1

hn+2 (∂xNp ∂xNq + ∂yNp ∂yNq) ∆hq dΩ

+θ∆t

∫
D(n− 1)hn+2 ∥∇xys∥n−3

(∂xNp ∂xs+ ∂yNp ∂ys)(∂xs ∂xNq + ∂ys ∂yNq) ∆hq dΩ

=

∫
(h0 − h)Np dΩ

+(1− θ)∆t
∫
(qx0∂xNp + qy0∂yNp) dΩ

+θ∆t

∫
(qx1∂xNp + qy1∂yNp) dΩ

where

qx0 = D ∥∇xys0∥(n−1)
hn+2
0 ∂xs0

qy0 = D ∥∇xys0∥(n−1)
hn+2
0 ∂ys0

qx1 = D ∥∇xys1∥(n−1)
hn+2
1 ∂xs1

qy1 = D ∥∇xys1∥(n−1)
hn+2
1 ∂ys1

and

D =
2A(ρg)n

n+ 2

2.8.2 Transient SSHEET/SIA with a free-�ux natural boundary condition

To arrive at a formulation where free �ux is the natural boundary condition we express the �ux in terms
of the deformational velocity as`

q = F h vd

For a `free-�ux' boundary condition this is the �ux at the in and out�ow boundaries.
We solve ∫

Ω

udϕ Ω =

∫
Ω

E |∇xys|n−1 hn+1 ∂xs dΩ (2.52)∫
Ω

vdϕ Ω =

∫
Ω

E |∇xys|n−1 hn+1 ∂ys dΩ (2.53)∫
Ω

(h1 − h0)ϕ Ω = −(1− θ)∆t
∫
Ω

Fϕ∇xy · h0vd0 Ω− θ∆t
∫
Ω

Fϕ∇xy · hvd1 dΩ (2.54)

for ud, vd, and h as unknowns. Writing this as a coupled system with ud, vd, and h all as unknowns gives
a system of �rst order di�erential equations, rather than one second order equation. This eliminates the
need to get rid of a second spatial derivative and the natural boundary conditions now corresponds to a
`free-�ux' condition.

NR with

ui+1 = ui +∆u

vi+1 = vi +∆v

hi+1 = hi +∆h

si+1 = si +∆h
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and linearising gives

u+∆u = E ∥∇xys∥n−1
hn+1 ∂xs

+ E(n− 1) ∥∇xys∥n−3
hn+1 ∂xs (∂xs ∂x∆h+ ∂ys ∂y∆h)

+ E(n+ 1) ∥∇xys∥n−1
hn∂xs ∆h

+ E ∥∇xys∥n−1
hn+1 ∂x∆h

Taking the ∆ terms to one side

−∆uq

+ E(n− 1) ∥∇xys∥n−3
hn+1 ∂xs (∂xs ∂x∆h+ ∂ys ∂y∆h)

+ E(n+ 1) ∥∇xys∥n−1
hn∂xs ∆h

+ E ∥∇xys∥n−1
hn+1 ∂x∆h

= u− E ∥∇xys∥n−1
hn+1 ∂xs

Galerkin, u term:

− ⟨Np, Nq⟩ ∆uq
+ (n− 1)⟨Np | E ∥∇xys∥n−3

hn+1 ∂xs(∂xs ∂xNq + ∂ys ∂yNq)⟩ ∆hq
+ (n+ 1)⟨Np | E ∥∇xys∥n−1

hn∂xsNq⟩ ∆hq
+ ⟨Np | E ∥∇xys∥n−1

hn+1∂xNq⟩ ∆hq
= ⟨Np, u− E ∥∇xys∥n−1

hn+1 ∂xs⟩

The corresponding v term is obtained by replacing u with v and derivatives with respect to x by derivatives
with respect to y,

Galerkin q term:

⟨NP | Nq⟩∆hq +∆t θF ⟨Np | ∂xuNq + u ∂xNq + ∂yv Nq + v ∂yNq⟩∆hq
+∆t θF ⟨Np | ∂xhNq + h∂xNq⟩∆uq
+∆t θF ⟨Np | ∂yhNq + h∂yNq⟩∆vq

=∆t⟨Np | (1− θ) a0 + θ a1⟩
− ⟨Np | (h− h0)⟩
−∆t F ⟨Np, ((1− θ)(∂x(h0u0) + ∂y(h0u0)) + θ(∂x(hu) + ∂y(hv)))⟩

2.9 Method of characteristics

Think of
∂th+ ∂x(uh) = a

as
Dth+ h∂xu = a

with
Dth = ∂th+ u∂xh

Along the characteristics I have

Dth = lim
∆t→0

1

∆t
(h(x, t)− h(x− u∆t | t−∆t))

and if I just write
h(x− u∆t | t−∆t)) = h(x, t−∆t)− dxh(x, t−∆t)u∆t

and take the limit I (of course) just get

∂th+ ∂x(uh) = a
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again.
The question seem to me to be about how to approximate the variation along the characteristic. If I

write

h(x− u∆t | t−∆t)) = h0 − dxh0 u∆t+
1

2
d2xxh0(u∆t)

2

where h0 is evaluated at x and at t−∆t, I get a `correction' term and the discretised version is

1

∆t
(h1 − h0 + dxh0 u∆t+

1

2
d2xxh0 (u∆t)

2) + h dxu = a

It is a bit unclear in the above expression at what time to evaluate u. I could go for the average value
over the time step, but I will only know it at the previous time step anyhow.

One way of interpreting the above equation is

1

∆t
(h1 − h0) + dxhu+

1

2
u2 ∆td2xxh+ h dxu = a

and then evaluate all terms at some time within the time step, i.e. the θ method. The above equation
can be written as

1

∆t
(h1 − h0) + ∂x(hu) +

∆t

2
u2 ∂2xxh = a

In combination with the θ method I get

1

∆t
(h1 − h0) = θ

(
a1 − ∂x(qx1)−

1

2
u1 ∆t ∂

2
xx(u1h1)

)
+ (1− θ)

(
a0 − ∂x(qx0)−

1

2
u0 ∆t ∂

2
xx(u0h0)

)
(did not write the a correction term)

2.10 Taylor-Galerkin

We have

∂th+ ∂x(uh) = a

we write

h1 = h0 +∆t ∂th0 +
(∆t)2

2
∂2tth0

which is a second-order accurate Euler method.
Inserting we get

h1 = h0 +∆t(a− ∂x(hu)) +
(∆t)2

2
∂t(a− ∂x(uh))

= h0 +∆t(a− ∂x(hu)) +
(∆t)2

2
(∂ta− ∂2xt(uh))

= h0 +∆t(a− ∂x(hu)) +
(∆t)2

2
(∂ta− ∂x(∂h(uh)∂th))

= h0 +∆t(a− ∂x(hu)) +
(∆t)2

2
(∂ta− ∂x(u∂th))

= h0 +∆t(a− ∂x(hu)) +
(∆t)2

2
(∂ta− ∂x(u(a− ∂x(uh))))

or
1

∆t
(h1 − h0) = a− ∂x(hu)−

∆t

2
∂x(u(a− ∂x(uh))) +

∆t

2
∂ta (2.55)

All the therms of the right-hand side of (2.55) refer to time step 0. I get the implicit theta method if
I evaluate the right-hand side at both 1 and 0 and weight with θ.

After a partial integration we get a correction term

⟨1
2
∆t ∂xu | a− ∂x(uh)⟩
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2.11 Third order implicit Taylor Galerkin (1HD)

A better justi�cation for evaluation at both time step 1 and 0 comes from writing

h1 = h0 +∆t ∂th0 +
(∆t)2

2
∂2tth0,

h0 = h1 −∆t ∂th1 +
(∆t)2

2
∂2tth1,

adding

2(h1 − h0) = ∆t (∂th0 + ∂th1) +
(∆t)2

2
(∂2tth0 − ∂2tth1)

and simplifying gives
1

∆t
(h1 − h0) =

1

2
(∂th0 + ∂th1) +

∆t

4
(∂2tth0 − ∂2tth1) (2.56)

Now use
∂th = a− ∂x(hu)

and

∂2tth = ∂ta− ∂2tx(hu)
= ∂ta− ∂t(h∂xu+ u∂xh)

= ∂ta− (∂xh∂tu+ h∂2xtu+ ∂th∂xu+ u∂2xth)

= ∂ta− (∂xh∂tu+ h∂2xtu+ ∂xu(a− ∂x(hu)) + u∂x(a− ∂x(hu)))
= ∂ta− (∂xh∂tu+ h∂2xtu+ ∂xu(a− ∂x(hu)) + u∂x(a− ∂x(hu)))
= ∂ta− ∂xh∂tu− h∂2xtu− ∂x(u(a− ∂x(hu)))

or
∂2tth = ∂ta− ∂x(h∂tu+ ua− u∂x(uh)) (2.57)

Inserting (2.57) into (2.11) gives

0 = Lh

=
1

∆t
(h1 − h0)

− 1

2
(a0 − ∂x(qx0) + a1 − ∂x(qx1))

− ∆t

4
(∂ta0 − ∂x(h0∂tu0 + u0(a0 − ∂x(qx0)))− ∂ta1 + ∂x(h1∂tu1 + u1(a1 − ∂x(qx1))))

Galerkin
⟨Lh1|Np⟩ = 0

with u1 = Nquq, etc. I used partial integration to get rid of second order spatial derivatives

0 = ⟨Lu|Nq⟩

=
1

∆t

∫
(h1 − h0)Nq dx

− 1

2

∫
(a0 − ∂x(qx0) + a1 − ∂x(qx1))Nq dx

− ∆t

4

∫
(∂ta0 − ∂ta1)Nq dx

− ∆t

4

∫
(h0∂tu0 + u0a0 − u0∂x(qx0))− h1∂tu1 − u1a1 + u1∂x(qx1)))∂xNq dx

− ∆t

4
(−h0∂tu0 − u0(a0 − ∂x(qx0)) + h1∂tu1 + u1(a1 − ∂x(qx1)))Nq|xr

xl

The unknown is h1
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∫
(h1 +

∆t

2
∂x(qx1))Nq dx

+
(∆t)2

4

∫
(h1∂tu1 − u1∂x(qx1)) ∂xNq dx+

(∆t)2

4
(u1∂x(qx1)− h1∂tu1)Nq|xr

xl

=

∫
(h0 +

∆t

2
(a1 + a0 − ∂x(qx0)))Nq dx

+
(∆t)2

4

∫
∂t(a0 + a1)Nq dx

+
(∆t)2

4

∫
(u0a0 − u1a1 + h0∂tu0 − u0∂x(qx0)) ∂xNq dx

+
(∆t)2

4
(u1a1 − u0a0 − h0∂tu0 + u0∂x(qx0))Nq|xr

xl

Writing out the product terms∫
(h1 +

∆t

2
(h1∂xu1 + u1∂xh1))Nq dx

+
(∆t)2

4

∫
(∂tu1h1 − u1(h1∂xu1 + u1∂xh1)) ∂xNq dx

+
(∆t)2

4
(u1(h1∂xu1 + u1∂xh1)− h1∂tu1)Nq|xr

xl

=

∫
(h0 +

∆t

2
(a1 + a0 − (h0∂xu0 + u0∂xh0)))Nq dx

+
(∆t)2

4

∫
∂t(a0 + a1)Nq dx

+
(∆t)2

4

∫
(u0a0 − u1a1 + h0∂tu0 − u0(h0∂xu0 + u0∂xh0)) ∂xNq dx

+
(∆t)2

4
(u1a1 − u0a0 − h0∂tu0 + u0(h0∂xu0 + u0∂xh0))Nq|xr

xl

Taking this up to third order

1

∆t
(h1 − h0) =

1

2
(∂th0 + ∂th1) +

∆t

4
(∂2tth0 − ∂2tth1) +

(∆t)2

12
(∂3ttth0 + ∂3ttth1)

is easy, if we simply approximate the time derivative in the third-order term through �nite di�erences.

1

∆t
(h1 − h0) =

1

2
(∂th0 + ∂th1) +

∆t

4
(∂2tth0 − ∂2tth1) +

(∆t)2

12∆t
(∂2tt(h1 − h0) + ∂2tt(h1 − h0))

=
1

2
(∂th0 + ∂th1) +

∆t

4
(∂2tth0 − ∂2tth1) +

∆t

6
∂2tt(h1 − h0)

=
1

2
(∂th0 + ∂th1) +

∆t

12
∂2tth0 −

∆t

12
∂2tth1

The only thing that changes is the numerical factor of the second-order term. However this is now correct
to third order.

2.12 Time discretisation of the tracer conservation equation

Consider the advection-di�usion equation

∂c

∂t
+∇(cv)−∇ · (κ∇c) = a

with the boundary conditions
∇c · n̂ = 0at ΓN
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and
c = g at ΓD

at di�erent parts of the boundary. We will �rst consider the linear case where the velocity v and the
di�usivity, κ, are independent of c, but functions of space.

Finite element formulation 〈
∂c

∂t
+∇ · (cv)−∇ · (κ∇c)− a

∣∣∣∣N〉
Greens theorem

⟨∂tc|N⟩+ ⟨∇ · (cv)|N⟩+ ⟨κ∇c|∇N⟩ − ⟨a|N⟩ −
∫
Γ

∇c · n̂N dΓ = 0

The FE assembly of the terms, not including the time derivative, results in

⟨∇ · (cv)|N⟩ = Ac

⟨κ∇c|∇N⟩ = Dc

⟨a|N⟩ = B

Those matrices are evaluated at some time t, and they are in the general non-linear case, also functions
of c.

We can write the resulting system as

⟨∂tc|N⟩ = B(c)− (A(c) +D(c)) c



Chapter 3

Constraints

In Úa all essential boundary conditions, and various other constraints on the solution, are enforced using
the Lagrange multiplier method. Any multi-linear constraint can be written on the form

Lf − c = 0,

where f ∈ Rn is a nodal vector for the variable f(x), c ∈ Rm is a vector of m prescribed values, and
L ∈ Rm×n is the multi-linear constraint (MLC) matrix on the form

L =


a1,1 a1,2 · · · a1,n
a2,1 a2,2 · · · a2,n
...

...
. . .

...
am,1 am,2 · · · am,n


where m is the number of constraints and n the number of nodal values.

If we, for example, want to enforce the ice thickness at node 1 to be equal to 1, the MLC matrix
L ∈ R1×n has the form

L =
(
1 0 · · · 0

)
and c ∈ Rn×1 is

c = (1)

These types of constraints are referred to as point constraints. When implemented using the method of
Lagrange multipliers, the Lagrange variable may not have a clear physical interpretation in a given FE
basis.

3.1 Nodal constraints assembly

Instead of applying point constraints as above, one can introduce the constraints
Single nodal constraint is

f(xq) = f̃(xq)

where xq is a nodal point location of node q and f̃(xq) is the prescribed value.

⟨λ, f(xq)− f̃(xq)⟩ = ⟨λpϕp(x), ((fq − f̃q)ϕq(x)⟩
= λi⟨ϕi(x), ϕq(x)⟩(fq − f̃q)
= λiMiq(fq − f̃q)
= λiMijδjq(fq − f̃q)

for p = 1, N and q �xed. or
⟨λ, f(xq)− f̃(xq)⟩ = λMq(fq − f̃q)

or also
⟨λ, f(xq)− f̃(xq)⟩ = λTMLT (fq − f̃q)

71
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where L is n× 1. And more generally for m number of constraints

⟨λ, f(xq)− f̃(xq)⟩ = λT︸︷︷︸
1×n

M︸︷︷︸
n×n

LT︸︷︷︸
n×m

( L︸︷︷︸
m×n

f︸︷︷︸
n

− c︸︷︷︸
m

)

If we only solve for the active Lagrange multiplies, the number of which will be equal to the number m
of constraints, we can arrive at

⟨λ, f(xq)− f̃(xq)⟩ = λT︸︷︷︸
1×m

L︸︷︷︸
m×n

M︸︷︷︸
n×n

LT︸︷︷︸
n×m

( L︸︷︷︸
m×n

f︸︷︷︸
n

− c︸︷︷︸
m

)

and the system to solve is then
LMLTLf = LMLT c

or simply
Lf = c

which is the same system as the one we solve when applying point constraints. So these two approaches are
identical. However, the values of the Lagrange multipliers will not be identical for those two approaches.
See section 3.3 for further discussion.

3.2 Linear system with multi-linear constraints

Consider a quadratic minimisation problem

min
x
I(x) =

1

2
xTAx− bx ,

subject to the multi-linear set of constraints

Lx− c = 0 .

Using the method of Lagrange multipliers, we write

min
x
J(x) :=

1

2
xTAx− bx+ λT · (Lx− c) .

Taking the derivatives with respect to x and λ and setting to zero gives the system[
A LT

L 0

] [
x
λ

]
=

[
b
c

]
. (3.1)

Here A ∈ Rn×n and L ∈ Rp×n where p are the number of constraints. There are various approaches
suggested in the literature to solving the system (3.1) such as the full-space, range-space, null-space
approaches.

The range-space approach is to use the �rst equation of (3.1) to arrive at

Lx+LA−1LTλ = LA−1b.

Then insert the second equation of (3.1) giving

LA−1LTλ = LA−1b− c,

which can be solved for λ, and then solve for x using the �rst equation equation of (3.1) as

Ax = b−LTλ.

The null-space approach is to �nd a matrix Z ∈ Rn×(n−p) which columns for a basis for the null space
of L so that

LZ = 0

Let x̂ ∈ Rn be a particular solution for the second equation such that

Lx̂ = c
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After some manipulations we arrive at the null-space method for solving (3.1) which can be summarised
as:

Find Z so that LZ = 0.
Find x̂ so that Lx̂ = c.
Solve ZTAZz = ZT (b−Ax̂)
Set x = Zz + x̂
Solve LTλ = b−Ax

The matrix ZTAZ is (n− p)× n× n× n× n× (n− p) = (n− p)× (n− p). Therefore if the number
of constraints (p) is signi�cantly large compared to n, n− p is small and this method becomes attractive.
However, the matrix ZTAZ is usually dense.

3.2.1 Pre-eliminating point constraints

The system (3.1) has the size (n + p) × (n + p) where n is the total number of degrees of freedom and
p the number of (point) restraints. In some cases it is fairly easy to pre-eliminate the constraints and so
arrive at a reduced system of the size n× n.

The system (3.1) is

Ax+LTλ = b (3.2)

Lx = c (3.3)

Here the matrix A ∈ Rn×n and has rank n, while the matrix L ∈ Rp×n with p ≤ n and has rank p. The
products LTL ∈ Rn×n and LLT ∈ Rp×p both have rank p. The matrix LLT is invertible but LTL is
not.

We consider the particular, but in this context not uncommon, case when

LLT = Ipp . (3.4)

This assumption is not particularly restrictive1 and allows us to determine λ knowing x using Eq. (3.2)
as follows

LTλ = (b−Ax)

=⇒ LLTλ = L(b−Ax)

=⇒ λ = L(b−Ax) .

And furthermore again using Eq. (3.2)

Ax = b−LTλ

=⇒ Ax = b−LTL(b−Ax)

=⇒ Ax−LTLAx = b−LTLb

=⇒ (Inn −LTL)Ax = (Inn −LTL) b

or
QAx = Qb , (3.5)

where the matrix Q ∈ Rn×n de�ned as

Q = Inn −LTL .

Multiplying with Q has the e�ect of `killing o�' the �rst p equations. Pre-multiply both sides of Eq. (3.3)
to obtain

LTL = LT c ,

1Provided a node appears in one constraint only, L can always be scaled so that LLT equals Ipp. For example if

L =


1 10 0 −2 0 0 0
0 0 2 0 0 0 0
0 0 0 0 5 0 0
0 0 0 0 0 1 −1


Then scaling each line of L so that the square root of the sum of the squares of the elements of that line is equal to unity
results in LLT = I44.
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Figure 3.1: Example of an iterative solution of Ã using the Generalised Minimum Residual Method
(gmres). The matrices A and B stem from a uvh solve of the WAIS, with 250,896 number of unknowns.
Computationally the solver for non-equilibrated matrix using the ilu(0), pre-conditioner is fastest and
reaches the prescribed reduction in relative residual, 10−15, in about 40 sec. However, on same machine,
a direct solver solves the same problem to in about 9 sec.

and adding to Eq. (3.5) gives
(QA+LTL)x = Qb+LT c ,

and as
Ã := QA+LTL ,

is clearly full rank, we can now solve for x as

x = Ã−1(Qb+LT c) , (3.6)

and then calculate λ from
λ = L(b−Ax) . (3.7)

A drawback of this approach is that even when the original matrix A is symmetrical, Ã is generally
asymmetrical. While the system can be made symmetrical, in practice doing so in Úa is of limited value as
most of the calculations tend to be done using implicit time stepping whereA is already non-symmetrical.

Currently (August 2019) this is the approach2 used in Úawhen matrix A is asymmetrical, i.e. the
system (3.1) is then solved using Eqs. (3.6) and (3.7) provided Eq. (3.4) holds.

3.3 Nodal reactions

I de�ne e�ective nodal reactions, R, as

R = b−Ax = LTλ .

The e�ective nodal reactions are de�ned for all degrees of freedom and for all nodes, i.e. not only for
the degrees of freedom and nodes for which BCs are applied to. Clearly the vector R does not represent
nodal values in the FE basis. To project R into the FE basis we need to solve

⟨[R∗]pNp, Nq⟩ = [R]q ,

for components of what I refer to as the physical nodal reactions, R∗. We see that

R∗ = M−1R,

or
R∗ = M−1LTλ .

2Presumably this approach will have been derived earlier in the literature, but I have not seen this approach described
anywhere.
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Figure 3.2: Same example as shown in Fig. 3.1, but now using the ilupt conditioner with drop tolerance
of 10−4. The two iterative solvers using this pre-conditioner now arrive at the prescribed tolerance in
about 5 iterations. The non-equilibriated system solve with the ilupt pre-conditioner is fastest, and takes
about 14 sec, of which 8 are required for the incomplete LU factorisation, about 1 sec for the nested
dissection permutation, and about 5 sec for the gmres iteration.

Assuming
LLT = Ipp . (3.4)

we now write the system

Ax+LTλ = b

Lx = c

as

Ax+ (LM)Tλ⋆ = b

LMx = LMLT c

in which case
(LM)Tλ⋆ = LTλ

or
LTλ⋆ = M−1LTλ

hence
R⋆ = LTλ⋆

The above reformulation requires all links to be homogeneous. Dirichlet BCs can be non-homogeneous.
Alternatively, re-write this as

Ax+ (LMLTL)Tλ⋆ = b

LMLTLx = LMLT c

where
LTλ = (LMLTL)Tλ⋆ ,

hence
λ

′
= (LLT )−1M−1(LLT )−1LTλ .

We �nd that
λ

′
= (LLT )−1LR⋆

Note that for m linear independent constraints, the matrix L ∈ Rm×n has the rank m. The product
LLT is in Rm×m and

rank(LLT ) = rank(LTL) = rank(L) = m

and therefore the symmetric matrix (LLT ) ∈ Rm×m is full rank and its inverse exists. However, (LTL) ∈
Rn×n is not full rank and therefore not invertible.
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3.4 Non-linear system with non-linear constraints

If we have a non-linear minimisation problem

min
x
I(x)

and non-linear set of constraints l(x) = 0, we minimise the extended cost function

I(x) + ⟨λ(x) | l(x)⟩,

or once we have discretised the problem,
I(x) + λT l .

A stable equilibrium point is a minimum with respect to x and a maximum with respect to λ. Setting
the derivatives with respect to x and λ to zero leads to

∂xI(x) + λT∂xl(x) = 0

l(x) = 0

If this non-linear system is again solved using Newton-Raphson method then we use �rst-order Taylor
expansion and write

∂xI(x) = ∂xI0 + λT
0 ∂xl0 + ∂2xxI0 ∆x+ λ0 ∂xxl0 ∆x+ ∂xl

T
0 ∆λ

l(x) = l(x0) + ∂xl∆x

and repeatedly solve [
H + ∂2xxl λ0 ∂xl

T

∂xl 0

] [
∆x
∆λ

]
=

[
−∂xI0 − ∂xlT λ0

−l0

]
(3.8)

where again H = ∂xxI(x) is the Hessian matrix.
If the constraints are linear, we can write

l = Lx− c = 0

in which case
∂xl = L and ∂2xxl = 0

and the system to be solved is[
H LT

L 0

] [
x
λ

]
=

[
−∂xI0 − ∂xlT λ0

−Lx0 + c

]

3.5 FE formulation of the Newton-Raphson method with multi-
linear constraints

We solve
⟨f(u), Np⟩ = 0 subject to gq(u) = 0 where q = 1 . . . N

Assume there is a scalar I(u) such that ⟨f(u), Np⟩ is derivative of I with respect to up, then minimising

I(u) + ⟨λ, g(u)⟩

gives, with u = Npup and λ = Npλp

⟨f(u), Nq⟩+ ⟨λ, ∂g/∂uNq⟩ = 0 (3.9)

⟨Nq, g(u)⟩ = 0 (3.10)

In general, the ⟨f(u), Nq⟩ system can be expected to be non-linear. Assuming for the moment the
constraints g(u) = 0 are linear (gq = Aqrur − bq = 0), and the resulting system is solved using the
Newton-Raphson method, gives

⟨f(u0), Nq⟩+ ⟨∂f/∂u∆u,Nq⟩+ ⟨λ, ∂g/∂uNq⟩ = 0 (3.11)

⟨Nq, ∂g/∂u (u0 +∆u)− b⟩ = 0 (3.12)
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Figure 3.3: Active set method, as described in section 3.6, used to ensure positive ice thicknesses. To
the left are the thickness reactions as calculated by Úa for a situation where ice thicknesses are zero
everywhere, and using the surface-mass balance distribution shown in the right-hand side panel. The
ice geometry is a simple horizontal slab. Hence, surface velocities are everywhere equal to zero. The
active set method is here used to ensure that despite non-zero melt being applied over an area where the
thickness is everywhere zero, the ice thickness does not become negative. Note that the (nodal) thickness
reactions need to be pre-multiplied by the mass matrix and divided by the ice density for them to become
'mesh independent' and comparable to the surface mass balance. As is evident from comparing the two
panels, the active set method creates a �ctitious mass balance distribution that exactly counteracts the
applied mass balance. Consequently, the ice thickness remains zero everywhere despite non-zero melt
being applied along the upper surface.

or

⟨f(u0), Nq⟩+ ⟨∂f/∂uNp | Nq⟩∆up + ⟨Np, ∂g/∂uNq⟩λp = 0 (3.13)

⟨Nq, ∂g/∂uNp⟩u0p + ⟨Nq | ∂g/∂uNp⟩∆up − ⟨Nq, Np⟩bp = 0 (3.14)

[
K LT

L 0

] [
∆u
λ

]
=

[
−f(u0)

Sb−Lu0

]
where

fq := ⟨f(u0), Nq⟩

and

Sqp := ⟨Nq, Np⟩

and

Lpq = ⟨Np, ∂g/∂uNq⟩

or if λ = ∆λ+ λ0, [
K LT

L 0

] [
∆u
∆λ

]
=

[
−f(u0)−LTλ0

Sb−Lu0

]
If the constraints can be written as Au− b = 0 then

Lpq = ⟨Np, ApqNq⟩

(no summation implied). If the form functions are delta functions then, S = 1 and L = A.
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3.6 Automated thickness-positivity constraints (active set method)

Assuming the existence of a potential P the problem can be written as a constraint minimisation problem

min
h,v

P (h,v)

s.t h(x, y) ≥ 0 on Ω

The Lagrangian

LP +

∫
Ω

λ(x, y)h(x, y) dΩ

Karush-Kuhn-Tucker conditions are

DhL(h,λ) = 0 (3.15)

λq ≤ 0 (3.16)

hq ≥ 0 (3.17)

λT · h = 0 (3.18)

(3.19)

The condition λT · h = 0 is the complementary condition, if thickness is positive then the corresponding
λ nodal values must be zero, and where λ is negative the thickness must be zero.

If the system of �eld equations can not be derived from a minimum energy principle, as is the case
here, the KKT conditions are introduced into the weak form.

Selecting the correct active set is a non-trivial problem and identifying it can be time consuming.
The thickness constraint is

h(x, y) = hpϕp(x, y) ≥ 0,

everywhere, of in the FE context

⟨h | ξq⟩ = 0 for i = 1 . . . n ,

where n is the number of test functions (here equal to the number of nodes). We can also write this as

Mh ≥ 0

where [M ]ij =
∫
Ω
ϕi(x, y)ξj(x, y) dΩ and h the vector of nodal thickness values. In the Galerkin method

we use ϕq = ξq. We solve the resulting inequality problem using a simple iterative procedure usually
referred to as the active-set method. The active set, A, is the set of nodes for which the equality constraint
hp = 0 is applied at current iteration. These nodes are referred to as active, while the remaining nodes
where hp > 0 are considered inactive. At a given iteration we solve the resulting (equality) constrained
problem using the method of Lagrange multipliers and then update the active set as described below.
Over the active set we have the equality constraint

0 =

∫
Ω

∑
q∈A

hqϕq(x, y)ξp(x, y) dΩ

=

∫
Ω

Lqrhrϕq ξp dΩ for p = 1 . . . n ,

where r ranges from 1 to n and Lqr = 1 if node r is active in the constraint q ∈ A, and zero otherwise.
We can also write the above equation as

LMh = 0 .

In addition to the active-set equality equations we have the �eld equations, which in in this particular
case are the conservation equations for momentum and mass, written in discretised form as

F (x) = 0 .

These are linearised as
K∆x = −F (x0) ,
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where K is the directional derivative of F , and solved using the Newton-Raphson method. We thus
arrive at the KKT system[

K MTLT

LM 0

] [
∆h
∆λ⋆

]
=

[
−F (x0)−LMλ⋆

0

−LMh0

]
. (3.20)

Physically, λ⋆ can the though of as the thickness, increment, or additional mass in�ux per time unit,
required to ensure positive thickness. At any given active-set iteration the active is therefore updated
based on the sign of λ⋆q at node q. Those nodes for which λ⋆q is negative become inactive and are taken
out of the active set, nodes where λ∗q⋆ is positive are kept in the active set, and previously inactive
nodes where hq becomes negative are added to the active set. The iteration is continued until no further
changes to the active set are required. Occasionally, the active set becomes cyclic, and the iteration the
then terminated with all cyclic nodes included in the active set.

As commonly done in numerical models, linear multi-points constrains are implemented in Úa as
Lx = c where L is the where L ∈ Rp×n is an arbitrary MPCs matrix, where p is the number of linear
nodal constraints and n the total degrees of freedom. When combined with Newton-Raphson method,
this results in a KKT-type matrix system[

K LT

L 0

] [
∆x
∆λ

]
=

[
−F (x0)−Lλ0

−Lc0

]
. (3.21)

Note that when solving implicitly for velocities and thickness, as done in Úa , ∆x stands for both velocity
components and thickness, i.e.

∆x =

 ∆u
∆v
∆h

 .

The key di�erence between systems (3.20) and (3.21) is the inclusion of the mass matrix M in the
former. Rather than modifying the commonly used framework (3.21) for implementing MPCs in �nite
elements to include the mass matrix M , we now solve (3.21) and then calculate λ⋆ afterwards from the
solution of that system as

λ⋆ = (LLT )−1LM−TLTλ . (3.22)

Both λ⋆ and λ are in Rp while M−TLTλ is in Rn. Note that if each of the columns of L ∈ Rp×n

have exactly one non-zero entry and that entry is equal to unity, as will be the case if L is a thickness
constraint, then LLT is a p × p unity matrix irrespective of how the thickness constraints have been
labelled when constructing L. It is easy to see3 that λ⋆ is indeed identical to solution for λ of the KKT-
system including the mass matrix, i.e. Eq. (3.20). However, only λ⋆ obtained by solving Eq. (3.20) has
the physical interpretation mentioned above, i.e. it is the thickness increment required at a given node in
the active set A to enforce thickness positivity. Hence, updating the active set must be based on the sign
of λ⋆ and not on the sign of λ. For linear elements all the entries of the mass matrix M are positive by
construction and therefore, in that particular case, the active set update can be based on either λq or λ⋆q .
However, for higher order elements, e.g. quadratic or cubic, using λ instead of λ⋆ will, in general, results
in an incorrect active-set update.

The active-set is updated after each NR iteration, and the the active-set update continued until
convergence. In transient runs, only one or two updates are typically required. Updating the active set
within the Newton loop was tried but did not result in any computational gains.

3.6.1 Thickness barrier

I = γhλhe
−(h−hmin)/λh)

∂hI = −γhe−(h−hmin)/λh

∂2hhI =
γh
λh
e−(h−hmin)/λh

3Consider

Fx+LTλ = 0

Fx+MLTλ⋆ = 0

from which (3.22) follows.
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If the problem were self-adjoint then this amounts to adding a term to the prognostic equations, i.e.

∂th+∇xy · qh + ∂hI = a

or
∂th+∇xy · qxy = a− ∂hI

which shows that the method is equivalent to adding a �ctitious mass-balance term. For γh = 1, λ = 1,
hmin = 0 and h = 100 the numerical value is about 10−44 and about 10−5 for h = 1.

If a = 0 and vh = 0
∂th = −∂hI = γhe

−(h−hmin)/λh

and γh has the units length per time and can be thought of as the �ctitious mass balance at h = hhmin.
Solving

∂th+∇xy · qh − γhe−(h−hmin)/λh = a

implicitly using NR with respect to h where

hn+1 = hin+1 +∆h

is h at time step n+ 1 and i is the NR iteration number, gives

1

∆t
(∆h+ hin+1 − hn)−

1

2

(
γhe

−(hi
n+1−hmin)/λh − γh

λh
e−(hi

n+1−hmin)/λh ∆h+ γhe
−(hn−hmin)/λh

)
= 0

where I have omitted writing the �ux and the accumulation terms, i.e.(
1

∆t
+

1

2

γh
λh
e−(hi

n+1−hmin)/λh

)
∆h = − 1

∆t
(hin+1 − hn) +

γh
2

(
e−(hi

n+1−hmin)/λh + γhe
−(hn−hmin)/λh

)



Chapter 4

The non-linear FE system its solution

4.1 Variational formulation

As shown in Appendix C, for an elliptic PDE

Lu = f (Ignoring BCs in this example)

the unique solution u minimises the functional

J(u) =
1

2

∫
Ω

uLu dΩ−
∫
Ω

fu dΩ ,

provided L is linear, self-adjoint, i.e. ∫
Ω

vLu dΩ =

∫
Ω

uLv dΩ ,

and positive de�nite: ∫
Ω

uLu ≥ 0 .

The resulting system for u is

1

2

∫
Ω

Lu δu dΩ−
∫
Ω

f δu dΩ = 0 ,

and this is the system solved in the �nite element method. The discrete from is

Au = f

where [A]ij = aij and Fj = lj and aij = a(ϕi, ξk) , lj = l(ξj) with

aij =

∫
Ω

ϕiLξj dΩ

Note that in the FE method tend to construct the system Au = f directly as a weighted residuals
problem, i.e. ∫

Ω

(Lu− f)ϕi dΩ = 0 .

If the PDE is self-adjoint and positive-de�nite, can we interpret the discrete system Au = f as resulting
from a minimisation problem. If A is positive-de�nite we can work backwards from the discretised
problem and interpret Au = f as the solution to

min
u

{
1

2
uT ·Au− fT · u

}
.

81
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4.2 Non-linear self-adjoint problem

If the operator is self-adjoint and positive de�nite the resulting non-linear problem is a convex optimisation
problem. We solve

min
x
J(x) , (4.1)

where J : Rn → R. If, as we here assume, the problem is convex and di�erentiable we can in principle
solve

∇J(x) = 0 . (4.2)

For a convex function J , the two problems (4.1) and (4.2) are equivalent. The function J is convex on a
convex set if and only if the Hessian is positive semi-de�nite.

For either solving a non-linear problem, or a non-linear convex optimisation problem, the method of
choice is the Newton-Raphson method (Boyd and Vandenberghe, 2004). We expand

J(x) = J(x0) +∇J(x0)∆x+
1

2
∆xT ∇2J(x0)∆x+O(

∥∥δx3
∥∥)

where ∆x = x− x0, and solve for

min
x

{
∇J(x0)∆x+

1

2
∆xT∇2J(x0)∆x

}
resulting in the Newton system

∇2J(x0)∆x = −∇J(x0) ,

and the Newton update
xk+1 = xk + dk ,

where
dk = − (Hk)

−1 ∇J(xk) ,

is the Newton step, and
d̂k = dk/ ∥dk∥ ,

is the Newton direction, and
Hk := ∇2J(xk) ,

is the Hessian matrix
However, unless the function J(x) can be approximated reasonably well locally around x0 as a

quadratic function there is no guarantee that J(xk+1) ≤ J(xk) where xk+1 = xk + dk. Should this
happen, we solve the line-search sub-problem

min
γ
{J(xk + γd} ,

with 0 < γ < 1. This line-search sub-problem has a local minima for some γ within the bounds 0 ≤ γ < 1
provided dk is a direction of descent. For dk to be a direction of descent requires

∇J(xk)
T · dk < 0 . (4.3)

From
∇J(xk)

T · dk = −∇J(xk)
TH−1∇J(xk) ,

we see that
∇J(xk)

T · dk < 0 , (4.4)

is indeed ful�lled, provided H−1 is positive de�nite.
At the minimum of its quadratic approximation J(x) has the value

J(x) ≈ J(xk) +∇J(xk)∆x+
1

2
∆xT Hk ∆x

= J(xk)−∇J(xk) (Hk)
−1 ∇J(xk) +

1

2
((Hk)

−1 ∇J(xk))
T Hk (Hk)

−1 ∇J(xk)

= J(xk)−
1

2
∇J(xk) (Hk)

−1 ∇J(xk) .
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This motivates the de�nition of the Newton decrement Dk as

Dk :=

√
∇J(xk) (Hk)

−1 ∇J(xk) ,

and D2
k/2 is an approximate bound on the sub-optimality gap at iteration k. Having solved the Newton

system, i.e. dk = − (Hk)
−1 ∇J(xk), we can calculate the Newton increment as

D2
k = −∇J(xk) · dk.

Positive de�niteness of ∇2J implies D > 0. We can also write the Newton decrement as

D =

√
∇J(xk)T (Hk)

−1 ∇J(xk)

= (∇JTH−THTH−1∇J)
= ((∇H−1∇J)THTH−1∇J)
= (dTHd)1/2

= ∥d∥H
showing that the Newton decrement is the norm of the Newton step in the Hessian norm. The line search
problem is �nding γ so that

d

dγ
J(x+ γd) = ∇J(x) · d

= −∇J(x) (H)
−1 ∇J(x)

= −D2 .

Again we see that if H is positive de�nite, the slope at γ = 0 is negative.
For a self-adjoint problem the Newton's increment is a natural candidate for a stopping criterion, i.e.

quit iteration if D2/2 ≤ ϵ, where ϵ is some prescribed sub-optimality tolerance.

4.3 Non-linear non-self-adjoint problem

For a non-self-adjoint di�erential operator no (scalar) cost function can be de�ned in a similar way as for
the self-adjoint case.

Now the Newton-Raphson system is
Kd = −R ,

where

K =
∂R

∂d
,

is the Jakobian. We can also write this as

Rp,q dq = −Rp .

The vector R are the nodal residuals and d the increments during each NR iteration. Provided the
system converges, both approach zeros as the iteration progresses. In FE, common convergence criteria
are based on

∥R∥ Force Residuals

∥d∥ Displacements

−R · d Work Residuals

For self-adjoint problem where R = ∇J and K = H, the work and the Newton decrement criteria

D2 = −R · d
= R ·K−1R

= ∇J ·H−1∇J
≥ 0
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are identical. However, for a non-self adjoint problem D2 can be negative as well as positive. Instead
of minimising D2 we �nd the solution where the increment, d is normal to the residual force R, i.e. we
minimise

D2 = |R · d| .
This corresponds to a minimum in the work function, for example because either force and/or displace-
ment increments are small, if the force increments are orthogonal to displacement increments.

4.4 Constrained self-adjoint problem

Again if the problem is self-adjoint there exist a scalar function J such that ∇J = R and H = ∇2J .
Now consider the constraint optimisation problem

min
x

J(x)

s.t. Lx = c

where H ∈ Rn×n, L ∈ Rp×n, x ∈ Rn and c ∈ Rp,
A solution x⋆ is optimal if and only if there exist a λ such that

∇J(x⋆) + LTλ = 0

Lx⋆ = c

where R = ∇J (Boyd and Vandenberghe, 2004). Second-order expansion

∇J(x+∆x) + LTλ ≈ ∇J(x) +∇2J ∆x+ LT (λ+∆λ) = 0

L(x+∆x) = c

and solving for the minimum of the quadratic term, gives the KKT system[
H LT

L 0

] [
∆x
∆λ

]
= −

[
R(x0) + LT λ0

Lx0 − c

]
(4.5)

where H = ∇2J is the Hessian matrix. The ∆x and ∆λ are referred to as the primal and the dual steps,
respectively. The quantity

∥R(x0) + LT λ0∥
is sometimes referred to as �rst-order optimality measure.

The matrix on the left-hand side of (4.5) is the gradient of the right hand side with respect to x and
λ. That is, if we de�ne

H̃ :=

[
H LT

L 0

]
(4.6)

and

x̃ :=

[
x
λ

]
(4.7)

and

R̃ :=

[
R(x0) + LT λ0

Lx0 − c

]
(4.8)

then
H̃ = ∇x̃R̃ .

We also have
H = ∇xR .

The corresponding quadratic model

Q = x̃T · R̃+
1

2
x̃ · (H̃x̃)
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is

Q(∆x,∆λ) =(R0 + LT λ0)
T ·∆x+ (Lx0 − c)T ·∆λ (4.9)

+
1

2
∆xT (H∆x+ LT∆λ) +

1

2
∆λL∆x0 (4.10)

Note that since the constraints are linear, they are ful�lled exactly at each iteration.1 The second
equation, i.e. the condition L∆x = c−Lx0 ensures that the Newton step∆x is always a feasible direction.
It follows that if x0 is a feasible point, i.e. if L(x0) = c, and if ∆x is in the null space of L, i.e. L∆x = 0,
then every point x0 + γ∆x for any γ is also a feasible point because

L(x0 + γ∆x) = L(x0) + Lγ∆x

= c+ γL∆x

= c .

Hence, when conducting a line search the constraints are automatically ful�lled provided the starting point
for the NR iteration does so, and there is no need to re-solve the KKT system during the line search.
Also, even if the starting point does not ful�l the constraints, the constraints will still be ful�lled once a
full Newton step has been taken at least once during the iteration.

When the constraints are linear, we can ensure that they are ful�lled exactly at each iteration, and
therefore for the �nal solution, even if the initial starting point does not and we never take a full Newton
step, by simply not solving for the Lagrange multiplier, λ, not in an incremental form as done in (4.5),
but rather as [

H LT

L 0

] [
∆x
λ

]
= −

[
R(x0)
Lx0 − c

]
. (4.11)

If the constraints are non-linear, the solution will, in general, not ful�l the constraints unless at least one
of the following is true: 1) the iteration converges, 2) a full Newton step is taken at least once during the
iteration, or 3) the starting point of the iteration ful�ls the constraints, i.e. the initial iterate is a feasible
solution. In Úa it is always ensured that the initial iterate is feasible.

The Newton step, d,
d = ∆x

is de�ned as a solution ∆x to the two KKT equations

H∆x+ LTλ = −R(x0)

L∆x = 0

or

∆x = −H−1
(
R+ LT (λ0 +∆λ)

)
= −H−1

(
∇J + LTλ

)
.

Taking the full Newton step, the reduction in J at each iteration is therefore

J(x)− J(xk) =∇J(xk)∆x+
1

2
∆xT Hk ∆x

=∇JT H−1
(
−∇J − LTλ

)
+

1

2
(H−1

(
−∇J − LTλ

)
)T HkH

−1
(
−∇J − LTλ

)
=∇JT H−1

(
−∇J − LTλ

)
+

1

2
(−∇J − LTλ)T H−1(−∇J − LTλ)

=−∇JT H−1∇J −∇JH−1LTλ+
1

2
(−∇J − LTλ)T H−1(−∇J − LTλ)

=−∇JT H−1∇J −∇JH−1LTλ

+
1

2

(
∇JTH−1∇J + (LTλ)TH−1LTλ+∇JH−1LTλ+ (LTλ)TH−1∇J

)
=− 1

2
(∇JT + (LTλ)T )H−1(∇JT + LTλ)

−∇JH−1LTλ+
1

2

(
∇JTH−1LTλ+ (LTλ)TH−1∇J

)
1We could, in fact, start the iteration with x = x0 where x0 is a particular solution of Lx0 = c and then insist that any

addition to x is in the null-space of L, i.e. L∆x = 0.
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Figure 4.1: An example of the variation of r2Force and
r2Work as a function of γ during a line-search. Here the
backtracking algorithm selects γ ≈ 1/2. For clarity,
the circles show some additional function values not
calculated during the line search.

Figure 4.2: Another example of the variation of r2Force
and r2Work as a function of γ. Here the full Newton
step (γ = 1) was accepted. Also shown are the slopes
at γ = 0 calculated as 2r at γ = 0.

The last line equals zero if H symmetrical, hence as in the unconstrained case the Newton decrement is
a measure of sub-optimality, i.e.

J(x)− J(xk) =−
1

2
(∇JT + (LTλ)T )H−1(∇J + LTλ)

=−D2/2

where Newton decrement D is

D2 = (∇J + (LTλ)T ·∆x

= (∇J + LTλ)TH−1(∇J + LTλ)

= (∇J + LTλ)TH−1HH−1(∇J + LTλ)

= (∇J + LTλ)TH−THH−1(∇J + LTλ)

= (H−1(∇J + LTλ))THH−1(∇J + LTλ)

= dTHd

When conducting a line search we �nd, similarly to the unconstrained case, that

d

dγ
J(x+ γd) = ∇J(x) · d

= RT · d
= −(Hd+ LTλ)T · d
= −dT ·HTd− λTL · d
= −dT ·HTd− λT (c− Lx0)

= −D2 + (Lx0 − c)T · λ .

Thus if H is symmetrical and positive de�nite, and furthermore x0 a feasible point, then the slope at
γ = 0 is negative. However, the Newton direction at an infeasible point is not necessarily a decent
direction for J . This point, and other similar are also discussed in Boyd and Vandenberghe (2004).

4.5 Convergence criteria

If the Newton-Raphson method converges then ∆x → 0 and ∆λ → 0. This suggests de�ning a conver-
gence criteria in terms of the norm of ∆x and ∆λ, i.e. in terms of the size of the update to the solution.
Another convergence criteria is the norm of the force residuals R or the size of the Newton increment
R · d (work residuals). The primary convergence criteria in Úa is the size of the force residuals. It is
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Figure 4.3: An simple backtracking example.

possibly to de�ne a convergence criteria based on force residuals, work residuals and increments, and some
combinations thereof. De�ning a convergence criteria in terms of increments can be quite problematic as
smallness of increments does not imply convergence.

4.5.1 Force residuals

Writing the residual vector R as

R = T (x)− F ,

where T and F are the internal and the external nodal forces, respectively facilitates the de�nition of a
normalised force residuals as

r2 :=
(R+ LTλ)T (R+ LTλ) + (c− Lx)T (c− Lx)

F TF
(4.12)

=
(R+ LTλ)T (R+ LTλ)

F TF
, (4.13)

where in (4.13) is has been assumed that c − Lx = 0 at each iteration. If the Newton step is started
from a feasible point, then the Newton direction is a decent direction of (4.13). However if the point is
infeasible, (4.12) must be used.

If at some iteration a full Newton step can be taken, the iterate becomes feasible and as all subsequent
steps are in the null space of L, all following iterates will be feasible as well.

At start of an iteration using as start values x = 0 and λ = 0, the internal forces are all zero, T = 0,
and hence r = 1. The iteration is continued until r drops below a prescribed tolerance. By default this
tolerance is

r2 < 10−15 .

4.5.2 Work residuals

The work residuals are de�ned in terms of the Newton decrement as

r := −(R+ LTλ)T · d

where d is the (full) Newton step.

d = −H−1 (R+ LTλ) .

The actual minimisation is based on the value r2 which is always positive.



88 CHAPTER 4. THE NON-LINEAR FE SYSTEM ITS SOLUTION

Figure 4.4: An example of r2Force and r
2
Work as a function of Newton-Raphson iteration number.

4.5.3 Increments

Using increments as a convergence criteria is not recommended and in Úanot implemented for all cases.
Where implemented the increments are de�ned as

∆ =

√
1

2A

∫ (
∆x

|x|+ x0

)2

dA ,

where

A =

∫
dA ,

and x0 is a regularisation parameter. So for example when solving for velocities the size of the velocity
increments is de�ned as

∆uv =

√√√√ 1

2A

∫ ((
∆u

|u|+ u0

)2

+

(
∆v

|v|+ u0

)2
)
dA .

where u0 is some small constant with the dimension velocity.

4.6 Summary of convergence criteria

Ignoring constraints and possible additional normalisation, the three convergence criteria are:

r2Force :=RT ·R
r2Work :=(RT · d)2

=(RT ·H−1R)2

r2Displacements :=d · d

Note that since H is not guaranteed to be positive de�nite, (RT ·H−1R) is not necessarily positive and
we can not de�ne a corresponding inner product as we could in the self-adjoint positive-de�nite case
considered above. The work criteria is the only one independent of coordinates (a�ne invariance).

The Newton step is a direction of decent if Eq. (4.3) is ful�lled for those cost functions. We have
already seen that the Newton step is a direction of decent if the problem is self-adjoint and positive
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de�nite (see Eq. 4.4). For JForce we �nd

∇r2Force · d =(RpRp),q dq

=(RpRp,q +Rp,qRp) dq

=2RpRp,q dq

=− 2RpRp

=− 2r2Force

≤0 ,

or in vector notation as

∇r2Force · d = ∇(RT ·R) · d
= 2RT · (∇Rd)

= 2RT · (Hd)

= −2RT ·R
= −2r2Force

and similarly for JWork

∇r2Work · d =(RpdpRsds),q dq

=(Rp,qdpRsds +RpdpRs,qds) dq

=(Rp,qdpRsds +RsdsRp,qdp) dq

=2Rp,qdpRsds dq

=2Rp,qdqdpRsds

=− 2RpdpRsds

=− 2r2Work

≤0 ,

so the Newton step is a direction of descent for both r2Force and r
2
Work. Same calculations show that when

conducting a line search, the slopes at γ = 0 are

d

dγ
r2Force(x+ γd)

∣∣∣∣
γ=0

=∇r2Force · d

=− 2r2Force(x) ,

and

d

dγ
r2Work(x+ γd)

∣∣∣∣
γ=0

=∇r2Work · d

=− 2r2Work(x) .

In Úa the letter r is used for these costs functions to avoid confusion with the inverse cost function
denoted with J . The cost functions can also be written as inner products as

r2Force = r2Force = RT R =< R | R⟩l2
r2Work = r2Work = RTH−1 R = ⟨R | R⟩H−1

= RTH−THH−1 R = ⟨d | d⟩H (if symmetric and positive de�nite)

r2Displacements = r2Displacements = ⟨d | d⟩L2

4.7 Minimising the norm of the residuals

The cost function is de�ned as the square of the residuals, i.e.

r2 := ∥R∥22 = RT ·R = (∇J)T · ∇J
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and we wish to minimise r2. This done iteratively and we aim to �nd an update ∆x to our current
estimate x0 such that

r2(x0 +∆x) < r2(x0) .

We do this by iteratively solving a linearised minimisation problem around x0

min
∆x

r2(x+∆x)

as a function of ∆x. Taking the step ∆x from x0 to x+∆x the variation in r2 is to �rst order in ∆x

r2(x0 +∆x) = (R(x0 +∆x))T · (R(x0 +∆x))

≈ (R0 +∇R∆x)T · (R0 +∇R∆x)

= (R0 +H∆x)T · (R0 +H∆x) (4.14)

= RT
0 ·RT

0 + (∆xT ·HTR0 +RT
0 ·H∆x) + ∆xT ·HTH∆x

= RT
0 ·RT

0 + 2RT
0 ·H∆x+∆xT ·HTH∆x

or
r2(x0 +∆x) ≈ r20 + 2RT

0 ·H∆x+∆xT ·HTH∆x

where
H = ∇R0

and, where we have observed the identity

∆xT ·HTR0 = (HTR)T · (∆xT
0 )

T

= RT
0∇R0 ·∆x .

Note that the linearised minimisation problem (see Eq. 4.14) can be written as

min
∆x

= ∥R0 +∇R0 ∆x∥22 ,

which is a type of a least-squares problem, subject to some possible additional constraints on the solution
vector ∆x. The quadratic approximation, Q(∆x), to r2 is

Q(∆x) = 2RT
0 · ∇R0 ∆x+∆xT · (∇R0)

T∇R0 ∆x (4.15)

that is
r2(x0 +∆x) ≈ r20 +Q(∆x)

A general quadratic minimisation problem is on the form

min
x

1

2
xTBx+ gTx (4.16)

and by comparing Eq. (4.15) and (4.16) we see that here

B = 2γ2(∇R0)
T∇R0

and
g = 2γ(∇R0)

TR0

If this problem is unconstrained, the solution to is obviously the the full Newton step (see below), however
if we limit the step size ∥∆x∥ < ∆ as, for example, done in trust-region algorithms, the solution is not
this simple.

Unconstrained minimisation of Q(∆x), as given by Eq. (4.15) by setting the gradient to zero, leads
to

∇Q = 2HTR0 + 2HTH∆x = 0

or
HTH∆x = −HTR0

or simply
H∆x = −R0 (4.17)
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provided H−T exists, which is the (full) Newton step. Thus, the two unconstrained problems

H∆x = −R0

2HTH∆x = −2HTR0

are mathematically identical.
Minimising Q subject to the linear constraints Lx− c = 0 gives the system

L = Q(∆x) + λT (L(x0 +∆x)− c)

which we minimise with respect to ∆x and λ giving

2HTR0 + 2HTH∆x+ (λ+∆λ)TL = 0

L∆x = −(Lx0 − c)

that is [
2HTH LT

L 0

] [
∆x
∆λ

]
= −

[
2HTR(x0) + LTλ0

Lx0 − c

]
. (4.18)

We can pre-multiply (4.18) on both sides with[
1
2H

−T 0np
0pn 1pp

]
where H ∈ Rn×n, L ∈ Rp×n, x ∈ Rn and c ∈ Rp, arriving at[

H 1
2H

−TLT

L 0

] [
∆x
∆λ

]
= −

[
R(x0) +

1
2H

−TLTλ0

Lx0 − c

]
. (4.19)

This (constrained) system is not identical to the previous Newton system (4.5), which is[
H LT

L 0

] [
∆x
∆λ

]
= −

[
R(x0) + LT λ0

Lx0 − c

]
(4.5)

even when H−T exists, unless all constraints are inactive and λ = 0. However, it appears that this only
a�ects the solution for λ and the systems can be made identical by rede�ning λ accordingly.

Line Searches

In a line search we minimise r2 along some given direction d, and write

x = x0 + γd

where γ is a new step-size parameter. Assuming the cost function r2 is de�ned as

R2 = RT ·R (4.20)

and we have
H = ∇R (4.21)

we, thus, now solve the minimisation problem

min
γ
r2(x0 + γd)

for d �xed, were
R2(x0 + γd) ≈ R2

0 + 2γRT
0 ·Hd+ γ2dT ·HTHd .

In general, neither the search direction d nor the step size γ need to be speci�ed, and this function could
be minimise with respect to both the (scalar) step size γ, and the search direction d, e.g.

min
γ,d

R2(x0 + γd)

subject to, for example, γ∥d∥ < ∆, where ∆ is the trust-radius. However, in line-search algorithm we
solve this minimisation problem with respect to γ alone.



92 CHAPTER 4. THE NON-LINEAR FE SYSTEM ITS SOLUTION

The slope at γ = 0 is
∂γR

2(x0)
∣∣
γ=0

= 2RT
0 ·Hd . (4.22)

And the minimum as a function of γ, for a given search direction d, is found where

RT
0 ·Hd+ γdT ·HTHd = 0

or at

γ = − RT
0 ·Hd

dT ·HTHd
(4.23)

= −RT
0 ·Hd

∥Hd∥2 (4.24)

For the search direction d to be a direction of descent, we require the slope to be negative and the
step size positive. From (4.22) and (4.24) we see that the slope is guaranteed to be negative and the step
size positive if, for example:

� we select the steepest descent direction with d = −R0 provided that additionally H is positive
de�nite,

� and for the Newton direction where d = −H−1R0.

There are many other options of selecting a search direction.
Eqs. (4.22) and (4.23) are general in the sense that they only depend on the linearised minimisation

problem itself, and are valid for any search direction d, and are also correct for constrained problems.
The only assumptions made are that Eq. (4.20) de�nes the function to be minimised, and that relation
(4.21) holds.

Cost function base on �rst-order optimality

The minimum of the cost function R2 := ∥R∥2 is likely to depend on the constraints and the slope in the
search direction will not always be equal to zero at the min.

Alternative cost function is

r2 = (2HTR+ LTλ)T · (2HTR+ LTλ) + (Lx− c)T · (Lx− c) (4.25)

which is the square of the right-hand side of the system[
2HTH LT

L 0

] [
∆x
∆λ

]
= −

[
2HTR(x0) + LTλ0

Lx0 − c

]
. (4.18)

To �rst order

r2(x+ γ∆x, λ+ γ∆λ) = r20 + 2γ(2HTR+ LTλ)T (2HTH∆x+ LT∆λ) + 2(Lx− c)Lγ∆x
= r20 − 2γ(2HTR+ LTλ)T (2HTR+ LTλ) + 2γ(Lx− c)T · (Lx− c)

= r20 − 2γr20

where the change in H with x has been ignored, i.e. H = H0. Ignoring the variation in H with respect
to x does introduce an error, and the estimate for the slope at γ = 0 is no longer exact. This error
is introduced here, because the cost function depends explicitly on H. This error is not, for example,
introduced in the estimate (4.22).

Line search in Newton direction

In a Newton line search we solve the minimisation problem

min
γ
r2(x+ γd)

with
r2 := RT ·R = (∇J)T · ∇J (4.26)
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and where d is the Newton step
Hd = −R0 . (4.27)

Proceeding as before (see page 90), we �nd

r2(x0 +∆x) = (R(x0 +∆x))T · (R(x0 +∆x))

≈ (R0 +∇R∆x)T · (R0 +∇R∆x)

= (R0 +H∆x)T · (R0 +H∆x)

= (R0 +H γd)T · (R0 +H γd)

= (R0 − γR0)
T · (R0 − γR0)

= (1− 2γ + γ2)RT
0 ·R0

= (1− 2γ + γ2) r2(x0) .

The minimum is evidently found at γ = 1, and the slope of r2 at γ = 0 is equal to −2r20. Note that the
minimum value of this quadratic approximation is always, by construction, r2 = 0 at γ = 1. This holds
when Hd = −R0, and will also hold for the solution of the KKT system in the more general constrained
case, provided we then use the solution of the KKT system as the (feasible) search direction.

We could also have inserted Hd = −R0 into Eqs. (4.22) and (4.23) and arrived at the same answer.

Line search in the M modi�ed steepest-descent direction

For the M -modi�ed negative steepest-decent direction, we solve

Ms = −R ,

where M is the mass matrix. The direction is therefore

s = −M−1∇J = −M−1R .

As before we minimise
min
γ
r2(x+ γs)

and the cost function is again the square of the residuals, i.e.

r2 := RT ·R = (∇J)T · ∇J ,
but now d = s where s is the M-step

Ms = −R0

Proceeding as before (see page 90), but now taking the step ∆x = γs from x0 the variation in r2 is to
�rst order in ∆x

r2(x0 +∆x) = (R(x0 +∆x))T · (R(x0 +∆x))

≈ (R0 +∇R∆x)T · (R0 +∇R∆x)

= (R0 +H∆x)T · (R0 +H∆x)

= (R0 +H γs)T · (R0 +H γs)

= RT
0 ·RT

0 − γ(sT ·HTR0 +RT
0 ·Hs) + γ2sT ·HTHs

= r20 − 2γRT
0 ·Hs+ γ2sT ·HTHs

or
r2(x0 + γs) ≈ r2(x0) + sT ·Bs

where
B := γ2HTH − γ((HTR0)

T +HTR0)

The slope at γ = 0 is

∂γr
2
∣∣
γ=0

= −2RT
0 ·H s

= −RT
0 · (M−1HTR0) +RT

0HM−1R0

= −RT
0 · (M−1HT +HM−1)R0

= −2RT
0HM

−1 R0
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which is same as Eq. (4.22), and thus negative in the search direction s provided

HM−1 ≻ 0 ,

and the minimum along this search direction is at

−sT ·HTR−RT ·Hs+ 2γsTHTHs = 0

or at

γ =
RT ·H s

(Hs)T · (Hs)
.

which is same as Eq. (4.23).

Cauchy point: minimum in the direction of steepest descent

For the steepest-decent direction, we 'solve'

Id = −R ,

where I is the identity matrix. The search direction is therefore

d = −∇J = −R .

As before we minimise
min
γ
r2(x+ γd)

and the cost function is again the square of the residuals, i.e.

r2 := RT ·R = (∇J)T · ∇J ,

but now d = −R. We proceed as on page 90, and �nd that he slope at γ = 0 is

∂γr
2
∣∣
γ=0

= −RT
0 · (HT +H)R0

= −2RT
0HR0 if H = HT

and thus negative in the steepest descent direction provided

(HT +H) ≻ 0

and the minimum of the quadratic model along the steepest descent direction is

−RT ·HTR−RT ·HR+ 2γRTHTHR = 0

or at

γ =
RT · (HT +H)R

2 (HR)T · (HR)
.

Here γ > 0 provided (HT +H) ≻ 0.

4.8 Time stepping

Úa uses a simple automated time-stepping algorithm that is based on the number of non-linear iterations
per time step. The idea is to keep the time step small enough to stay in the second-order convergence
regime of the Newton method, while not making it so small that almost no iterations are needed. Usually
the time step is chosen so that the number of iteration is on average close to 3 to 5.
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Figure 4.5: Example of time stepping an number of non-linear uvh-iterations in a run. Initially the time
step is quite small or at 1 × 10−5 yr, and then increases to about 0.1 yr. This example was based on
a run including Pine Island and Thwaites glaciers, using automated mesh re�nement and unre�nement
around the grounding line.
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Chapter 5

Continuation Methods

For
dh

dt
= G(h(λ), λ)

consider the stability of the equilibrium point

0 = G(h(λ), λ)

for some given value λ. Perturbation by ∆h and Taylor expansion:

d(h+∆h)

dt
= G(h(λ) + ∆h, λ)

dh

dt
+

∆h

dt
= G(h) +Gh∆h+O((δh)2)

0 +
∆h

dt
= 0 +Gh∆h

that is
d∆h

dt
= Gh∆h (5.1)

and the solution is
∆h(t) = ∆h(t = t0) e

Gh(t−t0)

Generally, in a numerical context Eq. (5.1) can be expected to have the form

Aḣ = G(h) (5.2)

and the �xed-point problem is
0 = G(h0) (5.3)

Same argument as above then leads to

A δḣ = Ghδh (linearised system)

We look for solutions to
A δḣ = Ghδh (5.4)

on the form
δh(t) = xeµt

for which
δḣ(t) = µxeµt

and inserting into Eq. (5.4) gives
Aµxeµt = Ghxe

µt

resulting in the generalized eigenvalue problem

Ghx = µAx (5.5)

97
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and, hence, the stability of the �x-point h0, i.e. the solution to Eq. (5.3), depends of the eigenvalues, µ,
of the system (5.5).

Generally, when solving �nding thet steady-state solution, it is unlikely to be unstable. It certainly
will not be unstable if we solve the �x-point problem using a pseudo-time stepping approach. Therefore,
we are unlikely to encounter eigenvalues with a positive real part. More generally we expect to possibly
�nd a critical eigenvalue having a zero real part. If it is real (i.e. both real and imaginary parts are zero)
and the corresponding critial eigenvector is symmetric, the system encounters a turning point, and if it
is imaginary the system undergoes a Hopf bifurcation and starts to occelate periodically Salinger et al.
(2002).

In Úa the system (2.48) is solved using the NR method and both A and the Gh derivative therefore
available.

F (h, t) = ρ ∂th+∇xy · q − ρa = 0 , (2.48)

is solved implicitly with respect to ice thickness using NR, and FE formulation gives

Apq =< ρϕp, ϕq >

Gq =< ρa(h), ϕq > − < q,∇ϕq >

5.1 Simple analytical solutions involving mass-balance altitude
feedback

5.2 Weertman's solution for mass-balance elevation feedback on
ice caps

One of the �rst papers to consider the consequences of a feedback between surface mass balance and
surface elevation were the papers by Böðvarsson (1955) and Weertman (1961). Here we follow the
treatment given in Weertman (1961).

Assume an ice sheet with a constant accumulation a+ over the accumulation area, and a constant
ablation a− over the ablation area (how realistic is this?).

The ice sheet rests on a �at bed. The thickness is given by h(x) and the equilibrium altitude is hELA.
Where h > hELA the accumulation rate is a+ > 0, where h < hELA the rate is −a− < 0, where both a+

and a− are positive numbers. Although the mass balance is spatially constant over the accumulation and
the ablation area, the respective areas are not �xed. The mass balance is therefore a function of the ice
sheet geometry.

a(h(x)) =

{
a+ where h(x) > ELA

−a− where h(x) ≤ ELA

Note that both a+ and a− are positive numbers. The horizontal distance from the centre towards the
location x where the ice thickness is equal to ELA is denoted with R, that is by de�nition of the variable
R we have

h(R) = ELA .

Table 5.1: List of variables

symbol units
a(x) surface mass balance distribution (m/a)
a+ accumulation rate above the ELA (m/a)
a− ablation rate below the ELA (m/a)
b bedrock elevation (m)

ELA equilibrium line altitude (m)
h(x) ice thickness (m)
hELA ice thickness at x = R (m)
R horizontal distance from the centre of the ice sheet to where h = hELA (m)
s(x) surface elevation (m)
L (half) width of the ice sheet (m)
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Figure 5.1: The surface pro�le of an ice sheet as given by Eqs. (5.8) and (5.10), for a+ = 1m/yr,
a− = 1m/yr, c = 2m1/2 yr1/2. Everywhere where h > hELA the surface mass balance is equal to a given
positive number a+. For h ≤ hELA the surface mass balance is set to −a− < 0. Although the mass
balance is therefore spatially constant within the accumulation and the ablation areas, the mass balance
is nevertheless a function of the surface elevation.

Our objective is to calculate the steady-state geometry as a function of distance x, for a given the
accumulation (a+) and ablation (a−) and the equilibrium-line altitude (ELA). Symbols are listed in
Table 1.

The total length of the ice cap is L and in equilibrium the integrated surface mass balance must be
equal to zero, that is

a+R− a−(L−R) = 0 (5.6)

or
L = (1 + a+/a−)R . (5.7)

The vertically integrated mass-conservation equation is

∂th+ ∂xq = a ,

and we look for steady-state solutions where ∂th = 0. Integrating gives

q(x) =

∫ x

0

a(x) dx ,

where a(x) is the surface mass balance distribution. We write

q(x) = U(x)h(x) ,

where U = Bτm is the depth average velocity, τ is the driving stress,

τ = −ρgh dh/dx ,

with ρ the ice density, and g the gravitational acceleration. In the original paper Weertman sets m = 2
and we will use that value here (In 5.2.2 we repeat some of the calculations for a more general case).
Therefore

B(ρg)2h3(dh/dx)2 = −
∫ x

0

a(x′) dx′,

For x ≤ R we �nd
B(ρg)2h3(dh/dx)2 = −a+x,

which we can write as
B1/2ρgh3/2dh = −(a+x)1/2dx.
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Figure 5.2: (a) The change in surface pro�le with accumulation (a). The length and the thickness
decrease with increasing accumulation rate a+. (b) The ice thickness hELA of a steady-state ice sheet as a
function of horizontal distance R towards the equilibrium line (the dividing line between accumulation and
ablation.) Also plotted is ELA (as determined by the climate). Only for ELA = hELA is a steady-state
ice sheet under given climatic conditions possible.

Integrating
2

5
B1/2ρgh5/2 = − 2

3a
(a+x)3/2 +K

where K is an integration constant. Inserting x = 0 and writing H = h(x = 0) for the thickness at the
centre we arrive at

h5/2(x) = H5/2 − c

a+
(a+x)3/2 for 0 ≤ x ≤ R (5.8)

where

c =
5

3B1/2ρg
. (5.9)

Similar considerations for R ≤ x ≤ L lead to

h5/2(x) = h
5/2
ELA +

c

a−

(
(a+R− a−(x−R))3/2 − (a+R)3/2

)
for R ≤ x ≤ L (5.10)

where we determined the integration constant by setting x = R using h(R) = hELA.
Inserting x = L where h = 0 into Eq. (5.10) and using a+R − a−(L − R) = 0 (which is Eq. (5.6)

above), we obtain

0 = h
5/3
ELA − (c/a−)(a+R)5/3,

or

R =
1

a+
(a−/c)2/3h

5/3
ELA. (5.11)

We can now insert x = R where h = hELA into Eq. (5.8) using the above expression for R and we �nd
that

H = (1 + a−/a+)2/5hELA, (5.12)

A further expression for L in terms of the ELA, accumulation, and c is obtained by inserting (5.11) into
(5.7) giving

L =
1

a−
(1 + a−/a+)1/3(a−/c)2/3h

5/3
ELA. (5.13)

Summarising, we have found the following steady-state solution:

h(x) =

{
((1 + a−/a+)h

5/2
ELA − c

a+ (a
+x)3/2)2/5, for 0 ≤ x ≤ R

h
5/2
ELA + c

a−

(
(a+R− a−(x−R))3/2 − (a+R)3/2

)
, for R ≤ x ≤ L

(5.14)

where R and L are given by Eqs. (5.11) and (5.13), respectively, and c by Eq. (5.9).
Ice sheet pro�les for two di�erent values of a+ are shown in Fig. 5.2a. Values of all other variables are

the same for both curves. Both pro�les re�ect steady-state conditions. Note that an increase in mean
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Figure 5.3: Ice thickness at summit (H = h(x = 0)) from Eq. (5.12), and the length (L) from Eq. (5.7) as
functions of surface accumulation, a+, above the equilibrium line altitude (ELA). Here ELA = 2000m,
a− = 1m/yr, and c = 2m1/2 yr1/2. As a+ → 0 the ice sheet becomes in�nitely thick and in�nitely wide.

accumulation is compensated by a reduction in accumulation area, i.e. R becomes smaller with increasing
a, leading to an overall decrease in length.

One of the rather surprising aspects of the solution is that both L and H decrease with increasing
accumulation rate a+, and raising hELA increases the thickness H and the length L. This aspect of the
solution is depicted in Fig. 5.3, showing H and L as functions of a+. As a+ → +0 the ice sheet becomes
in�nitely thick and in�nitely wide.

5.2.1 Stability of the Weertman solution

Above we have determined the ice thickness distribution, h(x) for a given ELA. We can also consider the
dimensions of an ice sheet, e.g. R, as given, and then calculate the thickness of the ice sheet at x = R.
We denote this ice-dynamical value for ELA with hELA, while the climatological equilibrium line altitude
is as before ELA, i.e. we de�ne

hELA := h(x = R) for given R, c, a+, a+

The ice sheet can only be in a steady state for a given R provided hELA = ELA. We �nd hELA by
inverting Eq. (5.11) and expressing hELA as a function of R for a given c, a+, a− as

hELA = (a+R)3/5(c/a−)2/5 . (5.15)

We can think of hELA as the ELA that the ice sheet requires for a given R, c, a+ and a− for it to be in
a steady state.

Fig. 5.2b shows hELA as a function of R as given by Eq. (5.11). In Fig. (5.2b we assume that the
climatological ELA, as a function of R, is given by the straight line. In that case there are two possible
steady states. Consider the solution to the right. If we perturb the size of the ice sheet around that
solution by increasing R, then hELA < ELA, and the actual ELA is now higher than required for steady-
state, and the ice sheet will shrink. This solution is therefore stable. The solution on the left is unstable.
An ice sheet with a radius slightly larger than the solution to the left, will grow towards the solution to
the right. Note that if hELA does not vary with R (horizontal line) there is only one solution possible
and that solution is unstable. In that case there are only two possible solutions. Either the world is ice
free, or the earth surface is covered with an in�nitely thick ice sheet.

5.2.2 Weertman analysis for shear-deforming ice sheet with no sliding at the
base

Weertman did his analysis for a `sliding' ice sheet. His analysis can easily be redone for the, arguably a
bit more realistic, case where the motion is due to ice deformation.
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For an ice sheet where all the forward motion is due to ice deformation (as opposed to basal sliding)
the ice vertically integrated ice �ux is

q(x) = Bhn+2|dh/dx|n ,

where

B =
2A

n+ 2
(ρg)n .

Here A and n are parameters in the ice-�ow law, and h is the ice thickness. It is assumed that the ice
sheets rests on a �at bed (b = 0). The ice centre ice thickness, at x = 0 is H, the total length is L, and
at the distance x = R the ice thickness is equal to the height of the equilibrium line, that is

h(x = 0) = H ,

h(x = R) = hELA ,

h(x = L) = 0 .

Further, following Weertman we assume constant accumulation a+ in the accumulation area where h >
hELA, and a constant ablation a− in the ablation area where h ≤ hELA. The horizontal distance from
the centre of the ice sheet towards the equilibrium line is R and the total length of the ice sheet is L.
Overall mass conservation implies at

a+R− a−(L−R) = 0

or that
L = (1 + a+/a−)R. (5.16)

For 0 ≤ x ≤ R the vertically integrated �ux is

q(x) = a+x .

In steady-state the ice �ux must at each location exactly balance the upstream integrated surface mass
balance, giving the condition

B1/nh(n+2)/n dh/dx = −(a+x)1/n

where we introduce the minus sign because we expect that dh/dx < 0 for x > 0.
Separating variables and integrating on both sides

B1/n

∫ h

H

(h′)(n+2)/n dh′ = −
∫ x

0

(a+x′)1/n dx′

gives
nB1/n

2(n+ 1)

(
h2(n+1)/n −H2(n+1)/n

)
= − n

a+(n+ 1)
(a+x)(n+1)/n

or

h2(n+1)/n = H2(n+1)/n − 2

a+B1/n
(a+x)(n+1)/n , (5.17)

valid for 0 ≤ x ≤ R. We know that at x = R, h(x = R) = hELA so we also have

h
2(n+1)/n
ELA = H2(n+1)/n − 2

a+B1/n
(a+R)(n+1)/n . (5.18)

Now considering the region R ≤ x ≤ L for which

q(x) = a+R− a−(x−R) ,

and using the expression for vertically integrated �ux

q(x) = Bhn+2|dh/dx|n ,

balance between vertically integrated ice �ux and total upstream surface accumulation/ablation implies

B1/nhn+2dh/dx = −(a+R− a−(x−R))1/n .
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Again, separating variables and integrating gives

B1/n

∫ h

hELA

(h′)(n+2)/n dh′ = −
∫ x

R

(
a+R− a−(x′ −R)

)1/n
dx′

or

h2(n+1)/n = h
2(n+1)/n
ELA − 2

a−B1/n

(
(a+R)(n+1)/n − (a+R− a−(x−R))(n+1)/n

)
(5.19)

Inserting x = L where h = 0 into the above expression

h
2(n+1)/n
ELA =

2

a−B1/n

(
(a+R)(n+1)/n − (a+R− a−(L−R))(n+1)/n

)
and using

a+R− a−(L−R) = 0 ,

which follows from mass-balance considerations, gives

h
2(n+1)/n
ELA =

2(a+R)(n+1)/n

a−B1/n
(5.20)

or

R =
1

a+
B1/(n+1)

(
a−/2

) n
n+1 h2ELA , (5.21)

We write Eq. (5.20) as

h
2(n+1)/n
ELA =

a+

a−
2(a+R)(n+1)/n

a+B1/n
,

insert into (5.18), and arrive at
H = (1 + a−/a+)n/(2n+2) hELA, (5.22)

giving us the centre ice thickness in terms of the mass balance and the ELA. Together, equations (5.16),
(5.21) and (5.22) give us the length, L, the horizontal distance from the centre were the ice thickness
is equal to the ELA, and the centre thickness, H, of the ice cap. The thickness, H, at the centre only
depends on the stress exponent n and not on B. We see that for a given ELA, the ice thickness and
the length decrease with increasing surface accumulation in the accumulation area (a+). Analysing the
above solutions shows that they exhibit the same type of instability as discussed in Weertman (1961).

5.3 Vialov solution

We will now derive a solution for the pro�le of an ice cap where hte mass balance is constant across the
surface, and where the total length, l, of the ice cap is �xed, i.e. not allowed to evolve. This same solution
is found and derived in various other branches of earth sciences and is, for example, used in similar form
in studies of ground water �ow. The solution is often referred to as the Vialov solution.

In contrast to the Weertman solution shown above, the surface mass balance is now some constant,
a, that does note vary with distance and is not a function of surface elevation. The ice cap has the
total prescribed width 2l is situated on a �at bed (b = 0). The ice cap is symmetrical around x = 0,
and extends from −l to l. The width of the ice sheet is �xed. The accumulation rate a > 0 is constant
everywhere, and the ice �ux is

q(x) = Bhn+2|∂h/∂x|n−1∂xh,

where B and n are some rheological parameters, and h is the ice thickness.
It is possibly somewhat surprising that it is possible to �nd a solution for an ice cap of �xed length

where the surface mass balance is always positive. Clearly the total integrated surface mass balance is
here 2al > 0 and it is, at �rst, unclear how one can �nd a steady state solution for an ice cap without
an ablation area. Putting these reservation to the side we continue and attempt to �nd a steady-state
solution as follows.

Steady state implies ∂xq = a and therefore for x ≥ 0 and a constant

q(x) = ax

where we have used that q(0) = 0 because of symmetry around x = 0. Therefore,

q(x) = ax = Bhn+2(x)

∣∣∣∣dh(x)dx

∣∣∣∣n
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Figure 5.4: The Vialov solution, as given by Eq. (5.24), for l = 1000 km, n = 3, B = 0.01m−n a−1, and
a = 0.5ma−1.

for x ≥ 0. Separation of variables

ax = Bhn+2h(x) |dh/dx|n−1 dh/dx

or
(ax)1/n dx = −B1/n h(n+2)/n dh

where we have assumed that dh/dx < 0 for x > 0.
Integrating on both sides with respect to x and h gives

h2(1+n)/n = −2 (a/B)1/nx(n+1)/n +K ,

And the integration constant is then determined by the boundary conditions h(l) = 0 and this gives the
solution for the ice thickness distribution as

h2(1+n)/n = 2(a/B)1/n
(
l(n+1)/n − |x|(n+1)/n

)
, (5.23)

or

h(x) = h0

(
1− |x/l|(n+1)/n

)n/(2+2n)

. (5.24)

where
h0 = h(x = 0) = 2n/(2+2n)(a/B)1/(2+2n) l1/2 (5.25)

the the surface elevation at centre where x = 0.
Note that for n = 3, we have h0 = Ka1/8, and B has the units distance−n time−1.
The Vialov solution is obtained for a �xed ice cap length l and the surface accumulation a is constant,

and positive across the whole length of the ice cap. The ice cap length can, hence, not grow or shrink in
response to changes in accumulation.

5.3.1 Note on the stability of the Vialov solution

Similarly as done for the Weertman solution above, we can now imagine a situation where the accumu-
lation depends on some aspects of the ice sheet geometry. For example as

a = aG + γh0 (5.26)

where aG = a(h = 0) is the mass balance and the ground level, and

γ =
da

dh

is the mass-balance gradient. The (spatially constant) surface mass balance is now dependent on the
surface elevation at the summit. While this is arguably a somewhat contrived and physically unrealistic
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Figure 5.5: The Vialov solution for l = 1000 km, n = 3, B = 0.01m−3 a−1, aG = −0.1ma−1, and
da/dh = da/dT × dT/dh = 0.04× 0.005 = 2× 10−4 yr−1.

speci�cation for the mass balance, now the possible solutions are now obtained for those surface mass
balance values, a, where the summit height, as given by Eq. (5.26),

h0 = (a− aG)/γ

equals h0 as given by the Vialov solution, Eq. (5.25). In Fig. 5.5 these are the two intersections between
the blue (Vialov solution) and the red curve. Of those two solutions one of is stable (the one to the right)
and the other unstable (the one to the left).

The blue curve in Fig. 5.5, represents the summit height, h0, as a function of the (spatially constant)
accumulation, a. As the �gure shows, h0 is initially a sharply increasing function of the surface mass
balance, a. In the limiting case n→ +∞ we have

lim
n→+∞

h0
√
2l

and the ice thickness becomes independent of the accumulation rate (dashed blue line in Fig. 5.5). In
this limit, i.e. n→ +∞ no unstable solution is therefore found. And, as Fig. 5.5 suggests, for n = 3 the
unstable solution is found for rather small accumulation rate values.

The stability of the Vialov solution is quite di�erent from that of the more general Weertman solu-
tion. For spatially constant accumulation rate, a stable Vialov pro�le is always possible but not for the
Weertman solution. The key di�erence is that for the Vialov solution the surface accumulation can have
any given (positive) value for any �xed length l. All the accumulated surface mass balance will always
be lost through an equally large ice �ux at the terminus. Note that the surface mass balance used in
deriving the Vialov solution was assumed independent of elevation, spatially constant, and the surface
mass balance gradient is zero. It could therefore be argued that the Vialov solution is not well suited for
studying feedbacks between surface elevation and mass balance.

5.4 Simple example of unstable mass-balance feedback

For example for the mass-conservation equation

ρ∂th = ρa−∇ · (ρq)

for system with the mass-altitude feedback

a = λh(x) + γ

and ρ spatially constant, we have
∂th = λh(x, t) + γ −∇ · q

hence
G(h(λ), λ) = λh+ γ −∇ · q
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Considering SIA in 1D with all motion due to basal sliding and using Weertman sliding law, where

q = −Dhm+1|∂xs|m−1 ∂xs

where D is related to the typically C used when writing Weertman sliding law as

D = (ρg)mC

results in
G(h(λ), λ) = λh+ γ +D∂x(h

m+1|∂xh|m−1) ∂xh

assuming �at bed. At the equilibrium point, where ∂th = G(h, λ) = 0, we must have

0 = λh+ γ +D∂x(h
m+2(∂xh)

m)

Solving this is presumably only possibly numerically, but if we for the moment consider the case for which
λ = 0, we have

γ = −D∂x(hm+1|∂xh|m−1) ∂xh

This can easily be solved, by �rst integrating both sides with respect to x,

γx = −Dhm+1(∂xh)
m

Where we have set q(x = 0) = 0. Rearranging and separating variables with ∂xh < 0∫
(γx)1/m dx = D

∫
h(m+1)/m dh

We set h(x = l) = 0 implying that

(γx)
m+1
m =

m+ 1

m+ 2
Dh

2m+1
m + (γl)

m+1
m

or

h(x) = h0

(
1− |x/l|m+1

m

) m
2m+1

where

h0 = h(x = 0) =

(
m+ 1

m+ 2
D

)− m
2m+1

(γl)
m+1
2m+1 .

If we, on the other hand, assume all motion due to internal deformation where

q(x) = Bhn+2|dh/dx|n ,

with

B =
2A

n+ 1
(ρg)n .

and were A and n are parameters in the ice-�ow law, same arguments lead to

h(x) = h0

(
1− |x/l|(n+1)/n

)n/(2+2n)

. (5.27)

where
h0 = h(x = 0) = 2n/(2+2n)(a/B)1/(2+2n) l1/2

5.5 Numerical approach

Considering the more general equilibrium SIA problem,

ds

dt
= G(h(λ), λ)

= ρ(λ(s−B) + γ)−D∂x
(
ρ(s−B)n+2|∂xs|n−1 ∂xs

)
= 0
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which follows from Eq. (1.46), and where

D =
2A

n+ 2
(ρg)n .

FE formulation

< F, ϕp > = 0

< ρ(λh+ γ)−D∂x
(
ρhn+2|∂xs|n−1 ∂xs

)
, ϕp > = 0

< ρ(λ(s+B) + γ), ϕp > + < Dρ(s+B)n+2|∂xs|n−1 ∂xs, ∂xϕp > = 0

< ρ(λB + γ), ϕp > + < ρ(λϕq + γ), ϕp > sq+ < Dρ(s+B)n+2|∂xs|n−1 ∂xϕq, ∂xϕp > sq = 0

< ρλϕq, ϕp > sq+ < Dρ(s+B)n+2|∂xs|n−1 ∂xϕq, ∂xϕp > sq = − < ρ(λB + γ), ϕp >(
< ρλϕq, ϕp > + < Dρ(s+B)n+2|∂xs|n−1 ∂xϕq, ∂xϕp >

)
sq = − < ρ(λB + γ), ϕp >

where we have used partial integration of the second-order term (free-�ux boundary condition) and
Piccard formulation.

< ρḣ, ϕp > =< ρλh−∇ · (ρv), ϕp >
< ρϕq, ϕp > ḣq =< ρλh−∇ · (ρv), ϕp >

and hence

A =< ρϕq, ϕp >

G =< ρλh−∇ · (ρv), ϕp >
Gh =< ρλϕq, ϕp >

And (5.5) reads
λρ < ϕq, ϕp > Λ = ρλ < ρϕq, ϕp > Λ

or
σ = λ

and the system is unstable for λ > 0.
Saddle-Node Bifurcation: Consider

ḣ = α(h− h∗)2 − λ .

For λ > 0 we have two steady state solutions

h0 = ±
√
λ/α+ h∗ .

Linearisation of the continuous problem around the steady-state solutions results in

∂tδh = 2α(h0 − h∗)δh
= ±2α

√
λ/α δh

so one solution is stable and the other one unstable. The saddle-node (fold) bifurcation happens at λ = 0.
Pitchfork Bifurcation:
Consider

ḣ = (h− h∗)3 − λ(h− h∗) .
The three solutions to ḣ = 0 are:

h0 = h∗

h0 = ±
√
λ+ h∗
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Linearisation of the continuous problem around the steady-state solutions results in

∂tδh = (3(h0 − h∗)2 − λ)δh

=


2λ δh

−λ δh
2λ δh

So for λ > 0, the h = h∗ solution is stable and the other two both unstable.

5.5.1 Euler-Newton Continuation

For a known solution
G(h0(λ0), λ0) = 0

we search for another nearby solution for λ = λ1 where λ1 is in some way close to λ0.
Solve for the slope hλ := ∂λh

∂F

∂h

∂h

∂λ
+
∂F

∂λ
= 0

A forward Euler predictor step gives

h01 = h0 + hλ(λ1 − λ0)

where h01 is now our initial guess for h1, and then we solve the Newton-Raphson system

Gh∆h
i = −G(hi1, λ)

where
∆hi = hi+1

1 − hi1
This fails if the Jakobian Gh := ∂hF becomes singular.

5.5.2 Pseudo-Arclength Continuation

Parameterise the solution as a function of the arc-length, s

G(h(s), λ(s)) = 0 (5.28)

Again taking the total derivative
∂F

∂h

∂h

∂s
+
∂F

∂λ

∂λ

∂s
= 0 (5.29)

we solve for the slopes

hs =
∂h

∂s

λs =
∂λ

∂s

where we now need some additional second equation. This is provided by the arclength condition

∥hs∥2 + |λs|2 = 1 (5.30)

We require the projection of vector representing the change in the solution

(h(s)− h(s0), λ(s)− λ(s0))

onto the tangent (the direction vector) to the solution branch in h , λ space

(hs, λs) (the direction vector)

to be equal to s− s0, that is

N := (hs, λs) · (h(s)− h(s0), λ(s)− λ(s0))− (s− s0) = 0 (5.31)
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Eq. (5.31) is a linearisation of the arc-length equation (5.30).
The Newton-Raphson system of Eqs. (5.28) and (5.31) is now(

Gh Gλ

Nh Nλ

)(
∆hi

∆λi

)
= −

(
F (hi1, λ

i
1)

N(hi1, λ
i
1)

)
(5.32)

or in discretized form and using (5.31)(
Gh Gλ

hT
s λs

)(
∆hi

∆λi

)
= −

(
G(hi

1, λ
i
1)

(hi
1 − h0) · hs + (λi1 − λ0)λs − (s− s0)

)
with

∆hi = hi+1
1 − hi

1

∆λi = λi+1
1 − λi1

and
∥∥∆hi

∥∥ and ∆λ0 both going to zero with i increasing. This system can be solved even when Gh is
singular. See further in, for example, Chan and Keller (1982); Rheinboldt (1988); Cli�e et al. (2000).

As stated above, the direction vector, (hs, λs), must satisfy Eq. (5.29) and (5.30), i.e.

Ghhs +Gλλs = 0 (5.33)

∥hs∥2 + |λs|2 = ds2 (5.34)

As shown in Rheinboldt (1988), if Gh is non-singular we can �rst solve

Ghϕ = −Gλ

then set
hs = aϕ and λs = a

where a is some scalar, inserting back into Eq. (5.33) we �nd

aGhϕ+Gλa = −aGλ +Gλa = 0

showing that this is a solution to Eq. (5.33). Inserting into Eq. (5.34) gives

a2 ∥ϕ∥2 + a2 = 1 ,

or

a = ± 1√
1 + ∥ϕ∥2

.

We select the sign by assuring that the angle between the new and the old direction vectors is less than
π/2, i.e.

(h1
s, λ

1
s) · (h0

s, λ
0
s) > 0 .

As suggested by Doedel (2013), the direction vector, (hs, λs), can also be calculated as(
Gh Gλ

h0s λ0s

)(
hs

λs

)
=

(
0
1

)
(5.35)

which is (5.29) and (5.30) approximated, and then resale the direction vector afterwards. The �rst Newton
iterate is (h0, λ0) + γ(hs, λs) where γ is some scalar.

Pseudo-Arclength Continuation: Alternative notation

By lumping h ∈ Rn and λ ∈ R into one variable, the notation can be simpli�ed, see for example Kuznetsov
(1998).

Find y ∈ Rn+1 subject to
F (y) = 0 , Rn+1 → Rn

We assume we already have a solution
F (y0) = 0
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and a vector z0 in the null space of Gy where

Guz0 = 0 .

Clearly such a vector must exist as F is at most of rank n.
We then �nd a new predicted solution

yp1 = y0 +∆sz0

and then correct this predictor step using the Newton iteration

Gy(yk+1 − yk) = −F (yk) (5.36)

zTk · (yk+1 − yp1) = 0 (5.37)

and once converged, �nd the new tangent by solving(
Gy

zTk

)(
zk+1

)
=

(
0
1

)
(5.38)

Here Eq. (5.38) is same as Eq. (5.35), and (5.36) almost the same as (5.32). In (5.37) constraint is used

< z0, yk+1 − yp1 >=< zTk , yk+1 − y0 > +∆s

var her



Chapter 6

Inverse modelling

We denote the control and the state variables by p and q, respectively. The 'state variable' (q) is any
variable calculated by the model, such as velocity, rates of elevation change, etc. The 'control' variable
(p) is any model input variable required by the model to calculate the state variables (e.g. A and C, B,
etc.).

We write the forward model as
F (q(p), p) = 0,

where p are model parameters and q the state variable.
A 'forward calculation' consists in �nding a solution q to the above equation for some parameters p.

Roughly speaking, an 'inverse problem' is the opposite problem of �nding p given q. Inverse problems
encountered in geophysics typically have at least vigintillion1 and one possible solutions. However, some
of those might be more likely than others. Selecting the more likely one out of the vigintillion and one
possible ones is commonly done by introducing some constraints on p.

We consider the problem of minimising an objective function J with respect to p. Typically the
objective function J can be thought of as a sum of two terms

J(q(p), p) = I(q(p)) +R(p),

where I is a mis�t term and R a regularisation term.
When inverting for the (distributed) model parameter p we refer to it as as the control variable to

distinguish it from any other model parameters.

6.1 Preliminaries

Assume we want to solve the minimisation problem

min
p∈P,q∈U

J(q(p), p)

subject to forward model
F (q(p), p) = 0 .

The objective function is
J : U × P → R ,

and the forward model, i.e. the state equation

F : U × P →W ,

the model control parameter space P (also referred to as control space), the state space U and the image
space W are Banach spaces. We want to determine the sensitivity of cost function J with respect to the
(distributed) control parameter p, i.e. we would like to calculate the directional derivative

DJ(p)[ϕ] = ⟨∇pJ |ϕ⟩ ,

as well as determine the gradient ∇pJ , for a given inner product.

11 Vigintillion = 1063.
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Table 6.1: Notation used in inverse modelling (I)

F (q(p), p) = 0 state equation
q = f(p) forward model

p model parameters, control variable (design variable), e.g. A, B, C
q state variable, e.g. u, v, ∂th

pprior and p̃ a priori estimates of model parameters
qmeas and q̂ estimates of the state variable (measurements)
J = I +R objective function

R regularisation term
I mis�t term

L = I +R+ ⟨λ | F (q(p), p)⟩ Lagrangian or the 'extended' objective function.
K covariance matrix

A =
∫
dA domain area

If
F (q(p), p) = 0 , (6.1)

for the parameter values p, then the total derivative of F with respect to p is also zero, that is

dpF = ∂pF + ∂qF ∂pq = 0 . (6.2)

Similarly, the total second derivative of the forward model with respect to p must also be zero, i.e.

0 =
d2F

dp dp
=

∂2F

∂p ∂p
+

∂2F

∂p ∂q

∂q

∂p
+

∂2F

∂q ∂q

∂q

∂p

∂q

∂p
+
∂F

∂q

d2q

∂p ∂p
(6.3)

When minimising the cost function J(q(p), q) with respect to the parameters p we would like to have
as much information about how J varies with respect to p as possible. Large scale optimisation is almost
impossible unless we know the derivative dJ/dp, and ideally we would also like to calculate the Hessian,
or at least be able to construct some approximation to the Hessian.

The total derivative of the cost function J with respect to the model parameters p is

dpJ =
∂J

∂p
+
∂J

∂q

∂q

∂p
, (6.4)

and the Hessian is

H :=
d2J

dp dp
(6.5)

=
d

dp

(
∂J(q(p), p)

∂p
+
∂J(q(p), p)

∂q

∂q

∂p

)
=

∂2J

∂p ∂q

∂q

∂p
+

∂2J

∂p ∂p
+

d

dp

(
∂J

∂q

∂q

∂p

)
=

∂2J

∂p ∂q

∂q

∂p
+

∂2J

∂p ∂p
+

d

dp

(
∂J

∂q

)
∂q

∂p
+
∂J

∂q

d

dp

(
∂q

∂p

)
=

∂2J

∂p ∂q

∂q

∂p
+

∂2J

∂p ∂p
+

(
∂2J

∂p ∂q
+

∂2J

∂q ∂q

∂q

∂p

)
∂q

∂p
+
∂J

∂q

∂2q

∂p ∂p

=
∂2J

∂p ∂q

∂q

∂p
+

∂2J

∂p ∂p
+

∂2J

∂p ∂q

∂q

∂p
+

∂2J

∂q ∂q

∂q

∂p

∂q

∂p
+
∂J

∂q

∂2q

∂p ∂p

that is

H =
∂2J

∂p ∂q

∂q

∂p
+

∂2J

∂p ∂p
+

∂2J

∂p ∂q

∂q

∂p
+

∂2J

∂q ∂q

∂q

∂p

∂q

∂p
+
∂J

∂q

∂2q

∂p ∂p
(6.6)

The question is if, and how, we can calculate these quantities e�ciently.
Some of the quantities appearing in the derivative of the costs function J , i.e. Eq. (6.3) and the Hessian

H, i.e. Eq. (6.6) are easier to calculate than others. For example all partial derivatives of J should be
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easy to calculate as the function J is known and will often be some relatively simple expression. But
calculating

∂q

∂p
,

needed if the derivative is calculated using Eq. (6.2), and

∂2q

∂p ∂p
,

needed if the Hessian is calculated using Eq. (6.6) is computationally expensive. However, it turns out that
there are ways of calculating the gradient and the Hessian without having to estimate these quantities.

6.1.1 Calculating the gradient and the Hessian of the cost function J

As described above, an inverse problem can be expressed as a constrained minimisation problem. Ideally,
when minimising a scalar function J(q(p), p) with respect to p, we would like to know the gradient and
the Hessian of J . There are various ways of calculating the gradient and the Hessian

Direct approach (sensitivity approach)

Directly determining the derivatives of the cost function

J = J(q(p), p)

leads to

dpJ =
∂J

∂p
+
∂J

∂q

∂q

∂p
(6.4)

This requires calculating the sensitivity matrix ∂pq. From (6.2) we see that we can determine the sensi-
tivities

ξ :=
∂q

∂p
(6.7)

by solving the system
∂F

∂q
ξ = −∂F

∂p
(6.8)

We can then insert ξ into Eq. (6.4) and calculate the total derivative of the cost function J as

dpJ =
∂J

∂p
+
∂J

∂q
ξ . (6.9)

Once discretised, the sensitivities ξ = ∂pq is a matrix with nq × np entries, and ∂qF is a matrix with
nq × nq entries, and ∂pF a matrix with nq × np entries. Calculating ξ therefore requires repeated solves
for np right-hand sides for each sensitivity vector, i.e. for each column of ξ.

First-order adjoint

In the adjoint method we add the forward model to the functional J giving us the augmented �rst-order
cost function

L1(q(p), p, λ) = J(q(p), p) + λ∗F (q(p), q) (6.10)

We �nd

dpL1 =
∂J

∂p
+
∂J

∂q

∂q

∂p
+ λ∗∂pF + ∂qF ∂pq (6.11)

which we could also have written down directly by simply adding up Eq. (6.4) and (6.2). Rearranging
leads to

dpL1 =
∂J

∂p
+ λ∗∂pJ + ∂qJ ∂pq + λ∗∂qF ∂pq

= ∂pJ + λ∗∂pJ + ∂qJ ξ + (∂qF )
∗λ ξ

= ∂pJ + λ∗∂pJ + (∂qJ + (∂qF )
∗λ)ξ (6.12)
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Note that the value of λ is, as of yet, undetermined, as the term λ∗F (q(p), q) is always zero, irrespective
of the value of λ, since F (q(p), p, ) = 0. The key trick is now to set

∂qJ + (∂qF )
∗λ = 0 , (6.13)

by solving for λ. Now the second term in (6.12) is zero, and �nd that now the derivative can be calculated
without needing to know ξ as

dpJ = ∂pJ + λ∗∂pJ , (6.14)

which only requires one solve.
For notational simplicity the formulation above was provided for the discrete version of the problem

where F can be thought of as a matrix equation. When F is a di�erential operator we must write

L1(q(p), p, λ) = J(q(p), p) + ⟨λ|F (q(p), q)⟩ , (6.15)

and we determine the directional derivative of J with respect to p in some direction ϕ, with the gradient
de�ned in terms of the directional derivative for a given inner product using Eq. (8), i.e. as

dpJ(p)[ϕ] = ⟨∇pJ |ϕ⟩ . (6.16)

The details are provided below.

6.1.2 Calculating the Hessian of the cost function J

Direct-Direct

The most straightforward approach to calculate the Hessian is by using Eq. (6.6). This involve determining

∂q

∂p
,

which, as we have discussed above, can be done using Eq. (6.2), but requires np solves, and then determine

∂2q

∂p ∂p
,

which can be done using Eq. (6.3), but requires on the order of np × np solves, although the symmetry
of the matrix above, reduces the number of solves to (np + 1)np/2. The total e�ort of the direct-direct
approach is therefore np + np (np + 1)/2 solves.

Adjoint-Adjoint

We can also calculate second-order derivatives of the cost function with respect to the model parameters,
p, using the adjoint method (e.g. Papadimitriou and Giannakoglou, 2008; Pacaud et al., 2022). The key
idea is to write the expression for the �rst-order derivative and again augment this expression with the
constraints provided by the state equation

F (q(p), p) = 0

and now, additionally, by the �rst-order adjoint equation

(∇qF )
∗λ+∇pJ = 0 .

The �rst-order Lagrangian function is

L1 = J(q(p), p) + λ∗F (q(p), p) .

Let
G = (∇qF )

∗λ+∇pJ ,

and de�ne
L2 = (∇pL1)

∗w + µ∗F (q(p), p) + ν∗G(q(p), p) ,
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where µ and ν are two additional Lagrange multipliers, and w is a vector. We here interested in the
Hessian action, i.e. in the product Hw where w is some vector. Taking derivatives of L2 and selecting µ
and ν in such a way that term involving ∇qλ and ∇pλ are eliminated results in

∂qF µ = −(∂pF )∗ w
(∂qF )

∗ν = −(∂2pqJ + ∂2pqF λ)w − (∂2qqJ + ∂2ppF λ)µ

Hw = (∂2ppJ + ∂2ppFλ)w + (∂2pqJ + ∂2pqF λ)µ+ (∂qF )
∗ν

This is the adjoint-adjoint approach for calculating the Hessian. Counting the number of solves in this
system we see that the adjoint-adjoint approach requires 1 + 2np solves.

Direct-Adjoint

For the direct-adjoint approach we add to the Hessian

H :=
d2J

dp dp
, (6.5)

the (zero) term
d2F

dp dp
= 0 (6.17)

creating

H =
d2J

dp dp
+Ψ

d2F

dp dp
, (6.18)

where Ψ is a new adjoint variable, which we are free to de�ne in any suitable way without a�ecting the
value of the Hessian H. We then insert

H =
∂2J

∂p ∂q

∂q

∂p
+

∂2J

∂p ∂p
+

∂2J

∂p ∂q

∂q

∂p
+

∂2J

∂q ∂q

∂q

∂p

∂q

∂p
+
∂J

∂q

∂2q

∂p ∂p
(6.6)

and
d2F

dp dp
=

∂2F

∂p ∂p
+

∂2F

∂p ∂q

∂q

∂p
+

∂2F

∂q ∂q

∂q

∂p

∂q

∂p
+
∂F

∂q

d2q

∂p ∂p
(6.3)

and in the resulting expression eliminate
∂2q

∂p ∂p
,

by setting (
∂F

∂q

)∗

Ψ = −∂J
∂q

. (6.19)

This is the same adjoint-system that we solve in the 1st-order adjoint method. However, we additionally
also do need to solve for the forward-model sensitivities, ξ,

∂F

∂q
ξ = −∂F

∂p
, (6.8)

which requires nq solves. It total we need nq + 1 solves, in addition to setting up the resulting system.
The adjoint-adjoint approach requires 2nq + 1 solves, and the direct-adjoint approach is therefore about
twice as e�cient in terms of number of matrix solves required.

In a bit more detail, if the discrete forward problem is:

F (q(p),p) = 0 (6.20)

Then the sensitivity problem is:
∂Fi

∂qj
ξjk = −∂Fi

∂pk
(6.21)

with the entries of the sensitivity matrix, ξ, de�ned as

ξjk :=
∂qj
∂pk

. (6.22)
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The adjoint system is: (
∂Fi

∂qj

)∗

Ψi = −
∂J

∂pi
(6.23)

And once these have been solved, the entries of the Hessian matrix are given by

Hij =
∂2J

∂pi ∂pj
+Ψn

∂2Fn

∂pi ∂pj
+

∂2J

∂qk ∂qm
ξki ξmj +Ψn

∂2Fn

∂qk ∂qm
ξki ξmj

+
∂2J

∂pi ∂qk
ξkj +Ψn

∂2Fn

∂pi ∂qk
ξkj +

∂2J

∂qk ∂pj
ξki +Ψn

∂2Fn

∂qk ∂pj
ξki

There is an option in Úa to use the Hessian, however currently only selected terms in the above expression
are evaluated. Papadimitriou and Giannakoglou (2008) provide an example of where omitting some of
the above terms does not lead to signi�cant deviations from the Hessian, based on comparison with
brute-force �nite di�erences estimate.

6.1.3 Brute force �nite di�erences

Calculating the gradient and the Hessian of J using a brute-force �nite di�erences is computationally
infeasible for any large scale minimisation problem. However, for validation purposes it is important to
be able to calculate selected elements of the gradient and the Hessian in this manner. The can be used
to check the correctness of the adjoint implementation.

Various forward di�erences approximation can be used. Currently implemented for the gradient
estimation are forward �rst order, forward second order, central second order, and central fourth order
�nite di�erences. For the Hessian one can use something like

Hii ≈
J(p+ εêi)− 2J(p)− J(p− εêi)

ε2

for the diagonal elements, and

Hij ≈
J(p+ εêi + εêj)− J(p+ εêi − εêj)− J(p− εêi + εêj) + J(p− εpi − εêj)

4 ε2

for the o�-diagonal elements. This requires a total of 2np + 4np(np − 1)/2 = 2n2p, which for large np is
generally not feasible.

If the adjoint calculation of the gradient

g = ∇J

is already veri�ed, the Hessian can, for example using centred di�erences, be approximated using

Hij ≈
gi(p+ ε êj)− gi(p− ε êj)

2ε

with i = 1 . . . np and for each i, j = i . . . np. The adjoint approach enables us to calculate all the elements
gi, for i = 1 . . . np, in one forward solve. Therefore we can determine each column of the Hessian matrix
in two solves, and the total Hessian in 2np solves. When solving the Newton system H∆p = −g, using
iterative methods such as the conjugate gradient methods (H is symmetric and positive de�nite), we
don't need to know the full Hessian but only the Hessian vector product (HVP), i.e. Hw where w is
some vector. Then we can, for example using forward di�erences, approximate

Hw ≈ ∇g(p+ εw)− g(p)

ε

for ε su�ciently small.

6.2 General inverse methodology

Bayesian framework provides a general methodology for inverse problems. The inverse problem we like
to solve if that of determining some model parameters, p, given some measurement data, d. Solving an
inverse problem is to determine the conditional distribution

P (p|q)
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that is, we want to determine the probability distribution for our model parameters, p, given our mea-
surement data, qmeas, which we can think of as an estimate of q, and where we have a forward model, f ,
providing a functional relationship between the model parameters and the data

q = f(p) .

More generally we can write the forward model as

q(x, t) = f(x, t0; p)

to stress the fact that the model output is a function of space, x, and variable with time, t. When running
a transient model we start the run at t = t0.

If our model is perfect, the measurements error free and we are using the perfectly correct values for
all the model parameters p, our model output will match the measurements perfectly. More realistically
our data will have some errors and we write

q̂ = q + ϵ

where q̂ are our measurements and q are the (unknown to us) error free data. Similarly, we may have
some prior estimates for the model parameters. We can think of these as measurements of p with some
associated errors and write

p̃ = p+ ϵ

where p̃ are our measurements (prior estimates) of the model parameters, and p are the corresponding
'true' values. Finally, the forward model might in inexact and we write

f̃ = f + ϵ

where f̃ is the forward model we are using, and f the perfectly correct (and unknown to us) forward
model.

Specifying the error structure of q̂ and p̃ can be either easy or di�cult depending on the situation.
Typically ϵ might be assumed to be a Gaussian process with some covariance, i.e. P (x) = N (x|x̃,Σ), and
this now introduces new covariance parameters.

We can think of the inverse model as a retrieval function R which gives us an estimate, p̂, for the model
parameters give our measurement data, prior estimates of the model parameters and our description of
all associated errors,

p̂ = R(f, q̂, p̃, µ)
Here µ are parameters of our error models. For example if we assume Gaussian normal distribution of
errors µ would be a vector with two elements, the elements being the mean and the variance.

The Bayesian theorem

P (p|q) = P (q|p)P (p)
P (q)

(6.24)

is a basic statement about conditional probabilities. Here it allows us to 'invert' the conditional probability
P (q|d) and write it in terms of P (d|p) which, given the relation q = f(p), can be done by solving the
forward model for a given p.

The Bayesian posterior
P (p|q)

is the prior
P (p)

multiplied by the the likelihood of the evidence

P (q|p)

and divided by the `commonness' of the evidence

P (q)

that is, the marginal likelihood, where

P (q) =

∫
p

P (q|p)P (p) dp .
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The marginal likelihood is a normalising factor in the Bayesian theorem Eq. (6.24) ensuring that
∫
p
P (p|q) dp =

1. (It can be argued that the term marginal likelihood is a misnomer in that it is not de�ned up to a
multiplicative constant as is the case for the likelihood P (p|q), and should more properly be referred to
as the marginal probability of the data.)

The essence of the Bayes approach is the update factor

P (q|p)
P (q)

.

This is our `update' of the prior. The prior today is the posterior from yesterday, and the posterior today
is the prior from yesterday multiplied by the likelihood of today's evidence, divided by the commonness
of that evidence. This update factor can be particularly large if, for example, the overall probability/oc-
currence of q, (i.e. P (q) ) is low, but in comparison the probability of obtaining the data q for a given
parameter value p (i.e. P (q|p)) is high.

Ideally we would like to determine the posterior distribution, P (x|y), but computational limitations
might force us to only calculate some of its aspect such as its maximum with respect to x, i.e. the
maximum a posteriori (MAP) estimate of x.

pMAP = argmax
p

P (p|q) .

If we are only interested in the general shape of P (p|q) as a function of p we do not need to estimate
the marginal likelihood, P (q), as it is not dependent of p. Our primary focus is then to determine the
likelihood, P (q|p), and the prior, P (p).

6.2.1 Example of Bayesian estimation

To clarify some of the concepts that follow we give a quick summary of Bayesian analysis of a linear
model f where

f(x) =

n∑
1

fqϕq(x) (6.25)

or for any location x = x⋆

f(x∗) = ϕ(x∗)
Tf

We would like to determine the n coe�cients fq from m available measurements yq taken at the
locations xq, q = 1 . . .m where

y = f(x) + ϵ

and
ϵ ∼ N (0, σ2)

hence, 
y1
y2
...
ym

 =


ϕ1(x1) ϕ2(x1) · · · ϕn(x1)
ϕ1(x2) ϕ2(x2) · · · ϕn(x2)

...
...

. . .
...

ϕ1(xm) ϕ2(xm) · · · ϕn(xm)



f1
f2
...
fn

+


ϵ
ϵ
...
ϵ


or

y = Φf + ϵ (6.26)

where y is the measurement vector. Our objective is to determine the vector f from our measurements
y given our forward model expressed by Eq. (6.26) and Φ ∈ Rm×n.

The Bayesian approach to this is to determine

P (f |y) = P (y|f)P (f)
P (y)

The data errors are assumed to be Gaussian white noise

E[ϵ(x)ϵ(x′)] = σ2δ(x− x′)

where E is the expectation operator i.e. ϵ ∼ N (0, σ2). The noise model or the likelihood is then

P (y|f) = N (Φf , σ2I)



6.2. GENERAL INVERSE METHODOLOGY 119

which we can see as follows

P (y|f) =
n∏

i=1

P (yi|f)

=

n∏
i=1

1√
2πσ

e−
(yi−[Φ]ijfj)

2

2σ2

=
1√
2πσ

e−
∥y−Φf∥2

2σ2

= N (Φf |σ2I)

We now need to specify the prior. There are many options available to us. Sometimes a prior is set
on the coe�cients f and these are then thought of as 'weights'. This approach is often used in linear
regression and then referred to as ridge regression. A more common approach in inverse methodology is
to set a prior on the function f(x) itself.

Prior on function coe�cients (ridge regression)

We put a zero mean Gaussian prior with the covariance matrix Kp on the expansion coe�cients f

f ∼ N (0,Ka)

and obtain for

P (f |y) ∝ e−
∥y−Φf∥2

2σ2 e−
1
2f

TK−1
a f

∝ e− 1
2 (f−f̄)T K̂(f−f̄)

where

f̂ = σ−2
(
σ−2ΦTΦ+K−1

a

)−1
ΦTy

K̂ =
(
σ−2ΦTΦ+K−1

a

)−1

for the posterior distribution where K̂ is the posterior covariance matrix.
We can generalise these expressions to include the case of a general covariance Kϵ̇ rather than Kϵ̇ =

σ21 as done above) for the data errors, and non zero mean value for f , i.e.

ϵ̇ ∼ N (0,Kϵ̇)

f ∼ N (fa,Ka)

and obtain2

f̂ = fa +
(
ΦTK−1

ϵ̇ Φ+K−1
a

)−1
ΦTK−1

ϵ̇ (y −Φfa)

= fa +KaΦ
T (ΦKaΦ+Kϵ̇)

−1
(y −Φfa)

K̂ =
(
ΦTK−1

ϵ̇ Φ+K−1
a

)−1

= Ka −KaΦ
T
(
ΦKaΦ

T +Kϵ

)−1
ΦKa .

Note that f , f̂ and fa are coe�cients or weights in the expansion for f(x) given by Eq. (6.25) and that
f(x) at a given location x = x∗ is given by

f(x∗) = ϕT
∗ fa + ϕT

∗ KaΦ
T (ΦKaΦ+Kϵ̇)

−1
(y −Φfa) ,

where
ϕ∗ := ϕ(x∗) .

2Also note that if fa = 0 and Ka → ∞ we get the usual least-squares estimate

f̂ =
(
ΦTΦ

)−1
ΦTy

K̂−1 = ΦTK−1
ϵ Φ .
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6.3 Sparse precision matrices

In Úa the likelihood is assumed to be on the form

P (q|p) = N (p|p̂,Σ) := (2π)−N/2|QI |1/2e−
1
2 (q̂−f(p))TQI (q̂−f(p)) , (6.27)

where q = f(p) and q̂ are measurements of q, and similarly for the prior

P (p) = N (p|p̃,Σ) := (2π)−N/2|QR|1/2e−
1
2 (p−p̃)TQR (p−p̃) , (6.28)

where the precision matricesQI andQR is de�ned as the inverse of the corresponding covariance matrices,
i.e.

Q = Σ−1 .

These are both Gaussian processes but with di�erent precision matrices.3

Typically the covariance is written as a sum of two terms, uncorrelated noise component and a spatially
correlated component. We might for example assume that the only contribution to the covariance of the
likelihood P (y|x) are the measurements errors, that is

cov(q̂ − f(p)) = cov(q − ϵ− q) = cov(ϵ)

This assumes that the model is perfect, i.e. cov(q − f(p)) = 0. If, on the other hand, the data is
perfect but the model is not, the resulting structural errors might be expected to be spatially correlated.
We now need to select a covariance function which is both �exible enough to describe this correlation
realistically, and at the same time results in a sparse precision matrix.

Currently in Úa , and as described in more detail in a following section, the precision matrices are
speci�ed as a sum of uncorrelated and correlated errors. For uncorrelated errors the precision matrix is

Q = ϵ−1Mϵ−1

where M is the mass matrix. The correlated error component is modelled using a Matérn covariance,
where the precision matrix is

Q = κ2M +D . (6.29)

Here D is the sti�ness matrix and κ2 a parameter that can be related to the correlation length. These
precision matrices are automatically sparse in the FE basis.

Furthermore, currently in Úa , and as is for in large-scale geophysical inverse problems, one does not
calculate the distribution

P (p|q) ∝ P (q|p)P (p)
Instead, by taking the negative log we arrive at

J = γ1(q̂ − f(p))Ql(̂− f(p)) + γ2(p− p̃)Qp(p− p̃)

and this cost function J is then minimised with respect to p using a gradient-based optimisation method
where the gradient is calculated in a computationally e�cient manner using the adjoint method. Here
QI is the precision matrix of the likely hood, and QR the precision matrix for the prior. The two terms
above are often referred to as the mis�t and the regularisation term, respectively. The MAP estimate is
then

pMAP = argmax
p

J(p)

More precisely

− logP (d|p) = N

2
log 2π +

1

2
log |QI |+

1

2
(q̂ − f(p))TQI (q̂ − f(p)) ,

3If we have two estimates of the same quantity each with their own PDF, then the joint PDF is simply the product

P (f) ∝ e−
1
2
fTK−1

1 f e−
1
2
fTK−1

2 f

= e−
1
2
fT (K−1

1 +K−1
2 )f

and therefore the joint covariance is

K1+2 =
(
K−1

1 +K−1
2

)−1

or in terms of precision matrices
Q1+2 = Q1 +Q2

so in this context we can simply add precision matrices.
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and

− logP (p) =
N

2
log 2π +

1

2
log |QR|+

1

2
(p̃− p)TQR (p̃− p) ,

or

− logP (p|d) = 1

2
(q̂ − f(p))TQI (q̂ − f(p))︸ ︷︷ ︸

I

+
1

2
(p̃− p)TQR (p̃− p)︸ ︷︷ ︸

R

+
1

2
log |QI |+

1

2
log |QR|+N log 2π

and the cost-function is de�ned as
J = I +R

The precision matrices will depend on a number of parameters and we refer to these as hyper parameters.
We lump all these hyper-parameters into a vector µ

Including the hyper-parameters, the posterior over the model parameters p is

P (p|q,µ) = P (q|p)P (p|µ)
P (q|µ)

where

P (q|µ) =
∫
P (q|p)P (p|µ) dp

is the marginal likelihood or the evidence. We can now use Bayes theorem again and write the posterior
over the hyper-parameters as

P (µ|q) = P (q|µ)P (µ)
P (q)

6.4 Inversion in Úa

Using the inverse capabilities of Úa it is possible to invert for A and/or C, and bed geometry (B) using
measurements of horizontal surface velocities (us, vs) and/or rates of thickness changes (∂th). One can
invert jointly for A and C or any combination thereof such as logA and logC. But currently joint
inversion with B are not implemented. When inverting for A and C, regularisation can be applied on
A, C or logA and logC. Again here all combinations are possible, so one can, for example, invert for
logA and C with regularisation applied on A and logC, if one so prefers. Typical use involves inverting
for logA and logC simultaneously with regularisation applied on logA and logC. When inverting for
B, regularisation is applied on B. Note that regularisation is always applied on the di�erence between p
and its prior p̃, i.e. on p − p̃. In addition, strict limits can put on the range of the control parameter p.
One can, for example, but strict upper and lower limits on B at each location.

One can invert for A and C either over nodes or over elements. Typically inversion is done over nodes.
Inversion for B is done over nodes only.

The forward model is the SSTREAM momentum equation. Note that if one includes ḣ as measure-
ments, in e�ect, the mass balance equation is used as well. It is a question of viewpoint if the forward
model then includes the mass conservation in addition to the conservation of momentum, or just the
momentum equation with the mass conservation used to calculate ḣ as a part of the evaluation of the
cost function. Both viewpoints are mathematically equivalent.

6.5 Objective functions

The objective function, J , is a sum of (squared) distances between a) measurements and model outputs
(data mis�t, I), and b) the parameter values and the priors (regularisation, R), i.e.

J = ∥q − q̂∥2︸ ︷︷ ︸
I

+ ∥p− p̃∥2︸ ︷︷ ︸
R

.

In Úa the objective function J is dimensionless.
Conceptually, and depending on the situation, we might think quite di�erently about I and R. But

these two terms are in some ways also quite similar: Both can be thought of as measures of the dis-
tances from model outputs and model parameters to measurements (q̂) of the state variables (q) and
measurements (p̃) of the model parameters (p), respectively.
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Figure 6.1: Example of an estimated A distribution over section of West Antarctica for n = 3. Here
γa = 1 and γs = 100, 000.
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Figure 6.2: Example of an estimated C distribution over a section of West Antarctica using the Cornford
sliding law with the stress exponent m = 3 and the coe�cient of kinetic friction µk = 1/2. Here γa = 1
and γs = 100, 000.
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Figure 6.3: Example of an estimated A distribution for Antarctica for n = 3. Here γa = 1 and γs =
100, 000.

Figure 6.4: Example of an estimated basal slipperiness (C) distribution for Antarctica for Weertman
sliding law where m = 3. Here γa = 1 and γs = 10, 000.
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Figure 6.5: Modelled velocities for the A and C distributions in Figs. 6.3 and 6.4.

Figure 6.6: Modelled basal drag for Cornford sliding law given by Eq. (1.164) for m = 3 and µ = 1/2,
and perfect hydrological connection, Eq. (1.187), using the A and C distributions shown in Figs. 6.3 and
6.4.
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Table 6.2: Notation used in inverse modelling (II)

Control variables State variables Priors Measurements Forward model
p q p̃ q̂ F (q(p), p) = 0

A, C, logA, logC us, vs , ḣ Ã, C̃ ûs, v̂s,
ˆ̇
h SSTREAM (SSA)

b, B us, vs , ḣ b̃ , B̃ ûs, v̂s,
ˆ̇
h SSTREAM (SSA)

The data mis�t is the distance between model output and measurements and it could, for example,
be measured as

I(f) = ∥f∥2 =
1

2A

∫∫
f(x, y) γ(x, y, x′, y′) f(x′, y′) dx dy dx′ dy′, (6.30)

where γ(x, y, x′, y′) is the covariance kernel and A is the domain area. De�ned in this manner, I is
dimensionless. In the particular case of uncorrelated �elds γ(x, y, x′, y′) = c δ(x− x′) δ(y − y′)

I =
1

2A

∫
(f(x, y)/e(x, y))2 dxdy, (6.31)

where e(x, y) = 1/
√
c are the data errors.

If q̂ denotes estimates of q then a typical mis�t term might be on the form

I = ∥q − q̂∥2 =
1

2A

∫
((q − q̂)/eu)2 dA,

where eu are measurement errors.
In Bayesian context the regularisation term has the same form as I(f) and is a measure of the distance

between the system state and the a prior. In a discrete form the mis�t term could, for example, be written
as

R = (p− p̃)TΣ−1(p− p̃)

where Σ is a covariance matrix, p the model parameters, and p̃ the a prior estimates of those model
parameters. Apart from often having only a very limited knowledge of the covariance matrix Σ, problems
with this formulation can, for example, arise if the inverse of Σ is not sparse. Practical reasons often
in�uence the form of regularisation term. A pragmatic approach is to select a di�erential operator having
a sparse representation. Preferable such a sparse operator is also the inverse of a `reasonable' covariance
matrix.

6.6 Mis�t functions in Úa

Currently the mis�t function I has the form

I = Iu + Iv + Iḣ

or

I =
1

2A

∫
((u− umeas)/uerror)

2 dA

+
1

2A

∫
((v − vmeas)/verror)

2 dA

+
1

2A

∫
((ḣ− ḣmeas)/ḣerror)

2 dA

where u and v are the horizontal velocity components, and ḣ is the rate of thickness change, while

A =

∫
dA,
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Figure 6.7: The function rK1(r) appearing in Eq. (6.37)

is the total area.
The rate of thickness change is calculated as

ḣ = −(a− ∂x(uh)− ∂y(vh)),

and in the adjoint method the gradient of the cost function with respect to the state variable v acquires
an additional term:

2I = ∥u− û∥2 + ∥ḣd − (a− ∂x(uh))∥,
or

Iḣ =
1

2A

∫ (
(a− ∂x(uh)− ∂y(vh)− ḣmeas)/ḣerror

)2
dx dy,

with the corresponding directional derivative with respect to u and v given by

δuvIḣ =
1

A

∫ (
(ḣ− ḣmeas)/ḣ

2
error

)
(∂x(hδu) + ∂y(hδv)) dx dy

which, like the cost function itself, is dimensionless.

6.7 Regularisation in Úa

In Úa the regularisation can be done either using a Bayesian or Tikhonov regularisation.

6.7.1 Bayesian approach

Using this Bayesian formulation, the regularisation term for the (distributed) model parameter p has,
has the discretised form

R = (p− p̃)TΣ−1
pp (p− p̃), (6.32)

where
Σpp = cov(p,p)

where
cov(f, g) := E ((f − E(f))(g − E(g)))
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Figure 6.8: Three examples of Matérn realisations for ρ = 3 km, ν = 1, d=2 and σ = 1 .

where E is the expectation operator. Generally our prior is here the expected value, and for the model
parameter p, the elements of the covariance matrix are then

[Σpp]ij = E(p(ri)− p̃(ri),p(rj)− p̃(rj)) .

The Bayesian approach has a clear statistical interpretation, but, in general, requires an inversion
of the covariance matrix Σ which can be impractical for large problems. In Úa one can specify any
covariance matrix Σ but in practice this is not a computationally feasible approach for large problems
unless Σ is selected so that it has some computationally advantageous structure. One of the practical
di�culties with directly prescribing a covariance matrix in the objective function is that the inverse of the
resulting matrix is, in general, not sparse even if the matrix itself is sparse. For that reason the general
Bayesian approach in Úa , where one speci�es Σ directly, can only be used for fairly small problems.

A possible alternative approach is to limit the form of the covariance function to a form that allows for
the construction of a sparse inverse directly within the FE context. For example consider the discretisation
of the (self adjoint) Helmholtz equation

Lf(r) = 0 , r ∈ R

where
L := ∇2 − κ2 ,

f is some scalar function, and k a wave number. This gives the inner-product induced norm

∥f∥2 = ⟨L1/2f | L1/2f⟩ (6.33)

= ⟨f | L | f⟩ (6.34)

= fT (κ2M +D)f (6.35)

and hence a precision matrix
Q = κ2M +D , (6.36)

which is by construction sparse. Note that minimising ∥f∥ with respect to f results in the system

(κ2M +D)f = 0 ,

so ∥f∥ is minimised when f is the solution to the Helmholtz equation.
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The question is now what the resulting covariance looks like. Consider now a solution to the stochastic
partial di�erential equation (here Helmholtz equation)

(∇2 − κ2)f(r) = ϵ(r) , r ∈ R

where the innovation process ϵ(r) is a spatial Gaussian white noise. As shown by Whittle (1954), the
auto-covariance is then

cov(f(r1), f(r2)) = σ2κ ∥r2 − r1∥ K1(κ ∥r2 − r1∥) ,

where the marginal variance is

σ2 =
1

4πκ2

or

cov(f(r1), f(r2)) =
∥r2 − r1∥

4πκ
K1(κ ∥r2 − r1∥) , (6.37)

where K1 is the modi�ed Bessel function of the second kind and order one. Note that

lim
r→0

rK1(r) = 1 .

The shape of the covariance function (6.37) is shown in Fig. 6.7. As pointed out by Whittle (1954) the
covariance function is similar to e−κr but di�ers in that it is �at at the origin and its rate of decay slower.

The covariance shown above is a special case of the Matérn covariance function

r(x) =
σ2

2ν−1Γ(ν)
(κx)νKν(κx)

for α = 2 and ν = α − d/2 = 1 for d = 2 where d is the number of spatial dimensions. As shown
by Whittle (1954), and discussed and explained in great detail by Lindgren et al. (2011), the Matérn
covariance function of a Gaussian process is a solution to the linear fractional stochastic partial di�erential
equation

(κ2 −∇2)α/2f(x) = g(x), x ∈ Rd

where the g(x) is a spatial Gaussian process with unit variance. Hence, for the Gaussian probability in
Eq. (??) with a Matérn covariance function, the precision matrix in the FE basis is given by Eq. (6.36).

We can easily make this framework more �exible by allowing the coe�cients in the Helmholtz equation
to vary spatially, i.e. writing

Lf = κ2f −∇(a∇ · f) ,
where a and κ2 are both functions of space. The FE formulation using

a(x, y) = aqϕ(x, y)

κ(x, y) = kqϕ(x, y)

then gives the Galerkin system

0 = −
〈
(∇((ar∇ϕr)fpϕp) + (ksϕs)

2fpϕp
∣∣ϕq〉

= ⟨(arϕr)fp∇ϕp|∇ϕq⟩+
〈
(ksϕs)

2fpϕp
∣∣ϕq〉

= ⟨(arϕr)∇ϕp|∇ϕq⟩ fp +
〈
(ksϕs)

2ϕp
∣∣ϕq〉 fp

= [D̃]pqfq − [M̃ ]pqfp

where the last line de�nes the elements of the matrices D̃ and M̃ . Hence

⟨f |L | f⟩ = fT (D̃ + M̃)f

In the particular case when aq = 1 and kq = κ for all q, we have aqϕq = 1 and k2qϕ1 = κ and M̃ = M

and D̃ = D.
We might also imagine a situation where we have 'direct' estimates of the parameter p. For example

if we are inverting for the bedrock B (i.e. p = B) we might have some 'direct' estimates based on radar
soundings, seismic or gravity measurements. We of course quickly get rid of all estimates based on gravity
measurements, but we should at least consider the possibility that seismic and radar data may provide
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If our prior for p is P (p) before we obtain the data p̂, and P (p̂|p) is the likelihood of the data given
p, then updated estimate for p after having seen the data is

P (p|p̂) ∝ P (p̂|p)P (p)

If the measurements are unbiased and uncorrelated, the discretised covariance matrix between the mea-
surements p̂ and the p is diagonal and the combined covariance on the form

cov(p̂i, pj) = [ΣBB ]ij + σ2
i δij (no summation implied)

In the �nite-element basis this gives us a precision matrix P on the form

P = γaM + γs(Dx +Dy) + σ2M (6.38)

if the constants γa, γs, and the measurement error σ are all spatially constant. As shown above, a similar
equation is arrived at for spatially variable γa, γs, and σ.

6.7.2 Tikhonov regularisation

Instead of using the statistical Bayesian framework, one can use the arguably more pragmatic Tikhonov
regularisation approach where one, for example, penalises amplitude and/or slope writing

R = γ2a ∥p− p̃∥+ γ2s ∥∇(p− p̃)∥

or

R =
1

2A

∫ (
γ2s (∇(p− p̃))2 + γ2a (p− p̃)2

)
dA (6.39)

with the s and a subscripts being mnemonics for slope and amplitude, respectively. The parameter γa
has the inverse dimension of p, and the dimension of γs is length times the inverse dimensional of p, i.e.

[γa] =
1

[p]

[γs] =
[l]

[p]
.

As is presumably already clear from the above expression, this type of Tikhonov regularisation and the
Bayesian approach using the Matérn covariance are almost identical and the di�erence in many ways just
a question of semantics.

The inversion can be done directly with respect to the variable p, or with respect to the logarithm of
the variable, i.e. log10 p. If done with respect to the logarithm of p, the Tikhonov regularisation term has
the form

R =
1

2A

∫ (
γ2s (∇ (log10(p)− log10(p̃)))

2
+ γ2a (log10(p)− log10(p̃))

2
)
dA

=
1

2A

∫ (
γ2s (∇ log10(p/p̃))

2
+ γ2a log210(p/p̃)

)
dA (6.40)

Now γa is dimensionless and the dimension of γs is length, i.e.

[γa] = []

[γs] = [l] .

Derivatives with respect to C and p = log10 C are related through

∂

∂p
=
∂C

∂p

∂

∂C

= ln(10)C
∂

∂C
.

As shown in section 6.11 the Tikhonov approach leads to

R =
1

2
(p− p̃)T

(
γ2aM + γ2s (Dx +Dy)

)
(p− p̃) (6.41)

=
1

2
(p− p̃)TΣ−1

pp (p− p̃) (6.42)
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where

Σ−1
pp =

1

2

(
γ2aM + γ2s (Dx +Dy)

)
(6.43)

and M is the mass matrix and Dx and Dy the sti�ness matrices. Hence, with the Tikhonov approach we
are calculating directly the inverse of a matrix Σpp as (6.43). By construction this inverse will be sparse.
However, it is in general not clear if this is an inverse of a covariance matrix. One can, for example, show
that for γa = 0 and γs ̸= 0, Σpp as de�ned by Eq. (6.43) is not a covariance matrix.

6.8 Relationships between rate factors corresponding to di�erent
values of the stress exponent

Assume we have determined A for n = 1. What A distribution should we use as a starting point for an
inversion using a di�erent n value?

Generally,

ϵ̇ij = A1/n ϵ̇(n−1)/nτij

and for A1 with n = 1 we have

ϵ̇ij = A1 τij

Let us consider the situation where we have calculated the strain rates and the stresses for a given
problem, for n = 1. Can we now solve the same problem for some other value of n, for example n = 3,
and arrive at exactly the same stress and strain-rate distributions by simply suitably modifying the An

distribution? That is, can we �nd A such that

ϵ̇ij = A1/n
n ϵ̇(n−1)/nτij

where ϵ̇ij , ϵ̇, and τij are �elds we obtained by solving the problem for a given A for n = 1? We see that
by requiring that

A1 = A1/n
n ϵ̇(n−1)/n

or

An = ϵ̇1−nAn
1

the functional relationship between ϵ̇ij and τij is the same as before provided ϵ̇ > 0 everywhere.
When performing an inversion we might add some prior information on A and in doing so we introduce

an explicit dependency of the cost function that we aim to minimised on the variation of the retrieved A
with respect to the prior A.

One might possibly argue that the `best' A distribution is the one that has the smallest variance. This
could be measured as the variation of the function

Var(A) =

∫
(A(x)− Ā)2 dx

If we have done an inversion for n = 1 we can then �nd the `best' A by solving the minimisation problem

min
n

∫
(An(x)− Ān)

2 dx

where

An(x) = ϵ̇1−n(x)A1(x)
n

And if we want to limit this optimisation to a particular region we use

min
n

∫
(An(x)− Ān)

2 w(x)dx

where w(x) is a spatial mask selecting the area of interest.
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6.9 Calculating gradients

6.9.1 Fix-point method

Derivatives of the objective function are, in general, calculated using the adjoint method (see sec-
tion 6.9.2). However, it is easy to calculate directly a reasonable approximation to both the derivative
and Hessian of the regularisation term (6.39), see Eqs. (6.57), (6.58) and (6.59), with respect to C. For
example if we have

I =
1

2A

∫ (
((u− ũ)/uerr)2 + ((v − ṽ)/verr)2

)
dA

and we use, for example Weertman sliding law where u = Cτm−1τbx and assume that basal drag does
not depend on C, then we �nd that

δCI = DCI(C, ϕq) = lim
ϵ→0

d

dϵ
I(C + ϵϕq)

=
1

2A

∫ ((
(C + ϵϕq)τ

m−1τbx − ũ
uerr

)2

+ yterm

)
dA

=
1

A

∫ (
Cτm−1τbx − ũ

uerr

τm−1τbx
uerr

ϕq + yterm

)
dA

=
1

A

∫ (
u− ũ
uerr

u

uerr

1

C
+ yterm

)
ϕq dA

=
1

A

∫
f(x, y)ϕq(x, y) dA

=
1

A

∫
fpϕpϕq dA

=
1

AMf

where

f(x, y) =
1

C

(
u− ũ
uerr

u

uerr
+
u− ṽ
verr

v

verr

)
and using

∂u

∂C
=
u

C

furthermore that

δ2CCI = lim
ϵ→0

d

dϵ

1

A

∫
f(C + ϵϕr)ϕpϕq dA

=
1

A

∫ (
(u/uerr)

2
+ (v/verr)

2
)
(1/C2)ϕrϕq dA

=
1

A

∫
g(x, y)ϕrϕq dA

=
1

A

∫
gpϕpϕrϕq dA

where

g(x, y) =

((
u

uerr

)2

+

(
v

verr

)2
)

1

C2

We can see that if g were spatially constant, ḡ, then

δ2CC =
ḡ

AM

(here ḡ is a scalar). While this will, in general, not be the true, this does suggest that a rough approxi-
mation of the Hessian will be

H ≈ 1

AO(u/(∆uC
2))M

where here O(u/(∆uC2)) is a constant and some typical scale.
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Figure 6.9: An example showing cost function reduction as a function of inverse iterations, when inverting
for both A and C using a gradient based approach with l2 and L2 gradients, labelled with I and M
respectively, and using a Hessian-based inversion where the Hessians of the regularisation terms are exact,
and the Hessian of the A and C terms of the mis�t are approximated using the �xed-point approach. See
section 6.10, for discussion of the l2 and L2 gradients.

We also see that the Newton system

H∆C = −f(C0) C → C0 +∆C

leads to

∆C = −f(C0)

g(C0)

= −C
u−ũ
uerr

u
uerr

+ v−ṽ
verr

v
verr(

u
uerr

)2
+
(

v
verr

)2
6.9.2 The adjoint method

The adjoint method is a simple trick to speed up the calculation of gradients of the objective function
with respect to the control variables.

Assume we want to solve the minimisation problem

min
p∈P,q∈U

J(q(p))

subject to forward model
F (q(p), p) = 0.

The objective function is
J : U × P → R

and the forward model, i.e. the state equation

F : U × P →W

the model control parameter space P (also referred to as control space), the state space U and the image
space W are Banach spaces. We want to determine the sensitivity of cost function J with respect to the
(distributed) control parameter p, i.e. we would like to calculate the directional derivative

DJ(p)[ϕ] = ⟨∇pJ |ϕ⟩
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as well as determine the gradient ∇pJ , for a given inner product.
We de�ne the Lagrange function, or the 'extended' objective function, L as

L = U × V ×W ∗ → R

as
L(q(p), p, λ) = J(q(p), p) + ⟨λ | F (q(p), p)⟩W∗,W (6.44)

The adjoint variable λ is in the dual of the image space W.
Equation (6.44) provides no constraints on the adjoint variable λ because the second term is always

equal to zero for any value of p. Therefore

L(q(p), p, λ) = J(q(p), p)

and
DpL(p)[ϕ] = DϕJ(p) = ⟨∇pJ | ϕ⟩

Also note that
dpF = ∂pF + ∂qF dpq = 0.

Introducing
j(p) = J(q(p), p) = L(q(p), p, λ),

we have
j′(p) = (∂q/∂p)∗∂L(q(p), p, λ)/∂q + ∂L(q(p), p, λ)/∂p, (6.45)

Now we chose λ such that
∂L(q(p), p, λ)/∂q = 0.

Hence λ must be a solution to
∂J(q(p), p)/∂q + (∂F/∂q)∗λ = 0, (6.46)

and then the direction derivative j′(p) is

j′(p) = ∂J(q(p), p)/∂p+ (∂F/∂p)∗λ (6.47)

Eq. (6.45) can also be written as

⟨j′(p), ϕ⟩P∗,P = ⟨∂uL | ∂pq ϕ⟩U∗,U + ⟨∂pL | ϕ⟩P∗,P ,

and the directional derivative is then

⟨∂uL, ∂pq ϕ⟩U∗,U = 0,

for all ϕ.
Another approach: Di�erentiating Eq. (6.44) with respect to the control variable p we obtain

DJ(p)[ϕ] = DL(p)[ϕ] = ⟨∂qJ | dpq ϕ⟩+ ⟨∂pJ, ϕ⟩+ ⟨λ | ∂qF dpq ϕ⟩+ ⟨λ | ∂pF ϕ⟩+ ⟨dpλ | F ⟩
= ⟨∂qJ | dpq ϕ⟩+ ⟨(∂qF )∗λ | dpq ϕ⟩+ ⟨λ | ∂pF ϕ⟩+ ⟨∂pJ, ϕ⟩
= ⟨∂qJ + (∂qF )

∗λ | dpq ϕ⟩+ ⟨λ | ∂pF ϕ⟩+ ⟨∂pJ, ϕ⟩
where

ϕ = δp .

We now use the freedom that λ has not been speci�ed and now determine λ by setting

⟨∂qJ + (∂qF )
∗λ | ϕ⟩ = 0,

and therefore
DJ(p)[ϕ] = ⟨(∂pF )∗λ+ ∂pJ | ϕ⟩, (6.48)

which is identical to (6.47) which we derived earlier using a somewhat di�erent approach.4

This now gives us a three-step method for calculating the directional gradient of object function J
with respect to p:

4Apparently the 'adjoint' method gets its name from the fact that the resulting expression of the derivative of the cost
function involves an adjoint of an operator. The adjoint involved is the adjoint of the directional derivative of the forward
model F with respect to the control variable p. However, in general there is no need to introduce this adjoint and we can
just as well write

DJ(p)[ϕ] = ⟨λ | ∂pF ϕ⟩+ ⟨∂pJ, ϕ⟩.
However, when solving for λ we do need the adjoint of the directional derivative of the forward model with respect to q.
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1. Solve the state equation, i.e. the forward problem

⟨F (q(p), p)|ϕ⟩W∗,W = 0,

for the state variable q.

This, in general, is a non-linear problem that can be solved iteratively using the Newton-Raphson
system, i.e.

⟨∂qF ∆q | ϕ⟩ = −⟨F (q(p), p) | ϕ⟩,
and can be written in discrete form as

K∆q = b,

where
[K]pq = ⟨∂qpF | ϕq⟩,

and
[b]q = −⟨F (q(p), p) | ϕq⟩.

2. Solve the adjoint problem for ⟨∂qJ + (∂qF )
∗λ | ϕ⟩ = 0 for λ ∈W ∗, i.e.

⟨(∂qF )∗λ | ϕ⟩U∗,U = −⟨∂qJ | ϕ⟩U∗,U

for the adjoint variable λ. If the forward tangential model (∂qF ) is self adjoint, this involves solving

Kλ = b

3. Calculate the directional derivative of j as

DJ(p)[ϕ] = ⟨j′(p) | ϕ⟩P∗,P = ⟨(∂pF )∗λ+ ∂pJ | ϕ⟩P∗,P

In discrete form the derivative can be evaluated as

j′(p) = Pλ+Q

where
[P ]ij = ⟨∂pi

F | ϕj⟩
and

[Q]i = ⟨∂pJ | ϕi⟩
However, ⟨(∂pF )∗λ | ϕ⟩ can usually be evaluated directly within the assembly look without the need
of ever forming the matrix P . Furthermore, the forward model is solved in a weak form and this
often involves some manipulations of the ⟨λ | F ⟩ term in Eq. (6.44).

Usually the regularisation term is an explicit function of the control variable, i.e.

J(F (p, q(p), p) = I(F (p, q(p))) +R(p)

and therefore
∂pJ = ∂pR

The adjoint variable λ is the gradient of the objective function with respect to the state variable q

λ = ∇qJ

In the adjoint method we need to calculate a number of derivatives. These are:

1. The directional derivative of the forward model with respect to the state and control variables, i.e
∂qF and ∂pF .

2. The directional derivative of the objective function with respect to the state and control variables,
i.e. ∂qJ and ∂pJ .
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Figure 6.10: Gradient calculation, dJ/dB, done with adjoint and �nite di�erences. This test was done
for the Ho�sjökull ice cap in Iceland.

Figure 6.11: Gradient calculation, dB/dC, done with adjoint and �nite di�erences. This test was done
for the Ho�sjökull ice cap in Iceland.
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Figure 6.12: Comparison between adjoint and �nite di�erences gradient calculations. This test was done
for the Ho�sjökull ice cap in Iceland.

6.9.3 Summariing the �rst-order adjoint approach

Summarising, and using a somewhat inexact notation, we can calculate the (total) directional derivative
dpJ of the objective function J with respect to the control parameters p, as follows:

F (q(p), p) = 0 (6.49)

∂qF
∗λ = ∂qJ (6.50)

dpJ = ∂pF
∗λ+ ∂pJ (6.51)

A bit more precise notation for the adjoint problem and the calculation of the derivative is

⟨δqF ∗ | λ⟩ = δqJ (6.52)

dpJ = ⟨δpF ∗ | λ⟩+ δpJ (6.53)

6.9.4 Time dependent adjoint

Consider the situation where the glacier surface s is the observable, with s̃ being the measurement, and
the mass balance distribution a is the unknown model parameter, and ã the prior.

Minimising

J =
1

2

∫
(s(t)− s̃(t))2 dt+ 1

2

∫
(a(t)− ã(t))2 dt

subject to
F (s, a) = ∂t(s− b) + ∂xq − a = 0

with the initial condition
s = s0 at t = t0

and where, for example, we assume (SIA) that

q = −ρD ∥∂xs∥n−1
hq+2∂xs

with D = 2A(ρg)n/(n+ 2). In general, the cost function J can be expected to involve a spatial integral
too, but for notational simplicity we omit writing it here.

The Lagrangian is

L = J +

∫
λF dt

= J + ⟨λ, F ⟩
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and the directional derivative of the Lagrangian with respect to δa is

δaL =
∂J

∂a
+
∂J

∂s

∂s

∂a
+

∫
λ

(
∂F

∂a
+
∂F

∂s

∂s

∂a

)
δa dt

=

∫
(a(t)− ã(t))δa dt+

∫
∂J

∂s

∂s

∂a
δa dt+

∫
λ

(
∂F

∂a
+
∂F

∂s

∂s

∂a

)
δa dt

=

∫
(a(t)− ã(t))δa dt+

∫
λ
∂F

∂a
δa dt+

∫
λ
∂F

∂s

∂s

∂a
δa dt+

∫
∂J

∂s

∂s

∂a
δa dt

=

∫ (
a(t)− ã(t) + λ

∂F

∂a

)
δa dt+

∫ (
λ
∂F

∂s
+
∂J

∂s

)
∂s

∂a
δa dt

Now select λ so that ∫ (
λ
∂F

∂s
+
∂J

∂s

)
δa dt = 0

that is

⟨λ, ∂F
∂s

δa⟩+ ⟨∂J
∂s
, δa⟩ = 0

or

⟨∂F
∂s

⋆

λ+
∂J

∂s
, δa⟩ = 0

which is the adjoint equation. The directional derivative (not the gradient!) is then just

δaL =

∫ (
a(t)− ã(t) + λ

∂F

∂a

)
δa dt

If the initial condition depends on an unknown value of a, we will also need to introduce a Lagrange
multiplier relating to that initial conditions. However, here the initial condition s = s(t0) does not
involve a, and no additional Lagrange multiplier is therefore required.

We also need a boundary condition for the adjoint equation. Here the simplest option is to prescribe
λ = 0 at the end of the interval and then solve for λ by integrating backwards, i.e. we solve∫ t

t0

∂F ⋆

∂s
λ dt

′
= −

∫ t

t0

(s− s̃) dt′

with λ(t) = 0.

6.10 Directional derivative and gradients

Using the adjoint method we can calculate the directional derivative DϕJ(p) of the cost function J as a
function of the model parameter p in the direction ϕ, de�ned as

DϕJ(p) = lim
ϵ→0

d

dϵ
J(p+ ϵϕ) . (6.54)

in a computationally e�ective way (see also Eq. 7). The (distributed) parameter, p, is here a function of
(x, y) and can be written as a vector in the basis {ϕi, i = 1 . . . n} as

p(x, y) = pqϕq(x, y)

and if we group the numbers pi, for i = 1 . . . n, together, they form the elements of the vector p in the
basis {ϕi, i = 1 . . . n}. The gradient ∇pJ is de�ned through

DϕJ(p) = ⟨∇pJ | ϕ⟩

and this equation must hold for every direction ϕi, i = 1 . . . n. Our FE inner product is the L2 inner
product

⟨f | g⟩L2 =

∫
A
f(x, y) g(x, y) dA
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where A stands for the area of the computational domain. We would like to determine the components
gi of the gradient vector in the basis {ϕi, i = 1 . . . n} where

∇pJ = g(x, y) = giϕi(x, y) .

Using the L2 inner product we thus �nd that

DJ(p)[ϕi] = ⟨∇pJ | ϕi⟩L2

= ⟨grϕr | ϕi⟩L2

= gr⟨ϕr | ϕi⟩L2

= grMri

= grMir

or
[DJ(p)] = Mg ,

where M is the mass matrix
[M ]ij = ⟨ϕi | ϕj⟩ ,

and g is the gradient vector and [g]r = gr is the r-th component of that vector in the basis {ϕi , for i =
1 . . . n} where n is the number of nodes.

6.11 Evaluating objective functions and their directional deriva-
tives

If ϕi are the basis functions then
[M ]ij = ⟨ϕi | ϕj⟩

is the mass matrix (also known as the Gramian matrix), and

[Dx]ij = ⟨∇xϕi | ∇xϕj⟩
[Dy]ij = ⟨∇yϕi | ∇yϕj⟩

the sti�ness matrices.
For

I =
1

2
∥f∥2 =

1

2

∫
f(x, y) f(x, y) dxdy (6.55)

and
f(x, y) = fiϕi(x, y)

we �nd

I =
1

2
∥f∥2

=
1

2
⟨f | f⟩

=
1

2
⟨fpϕp | fqϕq⟩

=
1

2
fp⟨ϕp | ϕq⟩fq

=
1

2
fpMpqfq

or

I =
1

2
fMf

where
[f ]i = fi
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The directional derivative is

DI(f, ϕq) = lim
ϵ→0

d

dϵ
I(f + ϵϕq)

=
1

2

d

dϵ
⟨f + ϵϕq | f + ϵϕq⟩

= ⟨f | ϕq⟩
= ⟨fpϕp | ϕq⟩
= ⟨ϕq | ϕp⟩fp
=Mqpfp

= Mf

or
DI(f, ϕq) = [Mf ]q

The p component of the directional derivative represents the (linear) rate-of-change in I as the value of
f is perturbed by ϵϕp.

We can also write
DI(f, ϕq) = ⟨fpϕp | ϕq⟩

and therefore by the de�nition of a gradient as

d

dϵ
J(f + ϵδf)|ϵ=0 = ⟨gradJ(f), δf⟩

the gradient of I in Eq. (6.55) is f (as it of course should be).
Similarly if

I =
1

2
⟨∇f | ∇f⟩ = 1

2
(⟨∂xf, ∂xf⟩+ ⟨∂yf, ∂yf⟩)

then

Ix =
1

2
⟨∂xf, ∂xf⟩

=
1

2
⟨fp∂xϕp, fq∂xfq⟩

=
1

2
fp⟨∂xϕp, ∂xϕq⟩fq

=
1

2
fDxf

and

DIx(f, ϕp) =
1

2
lim
ϵ→0

d

dϵ
⟨∂x(f + ϵϕp) | ∂x(f + ϵϕp)⟩

= ⟨∂xf | ∂xϕp⟩
= ⟨fq∂xϕq | ∂xϕp⟩
= ⟨∂xϕp | ∂xϕq⟩fq
= Dxf

or
DIx(f, ϕp) = Dxf

Summarising, if we have a regularisation term on the form

R =
1

2
∥f∥2L2(Ω) +

1

2
∥∇f∥2L2(Ω) (6.56)

it can be evaluated knowing the mass and the sti�ness matrices as

R =
1

2
∥f∥2L2(Ω) +

1

2
∥∇f∥2L2(Ω)

=
1

2
fMf +

1

2
f(Dx +Dy)f
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and direction derivative is
d

dϵ
I(f + ϵϕp) = [Mf + (Dx +Dy)f ]p

And the regularisation term (6.39) can be evaluated similarly as

R =
1

2A

∫ (
γ2s (∇(p− p̃))2 + γ2a (p− p̃)2

)
dA

=
1

2A
(
γ2s (p− p̃)TD (p− p̃) + γ2a(p− p̃)TM(p− p̃)

)
=

1

2A (p− p̃)T (γ2sD + γ2aM)(p− p̃) (6.57)

and the directional derivative is

dpR =
1

A (γ2sD + γ2aM)(p− p̃) (6.58)

and the Hessian

d2ppR =
1

A (γ2sD + γ2aM) (6.59)

6.12 Simple example of a gradient calculation of an objective
function

Consider, as an illustration, the problem of inverting for ice thickness (h) using rates of thickness change

(ḣ) as observations. Here the control variable is h and the �eld variable ḣ. We have measurements ˜̇h and
an a priori estimate h̃.

Hence, we have

p = h, (6.60)

q = ḣ. (6.61)

(6.62)

The object function J is

J =
1

2A

∫ (
ḣ− ˜̇

h
)2

dA+
1

2A

∫ (
h− h̃

)2
dA,

where the �rst term is the mis�t term and the second one the regularisation term. The extended cost
function is

L = J + ⟨λ, F ⟩
where the forward model F = 0 is

F = ḣ− (a− ∂x(uh))
where ḣ is the unknown, although using FE we would solve this as

0 = ⟨F |ϕj⟩ =
∫ (

ḣ− (a− ∂x(uh))
)
ϕj dA

=

∫ (
ḣiϕi − (a− ∂x(uh))

)
ϕj dA,

for each j, or ∫
ḣiϕiϕj dA =

∫
(a− ∂x(uh)) ϕj dA,

that is
ḣ = M−1b,

where

[M ]ij =

∫
ϕiϕj dA (6.63)

[b]j =

∫
(a− ∂x(uh)) ϕj dA. (6.64)

(6.65)



142 CHAPTER 6. INVERSE MODELLING

and therefore in discrete form the forward model

F = 0.

with
F = Mḣ− b.

We also �nd that using FE approach that

J =
1

2A (ḣ− ˜̇h)TM(ḣ− ˜̇h) +
1

2A (h− h̃)TM(h− h̃)

The task at hand is to calculate the directional derivative (see Appendix D) of the object function J
with respect to the control variable h, i.e.

δhJ = DJ(h)[δh] = lim
ϵ→0

d

dϵ
J(h+ ϵ δh)

6.12.1 Direct approach

Since the forward model is so simple we can just take the (total) derivative directly by inserting the
forward model F into the objective function J , leading to

dhJ =
1

A

∫ (
(a− ∂x(uh))− ˜̇

h
)
∂x(u δh) dA+

1

A

∫ (
h− h̃

)
δh dA. (6.66)

This is the desired directional derivative and one could in principle use this derivative calculated for each
perturbation δh = ϕi, for i = 1 . . . n where n is the number of nodes, in a gradient-based minimisation
method.

First, solve the forward model:

We calculate
∂qF ∆q = −F (q) with q → q +∆q and ∆q → 0,

which in this particular case where q = ḣ is

1 ∆ḣ = −ḣ0 + a− ∂x(uh0),

since ∂ḣF = 1, or

ḣ1 = ∆ḣ+ ḣ0 = a− ∂x(uho),

since this is a linear forward model the NR iteration converges in �rst iteration.
Of course, as explained above, the FE formulation of the problem leads to

M ∆ḣ = −(M ḣ− b)

so here 1 = |ϕ⟩⟨ϕ| = M .

Secondly, solve the adjoint problem:

The adjoint problem is
∂ḣF

∗λ = ∂ḣJ,

or

1∗λ =
1

A

∫ (
ḣ− ˜̇

h
)
δḣ dA.

We can ask what the 1 actually stands for in this context, and the answer is that this is the unity
operator in the relevant basis, i.e. the inner product between the unit vectors spanning the space, or the
Gramian matrix. In the FE context, where the basis functions are ϕi, this matrix is the mass matrix
[M ]ij = ⟨ϕi | ϕj⟩.
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To see this more clearly let us calculate the directional derivative from the FE formulation of the
forward problem while realising that ∂⋆

ḣ
λ represents an inner product, i.e. we need to evaluate

⟨δḣF | λ⟩ =
∫
δḣ

(
ḣ− (a− ∂x(uh))

)
λ dA

=

∫
ϕi λ dA

=

∫
ϕi ϕjλj dA

= [M ]ijλj ,

showing that the expression 1λ is, in the FE context, given by Mλ. Also note that the term ∂ḣJ is in
fact a directional derivative and, again in FE context, reads

δḣ =
1

A

∫ (
ḣ− ˜̇

h
)
ϕj dA.

Hence, the adjoint problem is
Mλ = l,

where

[l]j =
1

A

∫ (
ḣ− ˜̇

h
)
ϕj dA.

The vector l is

l =
1

A

∫ (
ḣi − ˜̇

hi

)
ϕiϕj dA

=
(
ḣi − ˜̇

hi

) 1

A

∫
ϕiϕj dA

=
1

AM(ḣ− ˜̇h),

and the adjoint equations therefore simply λ = 1
A (ḣ− ˜̇

h).
We can also arrive at the adjoint equation directly from the discrete form of the equations, as derived

above, where the forward model and the object function are given by

F = Mḣ− b,

J =
1

2A (ḣ− ˜̇h)TM(ḣ− ˜̇h) +
1

2A (h− h̃)TM(h− h̃).

It follows that ∂ḣF = M and ∂ḣJ = 1
AM(ḣ− ˜̇h) and the adjoint equation is

Mλ =
1

AM(ḣ− ˜̇
h),

and we again arrive at

λ =
1

A (ḣ− ˜̇h).

Thirdly, evaluate the directional derivative:

The directional derivative is the given by

dhJ = ∂hF
∗λ+ ∂hJ.

We notation in section 6.9.3 was somewhat relaxed, and as F is an operator we need to remember that
the �rst term on the right-hand side is an inner product and we need to evaluate

dhJ = ⟨δhF ∗ | λ⟩+ δhJ ,
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where the δ symbols indicates that these are directional derivative. This leads to

dhJ =

∫
λ∂x(u δh) dA+

1

A

∫ (
h− h̃

)
δh dA,

=
1

A

∫ (
ḣ− ˜̇

h
)
∂x(u δh) dA+

1

A

∫ (
h− h̃

)
δh dA,

which is same as (6.66).

6.12.2 Calculating the elements of the gradient in the FE basis

Note that if we set δh = ϕ, which is a typical approach and the one used in Úa , this is the derivative with
respect to the perturbation in the nodal values, i.e. δh = ϕ. This derivative is clearly intimately related
to the FE basis. There is then the separate, but related and quite an important question as to what
the coe�cients of the directional derivative are in a given FE setting. Assuming that all variables are
expanded in the same FE basis, i.e. f(x, y) = fiϕi(x, y) where f is any of u, h, ḣ and using the de�nition
of the gradient by Eq. (8), we have

dhJ = DJ(h)[δhi] = ⟨∇J | δhi⟩L2

= ⟨∇J | ϕi⟩L2

= ⟨g(x) | ϕi(x)⟩L2

where the we use δhi = ϕi, and in the last expression we denote the gradient ∇J , which is a (dual) vector
and a function of space, by g(x). We expand the gradient ∇J = g is the basis {ϕj(x) , j = 1 . . . n} and
solve for the coe�cients gi of g(x) in that basis where

g(x) = gjϕj(x) .

Eq. (6.66) therefore leads to∫
gp ϕp ϕj dA =

1

A

∫ (
ḣ− ˜̇

h
)
(∂xu ϕj + u ∂xϕj) dA+

1

A

∫ (
h− h̃

)
ϕj dA. (6.67)

which we solve for gi.5

Hence, the vector gradient, formed by ordering the coe�cients numbers gi in a vector g according to
nodal numbers, is

g = M−1k,

where

[k]j =
1

A

∫ (
ḣ− ˜̇

h
)
(∂xu ϕj + u ∂xϕj) dA+

1

A

∫ (
h− h̃

)
ϕj dA.

6.13 Velocity inversion using mass equation

The thickness equation
F := ∇ · (vh)− a⋆ = 0 (6.69)

provides constraints on the (admissible) velocity �eld for a given ice thickness.

J = ∥v − v̌∥+ ⟨λ|F ⟩
or, for example, after linearisation and assembly

J =
1

2
(u− ǔ)TPu(u− ǔ) +

1

2
(v − v̌)TPv(v − v̌) + λT · (Fuu+ Fvv)

5There appears to be some confusion in the literature regarding this point and sometimes (often, practically always) the
expression given for the directional derivative is something like

(dhJ)j =
1

A

∫ (
ḣ− ˜̇

h
)
(∂xu ϕj + u ∂xϕj) dA+

1

A

∫ (
h− h̃

)
ϕj dA, (wrong!)

and in fact inversion can be successfully done using this derivative. However, this `derivative' will be intimately related to
the structure of the FE approximation used, both the basis and the discretisation. This expression for the `derivative' is
simply an example of a FE assembly, and it does not represent the values of the coe�cients of the derivative in the FE
basis. The correct expression is Eq. (6.67).
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where

ṽ velocity prior

v̌ velocity measurements

Linearisation gives Pu 0 F T
u

0 Pv F T
v

Fu Fv 0

∆u
∆v
∆λ

 = −

Pu(u− ǔ)− F T
u λ

Pv(v − v̌)− F T
v λ

F (u)


6.14 Thickness (h) inversion using mass equation

Given measurements of velocities, surface mass balance and rates of thickness changes, the vertically
integrated mass-conservation equation

F := ∇ · (vh)− a+ ∂th = 0 (6.68)

can be solved for h. Typically we would here consider the case where good estimates of a and ∂th are
available and we, thus, consider

F := ∇ · (vh)− a⋆ = 0 (6.69)

where
a⋆ = a− ∂th .

The equation is hyperbolic and information only travels along the characteristics. Anticipating this, we
add some cross-wind di�usion and solve

∇ · (vh)−∇ · (κ∇h) = a− ∂th

with
κ = ϵ (1− n̂⊗ n̂) ,

where the term ∂th is based on measurements and, hence, not considered unknown. See section 10.10 for
the solution approach. We initially consider a formulation where the velocities are not updated. After
assembly the system can be written on the form

Fhh = b

where Fh is the resulting matrix after linearisation of F with respect to h.
This could be solve directly, using the cross-wind di�usion as an e�ective regularisation. Measurements

of h can simply be enforced as boundary conditions, in which case they will be ful�lled exactly. Enforcing
the h boundary conditions point-wise, written as

Lh = c

using the method of Lagrange multipliers leads to[
Fh LT

L 0

] [
h
λ

]
=

[
b
c

]
. (6.70)

Thickness measurements as soft constraints

Alternatively, if we want to introduce the regularisation explicitly, and furthermore not to use measure-
ments as hard constraints, we consider

L =
1

2
(h− ȟ)TPh(h− ȟ) +

1

2
(h− h̃)TQ(h− h̃) + λT (Fhh− b)

where Q is a regularisation matrix related to the inverse of the covariance cov(h, h), for example selected
as

Q = γaM + γsD , (6.36)
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whereM andD are the mass and the sti�ness matrices, respectively, and P is the matrix of measurement
precision, or the inverse of the error covariance. Here

h̃ prior

ȟ measurements

Taking the derivatives of L with respect to h and λ leads to

Ph(h− ȟ) +Qh(h− h̃) + λTFh = 0

Fhh− b = 0

where we have used that both P and Q are symmetrical, or

(Ph +Qh)h+ F T
h λ = P ȟ+Qhh̃

Fhh = b

which can be written as [
Ph +Qh F T

h

Fh 0

] [
h
λ

]
=

[
Phȟ
b

]
. (6.71)

The problem (well one of the problems) with this formulation is that Fh is full rank and the system

Fhh = b

uniquely de�nes h. Maybe we can provide a bit of �exibility by introducing the forward model as a soft
constraint instead

Thickness measurements and forward model as soft constraints

Consider now

L =
1

2
(h− ȟ)TPh(h− ȟ) +

1

2
(h− h̃)TQh̃(h− h̃) +

1

2
(Fhh− b)TPF (Fhh− b)

Taking the derivatives of L with respect to h leads to

Ph(h− ȟ) +Qh(h− h̃) +
1

2

(
F T
h PF (Fhh− b) + (Fhh− b)TPFFh

)
Ph(h− ȟ) +Qh(h− h̃) + F T

h PFFhh−
1

2
F T
h PF b−

1

2
bTPFFh

or (
Ph +Qh + F T

h PFFh

)
h = Phȟ+Qh̃+ F T

h PF b

We see that if we consider the forward model to be exact, in which case the Ph goes to in�nity, we get

Fhh = b (exact forward model)

and if the measurements are available everywhere with in�nite precision

Phh = Phȟ (exact measurements)

And if the prior is perfect
Qhh = Qh̃ (exact prior)

Link to adjoint formulation of the problem

Using the adjoint approach discussed above where both p = h and q = h, we have the augmented function

L = J(h) + ⟨λ, F (h)⟩

where
F (h) = ∇ · (vh)−∇ · (κ∇h)− a+ ∂th = 0
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Here the discrete form of the forward problem can be written as

Kh = b

The cost function is

J =
1

2
(h− h̃)TP (h− h̃) +

1

2
(h− h̃)TQ(h− h̃)

and therefore

J =
1

2
(h− h̃)TP (h− h̃) +

1

2
(h− h̃)TQ(h− h̃) + λT (Kh− b)

First we solve the forward problem is
⟨ϕ, F (h)⟩ = 0

or
Kh = b

for h. Then solve the adjoint equation

⟨∂qJ + (∂qF )
∗, ϕ⟩ = 0

or with q = h,
KTλ = −(E +Q)(h− h̃)

where we use h from the forward solve, and then calculate the derivative of the augmented cost function
as

dpL = ⟨(∂pF )∗λ+ ∂pJ, ϕ⟩
or with p = h,

dhL = KTλ+ (E +Q)(h̃− h)

The potential advantage of this adjoint approach is that we do not need to calculate the derivative dpq
(i.e. the sensitivity matrix) which, in general, might be di�cult. However, here with p = q = h and we
have dhh = 1.

Thickness and velocity measurements as soft constraints

Using the adjoint approach discussed above where we treat v as a control parameter, and h as the output
of forward model, i.e. p = v and q = h,

F (h) = ∇ · (vh)−∇ · (κ∇h)− a+ ∂th = 0

Here we consider ∂th to be a measured quantity, similarly to a, and write

a∗ = a− ∂tha; .

L =
1

2
∥v − ṽ∥2 + 1

2
∥h− h̃∥2 +R(h)︸ ︷︷ ︸

J=Iv+Ih+R

+ ⟨λ|F (h(v))⟩︸ ︷︷ ︸
=:M

(6.72)

where
1

2
∥h− h̃∥2 =

∫
A
h(x− h̃(x))κh(x′,x′)h(x′ − (̃h)(x′)) dA

where κh is the precision kernel. If data errors are uncorrelated we write κh = δ(∥x− x′∥)ϵ−2
h and �nd

Ih =
1

2
∥h− h̃∥2

=
1

2

∫
A

(
h(x)− h̃(x))/ϵh(x)

)2
dA

=
1

2
hϵMhϵ

where the nodal residuals are
hϵ = (h− h̃)./ϵh
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All variables are expanded in the same basis, i.e.

h(x, y) = hiϕi(x, y) u(x, y) = uiϕi(x, y) v(x, y) = viϕi(x, y) λ(x, y) = λiϕi(x, y)

and hence

δjh(x, y) = ϕj(x, y) δju(x, y) = ϕj(x, y) δjv(x, y) = ϕj(x, y) δjλ(x, y) = ϕj(x, y)

The directional derivative of Ih in the direction δh is

δhIh =

∫
A

(
h− h̃)/ϵh

)
δhdA

=

∫
A
hϵiϕiϕj dA

=

(∫
A
ϕjϕi dA

)
hϵi

= Mhϵ

Similarly

Iv =
1

2
∥v − ũ∥2

=
1

2
(uϵMvϵ + vϵMvϵ)

and

δvIv = Muϵ +Mvϵ

As a regularisation term we use, for example,

R(h) = 1

2

∫
A
(γah

2 + γs((∂xh)
2 + (∂yh)

2) dA

=
1

2

∫
A
(γah

2 + γs∇h · ∇h) dA

=
1

2
h (γaM + γs(Dxx +Dyy))h

The directional derivative with respect to h of the regularisation term is

δhR =

∫
A
(γahδh+ γs(∂x(h+ δh) + ∂y(h+ δh) dA

= γa ⟨h|δh⟩+ γs(⟨∂xh|∂xδh⟩+ ⟨∂yh|∂yδh⟩)
= (γaM + γs(Dxx +Dyy))h

The forward model constraint is

δλM = δλ ⟨λ|F ⟩ = ⟨δλ|F ⟩
= ⟨δλ|∇ · (vh)−∇ · (κ∇h)− a∗⟩
= ⟨δλ|∇ · (vh)−∇ · (κ∇h)⟩ − ⟨δλ|a∗⟩
= ⟨δλ|∂x(uh) + ∂u(vh)⟩+ κ(⟨∂xδλ|∂xh⟩+ ⟨∂yδλ|∂yh⟩)− ⟨δλ|a∗⟩
= ⟨ϕj |∂x(upϕphkϕk) + ∂y(vpϕphkϕk)⟩+ κ(⟨∂xϕj |hk∂xϕk⟩+ ⟨∂yϕj |hk∂yϕk⟩)− ⟨ϕj |a∗kϕk⟩
= (⟨ϕj |∂x(upϕpϕk) + ∂y(vpϕpϕk)⟩+ κ(⟨∂xϕj |∂xϕk⟩+ ⟨∂yϕj |∂yϕk⟩))hk − ⟨ϕj |ϕk⟩ a∗k
= Kh− b

where

[K]jk = ⟨ϕj |∂x(upϕpϕk) + ∂y(vpϕpϕk)⟩+ κ(⟨∂xϕj |∂xϕk⟩+ ⟨∂yϕj |∂yϕk⟩)
[b]j = ⟨ϕj |ϕk⟩ a∗k = [Ma∗]j
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Note that we can also write

K =
d

dh
⟨δλ|F ⟩ = ⟨δλ|dhF ⟩

or
[K]ij =

〈
ϕi
∣∣dhj

F
〉

Similarly

δhM = δh ⟨λ|F ⟩
= ⟨λ|∇ · (v δh)−∇ · (κ∇δh)⟩
= ⟨λ|∇ · (v δh)⟩+ ⟨∇λ|κ∇δh⟩
= ⟨λ|∂x(uδh) + ∂y(vδh)⟩+ κ(⟨∂xλ|∂xδh⟩+ ⟨∂yλ|∂yδh⟩)
= λj (⟨ϕj |∂x(upϕpϕk) + ∂y(vpϕpϕk)⟩+ κ(⟨∂xϕj |∂xϕk⟩+ ⟨∂yϕj |∂yϕk⟩))
= λTK

And

δuM = δu ⟨λ|F ⟩
= ⟨λ|δuF ⟩
= ⟨λ|∂x(δu h)⟩

[δuM]p = ⟨λ|∂x(δuphkϕk)⟩
= ⟨λjϕj |hk∂x(ϕpϕk)⟩

If I only solve for h I get the linear system

δλL = ⟨δλ|F ⟩ = Kh− b = 0

δhL = ⟨λ|δhF ⟩ = M(h− h̃)./ϵh + (γaM + γs(Dxx +Dyy))h+ λTK = 0

which can be written as the KKT system(
MC−1

h + γaM + γs(Dxx +Dyy) KT

K 0

)(
h
λ

)
=

(
MC−1

h h̃
b

)

δλL = ⟨δλ|F ⟩ = Kh− b = 0

δhL = ⟨λ|δhF ⟩ = M(h− h̃)./ϵh + (γaM + γs(Dxx +Dyy))h+ λTK = 0

δuL = ⟨λ|δuF ⟩ = M(u− ũ)./ϵu + λ = 0

The adjoint system is

F (h(v), v) = 0 (6.73)

∂hF
∗λ = −∂hJ (6.74)

dvJ = ∂vF
∗λ+ ∂vJ (6.75)

Assuming uncorrelated errors, the mis�t (likelihood) terms are

I =
1

2
hϵMhϵ

The discrete form of the adjoint system is

Kh = b

KTλ = −M(h− h̃)./ϵh
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and the uv elements of the gradient can then be calculated as

[∂uF
∗λ]i = ⟨∂x(ϕi hjϕj), λrϕr⟩

[∂vF
∗λ]i = ⟨∂y(ϕi hjϕj), λrϕr⟩

and the ∂uJ and ∂vJ terms added to arrive at dvJ .
However since the system is linear and so simple it appears one could also solve this directly. For

example if

L =
1

2
uϵMuϵ +

1

2
vϵMvϵ +

1

2
hϵMhϵ + λT · (Kh− b) (6.76)

leading to

Kh− b = 0

M(h− h̃)./ϵh +KTλ = 0

M(u− ũ)./ϵu +KT
,uhλ = 0

M(v − ṽ)./ϵv +KT
,vhλ = 0

6.15 Thickness (h) inversion using momentum equation

Here q = v and p = h, and we have measurements of velocities and ice thicknesses.

F (v(h), h) = 0

J(v(h), h) = ∥v − ṽ∥+ ∥h− h̃∥
L = J(v(h), h) + ⟨λ, F (v(h), h)⟩

The adjoint approach consist in solving

⟨F (v(h), h), ϕ⟩ = 0

⟨(∂vF )∗λ, ϕ⟩ = −⟨∂vJ, ϕ⟩

and then
dhJ = ⟨(∂hF )∗λ, ϕ⟩+ ⟨∂hJ, ϕ⟩

The direct approach would involve taking the h and λ total derivatives of L and setting to zero. This
would require calculating dhJ = ∂vJ ∂hv + ∂hJ . The tricky part would then be ∂hv, i.e. the sensitivity
of velocities with respect to thickness, which we avoid calculating using the adjoint method.

6.16 B inversion using momentum and mass equation

Cost function:
J = Juv + Jḣ + JA + JB + JC (6.77)

Forward models, momentum and mass conservation:

Fuv = Fuv(u, v, h(b), d(b)) (momentum)

Fḣ = Fḣ(u, h(b)) (mass conservation)

Fb = Fb(s, S,B) (�otation)

where Fuv are here the SSA momentum equations, and

Fḣ = ḣ+ ∂x(u (s− b))− a = 0
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and b is calculated using the �oating condition from s, S and B given ρ and ρo as

Fb = b− GB − (1− G)ρs− ρoS
ρ− ρo

(6.78)

where
G = H((s− b)− ρo(S −B)/ρ).

as explained further in section 6.18 this is a non-linear system and needs to be solved iteratively.
The cost functions are

Juv =
1

2A

∫ (
((us − ũs)/eu)2 + ((vs − ṽs)/ev)2

)
dA (6.79)

Jḣ =
1

2A

∫ (
(ḣ− ˜̇

h)/eḣ

)2
dA (6.80)

and JB , JC and JA are regularisation terms (e.g Eq. 6.39).
The extended cost function becomes

L = Juv + Jḣ + JA + JB + JC + (Fuv, λuv) + (Fḣ, λḣ) + (Fb, λb)

and we wish to determine

dBJ = δBJB + (δBF
⋆
uv, λuv) + (δBF

⋆
ḣ
, λḣ) + (δBF

⋆
b , λb) (6.81)

We require

δuvL = 0

δḣL = 0

δbL = 0

and we get the adjoint equations are (see also Eq. 6.46)

(δuvF
⋆
uv, λuv) + (δuvF

⋆
ḣ
, λḣ) + (δuvF

⋆
b , λb) = −δuvJuv − δuvJḣ (6.82)

(δḣF
⋆
uv, λuv) + (δḣF

⋆
ḣ
, λḣ) + (δḣF

⋆
b , λb) = −δḣJuv − δḣJḣ (6.83)

(δbF
⋆
uv, λuv) + (δbF

⋆
ḣ
, λḣ) + (δbF

⋆
b , λb) = −δbJuv − δbJḣ (6.84)

For the cost function Eq. (6.77) and its terms as de�ned by Eqs. (6.79) and (6.80), Jḣ is not an explicit
function of either b or u and v, and therefore

δbJuv = 0

δḣJuv = 0

δbJḣ = 0

δuvJḣ = 0

Also from the de�nition of Fb by Eq. (6.78) and Fuv

(δuvF
⋆
b , λb) = 0

(δḣF
⋆
b , λb) = 0

(δḣF
⋆
uv, λḣ) = 0

The adjoint system Eqs. (6.82) to (6.84) therefore becomes

(δuvF
⋆
uv, λuv) + (δuvF

⋆
ḣ
, λḣ) = −δuvJuv (6.85)

(δḣF
⋆
ḣ
, λḣ) = −δḣJḣ (6.86)

(δbF
⋆
uv, λuv) + (δbF

⋆
ḣ
, λḣ) + (δbF

⋆
b , λb) = 0 (6.87)
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Note that if, alternatively, Fḣ is included directly in Jḣ, i.e.

Jḣ =
1

2A

∫ (
(a− (∂x(uh) + ∂y(vh)))− ˜̇

h
)2

dA

then Fḣ is no longer required to be a part of the extended cost function (the Lagrangian), and the total
derivative dBJ can be calculated as

dBJ = δBJB + (δBF
⋆
uv, λuv) + (δBF

⋆
b , λb)

However, now Jḣ is an explicit function of b, so δbJḣ ̸= 0 and the adjoint system becomes

(δuvF
⋆
uv, λuv) = −δuvJuv − δuvJḣ

(δbF
⋆
uv, λuv) + (δbF

⋆
ḣ
, λḣ) + (δbF

⋆
b , λb) = 0

and λuv is a solution to
(δuvF

⋆
uv, λuv) = −δuvJuv − δuvJḣ

6.17 Inverting for b using a �xed �oating mask

Here we consider the option of inverting only for b for a given �otation mask G̃. We assume the upper
surface (s), is known from measurements s̃.

Cost function:
J = Juv + Jḣ + JA + Jb + JC (6.88)

Forward models, momentum and mass conservation:

Fuv = Fuv(u, b, d(b)) (momentum)

Fḣ = Fḣ(u, b) (mass conservation)

G = G̃ (�otation)

where Fuv are here the SSA momentum equations, and

Fḣ = ḣ+ ∂x(u (s− b))− a = 0

The cost functions are

Juv =
1

2A

∫ (
((us − ũs)/eu)2 + ((vs − ṽs)/ev)2

)
dA (6.89)

Jḣ =
1

2A

∫ ((
(a− (∂x(uh) + ∂y(vh)))− ˜̇

h
)
/eḣ

)2
dA (6.90)

and Jb, JC and JA are regularisation terms (e.g Eq. 6.39) on the form

Jb =
1

2A

∫ (
(b− b̃)/eb

)2
dA

Since we here include Fḣ in the cost function, it does not need to be included in the extended cost
function, therefore

L = Juv + Jḣ + JA + Jb + JC + (Fuv, λuv).

We wish to determine dbJ ,
dbJ = δbJb + δbJḣ + (δbF

⋆
uv, λuv) (6.91)

The term (δbF
⋆
uv, λuv) accounts for the e�ect of b on on dbJ (see Eq. 6.88) due to the implicit dependency

of u and v on b.
We require

δuvL = 0
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and we get the adjoint equation (see also Eq. 6.46)

(δuvF
⋆
uv, λuv) = −δuvJuv − δuvJḣ (6.92)

We assume the �oating mask G is given as an input and we denote the prescribed/measured �oating
mask as G̃. We furthermore require that any changes in b do not lead to any changes in the �oating mask.
Therefore, for the �otation mask not to change during the inversion for b, the ice thickness h must be
above the �otation limit where G̃ < 1/2 and below it where G̃ < 1/2, i.e.

h > hf where G̃ ≥ 1/2

h < hf where G̃ < 1/2

or

ρ(s− b) > ρo(S −B) where G̃ ≥ 1/2

ρ(s− b) < ρo(S −B) where G̃ < 1/2

We calculate the bedrock elevation (B) and the draft (d), given ρ and ρo, as

B =

{
b for G̃ ≥ 1/2

min(b, B̃) otherwise

Since b = B where G̃ ≥ 1/2 we have

b <
ρs− ρoS
ρ− ρo

where G̃ ≥ 1/2

b > s− ρo(S −B)/ρ where G̃ < 1/2

Provided these constraints on b are enforced, the �oating mask (G) remains unchanged as b is updated
during the inversion. All directional derivatives of G with respect to b are therefore automatically equal
to zero. However, as b can change downstream of the grounding line within these constraints, the surface
elevation s can change as well according to

s = (1− ρo/ρ)b+
ρo
ρ
S, where G̃ < 1/2

Such changes can be suppressed using an appropriate regularisation on b using as prior

b̃ =
ρs̃− ρoS
ρ− ρo

=
ρ

ρo − ρ
S − ρo

ρo − ρ
s̃ where G̃ < 1/2

where s̃ are measurements of s, and prescribing errors eb in b derived from the observational errors es of
s over �oating areas as

eb = es/|1− ρo/ρ|

Alternatively an additional term Js to the cost function J can be added as

Js =
1

2A

∫
{(1− G) [(1− ρo/ρ)b+ ρoS/ρ− s̃] /es}2 dA

The directional derivative of the draft d de�ned as

d = H(S −B)(S − b)

with respect to b is required. Note that where S = B, the ice is grounded for any h > 0, so therefore
b = B and in a weak sense

∫
(δbH(S − b))(s− b) dA = 0, hence

δbd = −H(S −B)
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6.18 Inverting for bedrock elevation B with varying �otation mask

When inverting for bedrock B the elevations of the upper and lower ice surfaces (s and b respectively)
need to be recalculated as B is updated. We assume we have reasonably accurate measurements, s̃, of
the surface elevation. When updating b we therefore consider s, S, and B given, and calculate b and h
from s, S, and B, i.e.

b = b(s, S,B, ρ, ρo)

h = h(s, S,B, ρ, ρo)

as

b = G B + (1− G)ρs− ρoS
ρ− ρo

, (6.93)

h = G (s−B) + (1− G) s− S
1− ρ/ρo

, (6.94)

where
G = H(h− ρo(S −B)/ρ) . (6.95)

This is a non-linear system because G depends on h and solving this system is discussed in Sec. 1.15.3
We need to know the directional derivatives of various geometrical variables and quantities with

respect to B. These include

δBG = lim
ϵ→0

d

dϵ
H(s− (B + ϵ δB)− ρo(S − (B + ϵ δB))/ρ)

= lim
ϵ→0

(
δ(s− (B + ϵ δB)− ρo(S −B − ϵ δB)/ρ)(−δB +

ρo
ρ
δB

)
= δ(h− hf ) (ρo/ρ− 1) δB

and

δBb = G δB + δBGB −
ρs− ρoS
ρ− ρo

δBG

= G δB +

(
B − ρs− ρoS

ρ− ρo

)
δBG

= G δB + (ρo/ρ− 1)

(
B − ρs− ρoS

ρ− ρo

)
δ(h− hf ) δB

and
δBh = −δBb

Also from

d = H(S −B)(S − b)

we have

δBd =− δ(S −B) (S − b) δB −H(S −B) δBb

When calculating gradients with the adjoint method we get a term of the form

(δB(∂xb), λ)

It's presumably best to use an integral theorem here and write this as

(δB(∂xb), λ) = (∂x(δBb), λ) = −(δBb, ∂xλ)

where λ = 0 along the boundary, for example something like

((ρh− ρod)δB(∂xb), λ) = −(δBb, ∂x ((ρh− ρod)λ))
= −(δBb, (ρ∂xh− ρo∂xd)λ+ (ρh− ρod)∂xλ)
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6.19 Gradients of objective functions with respect to control vari-
ables

In the following we assume that all variables involved, such as A, C, b and λ are represented in the same
basis, i.e.

C = Ap ϕp(x, y)

A = Ap ϕp(x, y)

b = bp ϕp(x, y)

λ = λq ϕq(x, y)

6.19.1 Gradient calculation in 1HD with respect to C

As an example we consider the calculation of the gradient of the objective function J with respect to
slipperiness. The only term of the momentum equations containing C is the basal drag term

tb = H(h− hf ) C−1/m ∥vb∥1/m−1
vb

We need to evaluate

DJ(C)[ϕ] =< (∂CF )
∗λ+ ∂CJ | ϕ⟩

=< (∂Ctb)
∗λ+ ∂CJ | ϕ⟩

giving

DJ(C)[ϕ] =<
1

m
H(h− hf )C−1/m−1 ∥vb∥1/m−1

vbλ | ϕ⟩+ < ∂CJ | ϕ⟩

In the above listed expression one needs to form a sum between vb and λ for each value of C. The adjoint
variable λ is a solution of the adjoint equation and is a vector variable with x and y components similarly
to v.

6.19.2 Gradient calculation in 1HD with respect to A

The directional derivative can be calculated (see Eq. 6.47) as

j′(A) = ∂J(q(p), p)/∂A+ (∂F/∂A)∗λ (6.96)

Focusing on the second term

(∂AF )
∗λ =< ∂A

(
2∂x(A

−1/n h |∂xu|(1−n)/n∂xu)− tbx −
1

2
g∂x(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂xB

)
| λ⟩

= − < 2∂A

(
A−1/n h |∂xu|(1−n)/n∂xu

)
| ∂xλ⟩

= − < 2

n
A−1/n−1 h |∂xu|(1−n)/n∂xu δA, ∂xλ⟩

where we have omitted writing the boundary term assuming that λ is set to zero along the boundary (or
periodic boundary conditions for periodic domains.) Hence

(∂AF )
∗λ =<

2

n
A−1/n−1 h |∂xu|(1−n)/n∂xu δA, ∂xλ⟩

=<
2

n
A−1/n−1 h |∂xu|(1−n)/n∂xuϕp, λq∂xϕq⟩

=<
2

n
A−1/n−1 h |∂xu|(1−n)/n∂xuϕp, ∂xϕq⟩λq

or
(∂AF )

∗λ = Kλ

where
K = (∂F/∂A)∗
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is

Kpq =<
2

n
A−1/n−1 h |∂xu|(1−n)/n∂xuϕp, ∂xϕq⟩λq

however it is more e�cient to calculate this matrix-vector product directly without ever forming the
matrix as

Kλ =<
2

n
A−1/n−1 h |∂xu|(1−n)/n∂xuϕp, ∂xλ⟩

6.19.3 Gradient calculation in 1HD with respect to b

The directional derivative can be calculated (see Eq. 6.47) as

j′(b) = ∂J(q(p), p)/∂b+ (∂F/∂b)∗λ (6.97)

Simplifying the notation a bit and just considering the grounded ice situation the x term of the SSA
equation is

F = 2∂x

(
A−1/n h |∂xu|(1−n)/n∂xu

)
−H(h− hf )C−1/m ∥u∥1/m−1

u− ρgh∂xs−
1

2
gh2∂xρ = 0 (6.98)

where h = s− b.
Considering initially the �rst term of Eq. (6.98)

(∂bF )
∗λ =< ∂b

(
2∂x(A

−1/n h |∂xu|(1−n)/n∂xu)
)
| λ⟩

= − < 2∂b

(
A−1/n (s− b) |∂xu|(1−n)/n∂xu

)
| ∂xλ⟩

=< 2A−1/n |∂xu|(1−n)/n∂xu δb, ∂xλ⟩
or

[(∂bF )
∗λ]p =< 2A−1/n |∂xu|(1−n)/n∂xuϕp, ∂xϕq⟩λq

where we again have omitted writing the boundary term assuming that λ is set to zero along the boundary
(or periodic boundary conditions applied for periodic domains.). Using Eq. (1.191)

η =
1

2
A−1/n |∂xu|(1−n)/n

leads to
[(∂bF )

∗λ]p =< 4η∂xuϕp, ∂xϕq⟩λq
Second term of Eq. (6.98) leads to

[(∂bF )
∗λ]p =< δ(h− hf )C−1/m ∥u∥1/m−1

uϕp, ϕq⟩λq
(Note: I've ignored here the fact that where the ice is grounded and b = B, hf = ρoH/ρ = ρo(S−B)/ρ =
ρo(S − b)/ρ is a function of b)

More generally one can write this as

[(∂bF )
∗λ]p =< (∂btbx)ϕp, ϕq⟩λq

And the last two terms of Eq. (6.98) give

(∂bF )
∗λ = − < ∂b

(
ρgh∂xs+

1

2
gh2∂xρ

)
, λ⟩

=< (ρg∂xs+ gh∂xρ)ϕ, λ⟩

or
[(∂bF )

∗λ]p =< (ρg∂xs+ gh∂xρ)ϕp | ϕq⟩λq
Usually only the regularisation term is an explicit function of the control variable, i.e.

J(F (p, q(p), p) = I(F (p, q(p))) +R(p)

and therefore
∂pJ = ∂pR

But if we solve for b and use ∂th as a constraint, calculated as a− ∂x(uh) we now have b explicitly both
in the mis�t term I and in the regularisation term R, so ∂bJ has now this additional I term.
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6.20 Inverting for log p

To lessen the chances of a strictly positive parameter p becoming negative in the course of the inversion
we can make a change of variables writing

p = 10γ = eγ ln(10)

or
log10 p = γ

and invert for γ instead of p. Note that
∂p

∂γ
= ln(10) p .

and we �nd

∂J

∂γ
=
∂J

∂p

∂p

∂γ

=
∂J

∂p
ln(10) 10γ

= ln(10) p
∂J

∂p

showing that the change of variables causes a rescaling of the gradient, making the gradient go to zero as
p → 0. However, for a �nite step size this rescaling of the gradient alone does not guarantee that p will
not become negative (and log p complex) during the optimisation. In Úa one therefore also enforces the
positivity (non complex) constraint when inverting for log p of a strictly positive parameter.

For the Hessian we have

∂2J

∂γ2
=

∂

∂γ

∂J

∂γ

=
∂

∂γ

(
∂J

∂p

∂p

∂γ

)
=

∂2J

∂p∂γ

∂p

∂γ
+
∂J

∂p

∂2p

∂γ2

=
∂2J

∂p2

(
∂p

∂γ

)2

+
∂J

∂p

∂2p

∂γ2

= (ln(10)p)2
∂2J

∂p2
+ ln(10)2p

∂J

∂p

6.21 The form of the adjoint equations for Bayesian approach
using Gaussian statistics

We anticipate using a Bayesian approach assuming Gaussian statistics and therefore that the cost function
might be on the form

min
p
I(q(p)) =< q − q̂ | K−1

q | q − q̂⟩+ < p− p̃ | K−1
P | p− p̃⟩

=< K−T/2
q (q − q̂) | K−1/2

q (q − q̂)⟩+ < K−T/2
p (p− p̃) | K−1/2

p (p− p̃)⟩

where K is a covariance matrix (and therefore positive de�nite).
Repeating the calculations required in the adjoint approach for this particular case,

dpI = dpL =< K−1/2
q (q − q̂) | dpq⟩+ < λ | ∂qFdpq + ∂pF ⟩+ < ∂pλ | F ⟩

=< K−1/2
q (q − q̂) | dpq⟩+ < λ | ∂qFdpq + ∂pF ⟩

=< K−1/2
q (q − q̂) + λ(∂qr)

∗ | dpq⟩+ < λ | ∂pF ⟩
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where we have omitted the < p− p̃ | K−1
P | p− p̃⟩ term for the time being. We now use the �exibility of

λ not having been speci�ed and require that

< K−1/2
q (q − q̂) + λ(∂qF )

∗ | δp⟩ = 0

and therefore
dpI =< λ | ∂pF ⟩

For a cost function on the form

min
p
I(q(p)) =< q − q̂ | K−1

q | q − q̂⟩+ < p− p̃ | K−1
P | p− p̃⟩

we would arrive at
dpI =< λ | ∂pF ⟩+ < K−1/2

p (p− p̃) | δp⟩
One might ask why we don't just calculate the cost gradient as

dp =< K−1/2
q (q − q̂) | dpu⟩

But this would require calculating ∂pq which is a pain in the neck and requires N solutions for the forward
problem, where N + 1 is the number of discrete control parameters. Using the adjoint method we only
need to solve the forward problem twice.

6.22 Adjoint equations (Bayesian case with constraints on verti-
cal velocity)

We want to minimise a cost function J̃ on the form

J̃(u, v, w, p) = I(u, v, w) + F (p)

where I is a data discrepancy functional, and R a regularisation term
As a mis�t function we use

I = Iu + Iv + Io,

where each term has the form

Iu =< C−1/2
uu u− (̃u) | C−1/2

uu u− (̃u)⟩

with C−1/2
uu being an error covariance matrix.

The regularisation term has the form

R =< C−1/2
pp p | C−1/2

pp p⟩

We minimise J̃ subject to the conditions

F (u(p), v(p), p) = 0

and
ws = f(u, v, h, b)

where r are the diagnostic equations, f is a function giving the vertical surface velocity wo as a function of
the variables of the diagnostic equations, and where p stands for some control variable (distributed model
parameter) such as the basal slipperiness C or the rate factor A. We therefore consider the extended cost
function

J(u, v, w, λ, µ, p) = I(u, v, w) + F (p)+ < λ | F (q(p), v(p), p)⟩+ < µ | w − f(u, v, h, b)⟩
where λ and µ are Lagrange multipliers.

The directional derivative of J with respect to λ in the direction of δλ is de�ned as

d

dϵ
J(λ+ ϵ δλ) |ϵ=0

and is denoted by δJ(λ, δλ)
The directional derivatives of J are

δJ(λ, δλ) = δλJ =< δλ, F (u, v, p)⟩
J(µ, δµ) =< δµ,w − f(u, v, h, b)⟩

J(u, δu) =< C−1/2
uu (u− ũ, C−1/2δu⟩+ < λ,∇ur δu⟩− < µ | ∇uf δu⟩
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6.23 Prognostic equations are formally self-adjoint

The SSTREAM equations are formally6 self-adjoint as we will now show.

De�ne the inner product

r =< fx | λ⟩+ < fy | µ⟩

where

fx =∂x(hη(4∂xu+ 2∂yv)) + ∂y(hη(∂yu+ ∂xv))−H(h− hf )tbx
− 1

2
g∂x(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂xB (6.99)

fy =∂y(hη(4∂yv + 2∂xu)) + ∂x(hη(∂xv + ∂yu)−H(h− hf )tby
− 1

2
g∂y(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂yB (6.100)

or

r =

∫∫ {
(∂x(hη(4∂xu+ 2∂yv)) + ∂y(hη(∂yu+ ∂xv)))−H(h− hf )tbx

− 1

2
g∂x(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂xB
}
λ dx dy

+

∫∫ {
(∂y(hη(4∂yv + 2∂xu)) + ∂x(hη(∂xv + ∂yu))−H(h− hf )tby

− 1

2
g∂y(ρh

2 − ρod2) + gH(h− hf )(ρh− ρoH+)∂yB
}
µdx dy

The use of Green's theorem gives

r =−
∫∫

Ω

{
hη(4∂xu+ 2∂yv)∂xλ+ hη(∂yu+ ∂xv)∂yλ+H(h− hf )β2uλ

− 1

2
g(ρh2 − ρod2)∂xλ+ λ gH(h− hf )(ρh− ρoH+)∂xB

}
dx dy

+

∮
Γ

(hη(4∂xu+ 2∂yv)λnx + hη(∂yu+ ∂xv)λny −
1

2
g(ρh2 − ρod2)λnx) dΓ

−
∫∫

Ω

{
hη(4∂yv + 2∂xu)∂yµ+ hη(∂xv + ∂yu)∂xµ+H(h− hf )β2v

− 1

2
g(ρh2 − ρod2)∂yµ+ µ gH(h− hf )(ρh− ρoH+)∂xB

}
dx dy

+

∮
Γ

(hη(4∂yv + 2∂xu)µny + hη(∂xv + ∂yu)µnx −
1

2
g(ρh2 − ρod2)µny) dΓ

and a second use of Green's theorem gives after some rearrangements

6Here 'formally' stands for 'if ignoring boundary conditions'.
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r =

∫∫
Ω

{
∂x(hη(4∂xλ+ 2∂yµ))u+ ∂y(hη(∂yλ+ ∂xµ))u−H(h− hf )β2uλ

+
1

2
g(ρh2 − ρod2)∂xλ− λ gH(h− hf )(ρh− ρoH+)∂xB

}
dx dy

+

∮
Γ

(hη(4∂xu+ 2∂yv)λnx + hη(∂yu+ ∂xv)λny −
1

2
g(ρh2 − ρod2)λnx) dΓ

+

∫∫
Ω

{
∂y(hη(4∂xµ+ 2∂yλ)) v + ∂x(hη(∂xµ+ ∂yλ)) v −H(h− hf )β2uλ

+
1

2
cdg(ρh2 − ρod2)∂yµ− µ gH(h− hf )(ρh− ρoH+)∂xB

}
dx dy

+

∮
Γ

(hη(4∂yv + 2∂xu)µny + hη(∂xv + ∂yu)µnx −
1

2
g(ρh2 − ρod2)µny) dΓ

−
∮
Ω

(uhη(4∂xλ+ 2∂yµ)nx + uhη(∂yλ+ ∂xµ)ny) dΓ

−
∮
Ω

(vhη(4∂yµ+ 2∂yλ)ny + vhη(∂xµ+ ∂yλ)nx) dΓ

If we ignore the BCs terms, the equations are clearly self-adjoint.

In Úa the BCs conditions for the adjoint problem (the boundary terms shown above) are generated
automatically from the BCs of the forward problem using some sensible assumptions such as homogeni-
sation of the adjoint BCs if Dirichlet and natural BCs are applied to the forward problem, and periodic
BCs for the adjoint problem if periodic BCs are applied to the forward problem. The user can overwrite
these assumptions if needed.

The adjoint approach is based on the use of the adjoint of the linearised/tangent forward model
around the converged solution of non-linear forward model. The non-linear forward model is

F (u) = 0

and the tangent model is the directional derivative of the forward model in the direction δu.

K = DF (u)[δu]

Often this is simply be written as

K =
∂F

∂u

De�ne

< LδU | Λ⟩ =< U | LΛ⟩
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where U = (δu, δv)T and L is the operator acting on U as given by the system (1.226) and (1.227).

< L δu | Λ⟩ =
∫∫

Ω

{
(∂x(hη(4∂xδu+ 2∂yδv)) + ∂y(hη(∂yδu+ ∂xδv)))λ

+(∂y(hη(4∂yδv + 2∂xδu)) + ∂x(hη(∂xδv + ∂yδu)))µ
}
dx dy

= −
∫∫

Ω

{
hη(4∂xδu+ 2∂yδv)∂xλ+ hη(∂yδu+ ∂xδv)∂yλ

hη(4∂yδv + 2∂xδu)∂yµ+ hη(∂xδv + ∂yδu)∂xµ
}
dx dy

+

∮
Γ

{
hη(4∂xδu+ 2∂yδv)λnx + hη(∂yδu+ ∂xδv)λny)

+hη(4∂yδv + 2∂xδu)µny + hη(∂xδv + ∂yδu)µnx
}
dΓ

=

∫∫
Ω

{
(∂x(hη(4∂xλ+ 2∂yµ)) + ∂y(hη(∂yλ+ ∂xµ))) δu

(∂y(hη(4∂xµ+ 2∂yλ)) + ∂x(hη(∂xµ+ ∂yλ))) δv
}
dx dy

+

∮
Γ

{
(hη(4∂xδu+ 2∂yδv)nx + hη(∂yδu+ ∂xδv)ny)λ

+(hη(4∂yδv + 2∂xδu)ny + hη(∂xδv + ∂yδu)nx)µ
}
dΓ

−
∮
Γ

(hη(4∂xλ+ 2∂yµ)nx + hη(∂yλ+ ∂xµ)ny)δu dΓ

−
∮
Γ

(hη(4∂yµ+ 2∂yλ)ny + hη(∂xµ+ ∂yλ)nx)δv dΓ

Once the forward model has been solved the velocity �eld ful�ls given the BCs to a high degree of
accuracy. The boundary conditions on the δ �elds follow from above

6.24 Covariance kernels

F (f) =

∫ ∫
f(x)κ(x, x′) f(x′) dx dx′

where κ is the covariance kernel.
Assuming isotropic, stationary, and translation invariance, i.e.

κ(x, x′) = κ(|x− x′|)
a multipole expansion of an exponentially decaying covariance is on the form

e−|x−xi|2/4T =

∞∑
n1,n2=0

Θn1n2(x− c)...



162 CHAPTER 6. INVERSE MODELLING



Chapter 7

Calving

7.1 Level-set method

Level-set methods (LSM) are a conceptual
framework for using level sets as a tool for
numerical analysis of surfaces and shapes.
The advantage of the level-set model is that
one can perform numerical computations
involving curves and surfaces on a �xed
Cartesian grid without having to
parameterise these objects.

Wikipedia

Level-set method

The calving rate is a scalar quantity, de�ned as the di�erence between the advance/retreat rate of
the calving front and the material velocity, v, of ice at the calving front in normal direction. We use an
implicit formulation to describe the position of the calving as the set of points, xc ful�lling the condition

φ(xc(t), t) = 0 , (7.1)

where φ is the level-set function. Thus, the calving fronts are the zero levels (zero contour lines) of the
level set function φ.

Equation (7.1) holds for any time, t. Thus, if we take the time derivative of φ, for xc �xed, we �nd

d

dt
φ(x(t), t)

∣∣∣∣
x=xc

=
∂φ

∂xk

∂xk
∂t

+ ∂tφ

=
∂φ

∂xk
uk + ∂tφ

= ∂tφ+ u · ∇φ

where
uc = ∂txc

is the calving front velocity. Since, by de�nition, the value of the level-set function is always equal to
zero as we follow a particle con�ned to the calving front over time, the corresponding time derivative is
also equal to zero, that is

d

dt
φ(x(t), t)

∣∣∣∣
x=xc

= ∂tφ+ u · ∇φ = 0 (7.2)

While the calving front is the zero level of the level set function, the level set function itself is
de�ne throughout the domain. The level set function, φ, is a scalar function of location and time, i.e.
φ : R2 × R→ R, that is

φ = φ(x, t) .

Note that the position vector, x, stands here for any (x, y) location throughout the computational domain.
Any point con�ned to the calving front moves with the velocity, uc = ∂txc, in a direction normal to the
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calving front. The level set function φ is de�ned to be positive on one side of the calving front, and
negative on the other side. Since it has a constant value (i.e. value of zero) along the calving front, we
can �nd the normal to the calving front as as

n̂ = − ∇φ∥∇φ∥ , (7.3)

with
∥∇φ∥2 = ∇φ · ∇φ .

The sign convention used in the de�nition of the normal in Eq. (7.3) is introduced in the anticipation
that φ will be de�ned as a decreasing function of distance as we travel across the calving front, from the
ice covered region to the ice-free region, with the normal n̂ pointing outwards.

The velocity, uc, of the calving front is equal to the di�erence between the material velocity, v, of ice
at the calving front and the calving velocity c, that is

uc = v − c .

As mentioned above, φ does not change for any point along the calving front

φ(xc(t), t) = 0 , (7.4)

and as above, we have
∂tφ+ uc · ∇φ = 0 ,

or
∂tφ+ (v − c) · ∇φ = 0 , (7.5)

hence
∂tφ+ v · ∇φ = c · ∇φ , (7.6)

The calving velocity vector, c, is always normal to the calving front itself, and we can write

c = c n̂

= −c ∇φ∥∇φ∥ ,

where the scalar c is the calving rate, or

∂tφ+ v · ∇φ = −c ∥∇φ∥ . (7.7)

Eqs. (7.5) and (7.7) are di�erent forms of the kinematic calving front condition and it is our evolu-
tionary equation for the level-set function φ for a given material velocity v of the material particles at
the calving front, and a calving rate c. This is a non-linear hyperbolic equation, the non-linearity being
due to the dependency of direction of c on φ. Solving Eqs. (7.5) and (7.7) requires suitable boundary
conditions to be prescribed along in�ow boundaries.

When used the calculated the evolution of the zero level (which here is a 1-dimensional curve) of a
higher-dimensional function φ, (here a 2-dimensional function of x and y) Eq. (7.5) is referred to as the
level-set equation. In the literature the level-set equation is usually written as

∂tφ+ F ∥∇φ∥ = 0, (7.8)

where the scalar F is the speed in outward normal direction. We can bring Eq. (7.7) to this standard
form by de�ning F as

F = v · n̂− c .
Generally, one �nds that the speed function F needs to be both physically and numerically motivated.
Examples for the use of the level-set method in glaciology to describe the evolution of glacier surfaces
and calving front include Hossain et al. (2020)and Bondzio et al. (2016).

At the beginning of a simulation, the level set needs to be initialised in such a way that its zero level
coincides with the initial calving front position, and is positive one one side and negative on the other
side of the front. This can be done by, for example, calculating the (signed) distance to the calving front

φ(r, t = 0) = min
γ
∥r − Γ(γ)∥ ,
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where r = (x, y) and Γ(γ) is a parameterised vector function giving the x and the y coordinates of the
calving front/fronts at t = 0. Alternatively, one can solve the Eikonal equation ∥∇φ∥ on both sides of
the curve. Both approaches ensure that ∥∇φ∥ = 1 as the curve is crossed.

The level-set equation (7.7) is a non-linear hyperbolic equation. As an example of type of behaviour
that can be expected, consider the one-dimensional case where

∂tφ+ (v − c)∂xφ = 0 (7.9)

For u = v− c = spatially constant, Eq. (7.9) is a linear advection equation and the solution is a travelling
shape-preserving wave

φ(x, t) = φ0(x− (v − c)t)
travelling with the velocity u. However, if v − c is spatially variable, for example if v − c = ϵ(x − x0),
where ϵ is some (possibly small) constant, then the solution to (7.9) becomes

φ(x, t) = −(x− xc)eϵ(t−t0)

This example is particularly pertinent because, as mentioned above, the level set is often initialised as a
signed distance function, which in this one-dimensional example implies

φ(x, t = t0) = x− xc

where here xc stands for the position of the calving front at t = t0, and v − C is generally spatially
variable, suggesting that φ may grow without bounds with time. In particular, φ will with time cease
being a (signed) distance function with ∥∇φ∥ = 1. At the same time there are good reasons for wanting
φ to be at least approximately a signed distance function at all times. Changes in physical properties
as the calving front is crossed can, for example, then be easily parameterised as a function of normal
distance to the front using as function of φ.

As shown by Barles et al. (1993) signed-distance function are not solutions to the level-set equation
and Barles et al. (1993) gives simple intuitive examples showing that φ can be expected to develop shocks.
Determining the level set can, hence, be expected to become increasingly di�cult as the gradient of φ
grows with time and eventually becomes unbounded.

Several methods have been proposed in the literature to deal with this problem. These include
initialisation whereby φ is either periodically reset to be equal to the signed distance function, or where a
correction procedure is applied to 'push' the level set towards the signed distance function (e.g. Sussman
et al., 1994). Global basis function approach using radial basis function expression for φ is described in
Wang et al. (2007).

A level set method based on a variational principle can be derived by adding a perturbation P to
the energy potential (e.g Luo et al., 2019). Minimising this additional potential term involved adding
the corresponding directional derivative with respect to φ to the level set equation (Eqs. 7.5 and 7.7),
resulting, as I show below, in augmented form of the level-set equation with an additional non-linear
di�usion term. The augmented level set equation takes the form

∂tφ+ v · ∇φ−∇ · (κ∇φ) = −c ∥∇φ∥ (scalar form) , (7.10)

or, equivalently,
∂tφ+ (v − c) · ∇φ−∇ · (κ∇φ) = 0 (vector form) . (7.11)

In Eq. (7.10) the calving rate appears as a scalar variable, while in (7.11) as a vector. Eqs. (7.10)
and (7.11) are referred to as the scalar and vector forms of the augmented level-set equation, respectively.

Requiring ∥∇φ∥ being equal to unity can be achieved by minimising a potential term such as, for
example, the the Eikonal functional

P =
1

2

∫
A

(∥∇φ∥ − 1)2 dA , (7.12)

with respect to φ, that is by solving
DδφP = 0 . (7.13)

Adding this directional derivative to the level-set equation is equivalent to imposing it as a weak constraint
(weak in the sense that we do not enforce (7.13) to be ful�lled exactly at all times but allow for some
deviation of ∥∇φ∥ from unity). The resulting augmented level-set equation brings out explicitly the
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unavoidable con�ict resulting from requiring φ to be a solution to the level-set equation (Eqs. 7.5 and 7.7),
while at the same time for ∥∇φ∥ to remain close to unity at all times.

The directional derivative of the potential term (7.12) is

DδφP =

∫
A

(∥∇φ∥ − 1)
∇φ · ∇δφ
∥∇φ∥ dA

=

∫
A

(
1− 1

∥∇φ∥

)
∇φ · ∇δφ dA

where we have used that1

Dδφ ∥∇φ∥ = lim
ϵ→0

d

dφ
∥∇(φ+ ϵδφ)∥

=
∇φ · ∇δφ
∥∇φ∥ ,

or, using the sign convection expressed by Eq. (7.3), that

Dδφ ∥∇φ∥ = −n̂ · ∇δφ . (7.14)

This is a weak form of a di�usion term, and in strong form the augmented equation is (7.10) where
κ is a di�usion coe�cient which we write as κ = µk where is non-dimensional and has the form

k = 1− 1/ ∥∇φ∥

while µ is some suitable selected constant with the dimensions distance2× time−1.2 As discussed by Luo
et al. (2019) this di�usion term has the undesirable e�ect that the di�usion rate becomes unbounded for
∥∇φ∥ → 0. Ensuring boundness in this limit seems to have been one of the motivations of Li et al. (2010)
and Touré and Soulaïmani (2016) for introducing their modi�ed expressions of κ. and Li et al. (2010)
suggested de�ning

κ = µk(∥∇φ∥) , ). (7.15)

with

k(x) =

{
1− 1/x for x ≥ 1
1
2π

sin(2πx)
x for x < 1

(7.16)

Another approach is to select a perturbation term on the more general form

P =
1

pq

∫
A
(∥∇φ∥q − 1)

p
dA (7.17)

for which

DδφP =

∫
A
(∥∇φ∥q − 1)

p−1 ∥∇φ∥q−1 ∇φ · ∇δφ
∥∇φ∥ dA

=

∫
A
(∥∇φ∥q − 1)

p−1 ∥∇φ∥q−2 ∇φ · ∇δφ dA

1In more detail:

Dδφ ∥∇φ∥ = lim
ϵ→0

d

dϵ
∥∇(φ+ ϵδφ)∥

= lim
ϵ→0

d

dϵ

(
(∂xφ+ ϵ∂xδφ)

2 + (∂yφ+ ϵ∂yδφ)
2
)1/2

= lim
ϵ→0

d

dϵ

(
(∂xφ)

2 + (∂yφ)
2 + 2ϵ∂xφ∂xδφ+ ϵ2(∂xδφ)

2 + 2ϵ∂yφ∂yδφ+ ϵ2(∂yδφ)
2
)1/2

=
1

2

(
(∂xφ)

2 + (∂yφ)
2
)−1/2

2(∂xφ∂xδφ+ ∂yφ∂yδφ)

=
∇φ · ∇δφ

∥∇φ∥
= −n̂ · ∇δφ

2Touré and Soulaïmani (2016) suggest setting

µ = β
∥u∥ l2

2
where β is close to unity, l is the local element length, but this expression appears to have wrong units!
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Figure 7.1: The k(x) function suggested by Li et al. (2010), and given by Eq. 7.16. This term introduces
forward-and-backward di�usion to Eq. (7.15).

0.5 1 1.5

x

-1

-0.5

0

0.5

1

1.5

2

2.5

3

P
(x

);
k
(x

)

0

0.5

1

1.5

2

2.5

3

3.5

4

d
k
(x

)=
d
x

P(x)
k(x)
k0(x)

Figure 7.2: The perturbation term P given by Eq. (7.17) and the corresponding k(x) function given by
Eq. (7.18) and the derivative k′(x) used in the Newton-Raphson integration, all shown for p = 2 and
q = 2.

giving a di�usion coe�cient
κ = µk(∥∇φ∥)

in Eq. (7.10), where
k(x) = (xq − 1)

p−1
xq−2 , (7.18)

which is bounded for x = ∥∇φ∥ → 0, provided q ≥ 2. For p an even number, the di�usion term de�ned
by Eq. (7.18) can be both negative and positive and is an example of a forward-and-backward (FAB)
di�usion.

7.1.1 Numerical implementation

In Úa the level let is evolved by solving the augmented level-set equation either in the c scalar form

∂tφ+ v · ∇φ−∇ · (κ∇φ) = −c ∥∇φ∥ , (7.10)

or in its mathematical equivalent c vector form as

∂tφ︸︷︷︸
T

+(v − c) · ∇φ︸ ︷︷ ︸
L

−∇ · (κ∇φ)︸ ︷︷ ︸
P

= 0 , (7.11)

implicitly with respect to φ using the Newton-Raphson method with consistent SUPG weighting.
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Figure 7.3: Same as Fig. 7.2 but for the Eikonal functional, where p = 2 and q = 1. In this case the
function k(x) is not bounded as x→ 0.

Figure 7.4: Geometric reinitialisation using only crossing points with element edges.
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Figure 7.5: Geometrical re-initialisation using additional points along the level set φ = 0. The leftmost
�gure shows the level set function φ after re-initialisation, the middle one the change, ∆φ, during the
re-initialisation, and the rightmost �gure is a zoom-in of the middle �gure.
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This requires linearisation of the the non-linear ∥∇φ∥ term, and the non-linear FAB di�usivity, κ =
µk(∥∇φ∥), which in Úa can have various forms such as

k(x) = (xq − 1)
p−1

xq−2 , (7.18)

or

k(x) =

{
1− 1/x for x ≥ 1
1
2π

sin(2πx)
x for x < 1

(7.16)

where
x = ∥∇φ∥ .

For the NR formulation all terms involving φ need to be linearised. Linearising the norm of the
gradient results in

∥∇(φ+ δφ)∥ = ∥∇φ∥ − n̂ · ∇δφ+O((δφ)2) .

and linearising
κ = µk(∥∇φ∥) ,

gives

k(∥∇(φ+ δφ)∥) = k(∥∇φ∥) + k′(∥∇φ∥)
∥∇φ∥ ∇φ · ∇δφ

= k(∥∇φ∥)− k′(∥∇φ∥) n̂ · ∇δφ

where we used expression (7.14) for the directional derivative Dδφ ∥∇φ∥.
Using the (7.11) form furthermore requires linearising c · ∇φ, where

c · ∇φ = −c∇φ · ∇φ∥∇φ∥

and we �nd that3

Dδφ (c · ∇φ) = c · ∇δφ . (7.19)

3In more detail:

Dδφ (c · ∇φ) = ∇φ ·Dδφ c+ c · ∇δφ

Dδφ c = −c Dδφ
∇φ

∥∇φ∥

= −c

(
∇δφ

∥∇φ∥
+ (−1)(−1)

∇φ (n̂ · ∇δφ)

∥∇φ∥2

)
= −c

(
∇δφ

∥∇φ∥
+

∇φ (n̂ · ∇δφ)

∥∇φ∥2

)
= −c

(
∇δφ

∥∇φ∥
−

n̂ (n̂ · ∇δφ)

∥∇φ∥

)

Hence

∇φ ·Dδφc = −c (−n̂ · ∇δφ+ 1 n̂ · ∇δφ)

= 0

resulting in,

Dδφ (c · ∇φ) = ∇φ ·Dδφ c+ c · ∇δφ

= 0 + c · ∇δφ

= c · ∇δφ

We can also arrive at the result (7.19) more simply as

Dδφ (c · ∇φ) = Dδφ (−c ∥∇φ∥)
= −cDδφ (∥∇φ∥)
= c n̂ · ∇δφ

showing again that
Dδφ (c · ∇φ) = c · ∇δφ

were we have used Eq. (7.14).
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Figure 7.6: Example of level-set re-initialisation
by solving only the non-linear di�usion term. This
is the initial level set φ0.

Figure 7.7: And this is φ1 after solving for the
non-linear di�usion term alone, i.e. ∇·(κ∇φ1) = 0
using φ0 as an initial guess.

The resulting linearised terms are all added to Eq. (7.20).
For the perturbation in k to be �nite as ∥∇φ∥ → 0, we must have

lim
x→0

k′(x)

x
= K

where K is some constant. Using k(x) giving by Eq. (7.18) results in

k′(x)

x
=

(p− 1)q(xq − 1)p−2xq−1xq−2 + (q − 2)(xq − 1)p−1xq−3

x

= (p− 1)q (xq − 1)p−2x2q−4 + (q − 2)(xq − 1)p−1xq−4

which is bounded as x → 0 p ≥ 2 and for q = 2 or q ≥ 4, in which both the �rst and the second-order
directional derivatives are bounded.

As commonly done in �nite-elements, a weak form is obtained by forming the L2 inner product of the
equation to be solved with suitable form functions. The di�usion term is weighted using functions from
the same space as used to expand φ (Bubnov-Galerkin method), and the remaining terms are weighted
using the streamline-upwind Petrov-Galerkin approach. The di�usion term is integrated by parts, and as
a result the natural boundary condition for φ is the free out�ow/in�ow boundary condition. Generally,
a convection-di�usion equation such as (7.10) requires a Dirichlet type boundary condition along the
in�ow boundary with the (natural) free-out�ow boundary condition applied over the remaining parts of
the boundary.

The transient solution is formulated using the θ method with consistent streamline-upwind Petrov-
Galerkin (SUPG) weighting, giving

< φ1 − φ0 | N +M⟩+∆t ⟨(1− θ)F0 ∥∇φ0∥+ θF1 ∥∇φ1∥ | N +M⟩ = 0 ,

where

N(x, y) = ϕ(x, y)

M(x, y) = τ (v − c) · ∇ϕ(x, y)

with φ expanded in the basis {ϕ(x, y)}, i.e. φ(x, y) = φqϕq(x, y). See section 2.4 on various options for
selecting τ . This non-linear system is then solved using the Newton-Raphson,4 were we repeatedly solve
for δφ and update φi

1 at time step 1 as
φi+1
1 = φi

1 + δφ ,

where i is the NR iteration number, requires linearisation of all terms.

4The explicit form with θ = 0 is clearly a particularly easy option, leading to the simple linear asymmetrical system

< φ1 | N +M⟩ =< φ0 | N +M⟩+∆t < F0 ∥∇φ0∥ | N +M⟩ .

This explicit option is available in Úa but by default an implicit Newton-Raphson (NR) approach is used.
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Figure 7.8: Same as in Fig. 7.6, but showing
the norm of the gradient, ∥∇φ0∥.

Figure 7.9: Same as in Fig. 7.7, but showing
the norm of the gradient, ∥∇φ1∥.

Using the θ method, and after linearisation, Eq. (7.7) is therefore

φi
1 + δφ− φ0

∆t
+ θv1 · (∇φi

1 +∇δφ) + (1− θ)v0 · ∇φ0 = θ
(
c1
∥∥∇φi

1

∥∥− c1n̂ · ∇δφ)+ (1− θ)c0 ∥∇φ0∥ ,

which can also be written as(
1 + θ∆t

(
v + c

∇φi
1∥∥∇φi
1

∥∥
)
· ∇
)
δφ = ∆t (φ0 − φi

1)− θ∆t
(
v · ∇φi

1 + c
∥∥∇φi

1

∥∥)− (1− θ)∆t (v · ∇φ0 + c ∥∇φ0∥) .

(7.20)

Here we have yet to include the non-linear di�usion term.

c n̂ = c

c ∥∇φ∥ = −c · ∇φ ,

c = −c ∇φ∥∇φ∥

c · ∇φ = −c∇φ · ∇φ∥∇φ∥ = −c ∥∇φ∥

c · ∇δφ = −c∇φ · ∇δφ∥∇φ∥

Here the only non-linear contribution stems from the dependence of c1 on φ.
Writing (7.11) as

Lφ = 0

where we have de�ned

Lφ := ∂tφ+ (v − c) · ∇φ−∇ · (κ∇φ)

the weak form is

0 =< ∂tφ+ (v − c) · ∇φ | ϕ⟩+ < κ∇φ | ∇ϕ⟩ −
∮
∂A

κ(∇φ · n̂)ϕ dΓ

+

nEle∑
i=1

∫
Ae

Lφ τ(v − c) · ∇ϕ dA

The second spatial derivative in the residual term is calculated using L2 projection as suggested in Jansen
et al. (1999).



172 CHAPTER 7. CALVING

Element re-initialisation around calving front

Depending how the calving front is represented graphically, some local element-wise procedure might be
required. Fixing the set does this of course, but it `freezes' the level set locally.

φ(p1) + γ12(φ(p2)− φ(p1)) = 0

φ(p1) + γ13(φ(p3)− φ(p1)) = 0

φ(p2)− φ(p1)

∥p1 − p1∥
= 1

φ(p3)− φ(p1)

∥p1 − p1∥
= 1

or 
1 + γ12 −γ12 0
1 + γ13 0 −γ13
−1 1 0
−1 0 1


φ1

φ2

φ3

 =


0
0

∥p2 − p1∥
∥p3 − p1∥


7.1.2 Ice calving

For a migrating calving front the ice downstream needs to be expunged, i.e. calved away. This can be
done in various ways, for example by deactivating the ice-free elements or by applying an additional
melt term. The approach that seems to give best results is to use implicit melt-rate parameterisation
where additional melt rate is prescribed implicitly as a function of the to-be-calculated ice-thickness. For
example as

ac = (1−H(φ)) (a1(h− hmin) + a3(h− hmin)
3) , (7.21)

where H is the Heaviside step function, φb the level set function, ac is the additional meltrate, i.e. the
calving melt rate, and hmin the desired minimum ice thickness, and a1 and a3 are some constants. Setting,
for example, a1 ̸= 0 and a3 = 0 gives

∂th = (h0 − hmin) e
a1t + hmin ,

where a0 is the initial thickness, thereby e�ectively getting rid of the ice within the time 1/|a1|, for a1 < 0.
For typical ice-�ow situations where the time step is expressed in the unit year, setting a1 = −1 seems
reasonable.

`Implicit melt-rate' parameterisation, involves including any derivatives of the melt-rate with respect
to the solution variables as required in the Newton-Raphson iteration. Since here the melt rate depends
on the thickness, h, which together with the velocity is one of the solution variables, we therefore include
the term

∂ac
∂h

= (1−H(φ)) (a1 + 3 a3 (h− hmin)
2) ,

in the FE matrix assembly. To obtain the second-order NR convergence in the presence of strong inter-
element spatial variation in ac, this term must be evaluated at the integration points.

7.2 Veri�cation test case

Various technical implementation details:

� During (re)initialisation, when using the �x-point approach (best option) use backward Euler or
the φ solution will not be fully reinitialised. Also, as the only term of the equation used is the
di�usion term, use standard Galerkin and not the SUPG weighting.

In one dimensional, the position of the calving front xc is governed by the �rst-order system

ẋc = f(xc) (7.22)

with
f(x) = u(x)− c(x).
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Figure 7.10: This example is based on the MismipPlus setup. Here all �oating ice for x > 500 km was
removed using three di�erent approaches: MB, where an additional implicit mass-balance term is added
at the nodes, LSF, where again an additional implicit mass-balance term is added but prescribed and
evaluated directly at the integration points, and ED, where �oating elements are deactivated. The best
performance is obtained by LSF. The LSF always second order, whereas MB looses the second order
convergence in the presence of strong spatial gradients in the mass balance.
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Figure 7.11: This example is based a one-dimensional ice shelf geometry. Here all �oating ice for x >
500 km was removed using two di�erent approaches: MB, where an additional implicit mass-balance
term is added at the nodes, and LSF, where again an additional implicit mass-balance term is added but
prescribed and evaluated directly at the integration points. The best performance is obtained by LSF.
Here the lack of second-order convergence when using MB severely limits the size of the time step.
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Figure 7.12: Geometry and velocities for a one-dimensional uncon�ned ice shelf (see Eqs. 11.44 and
11.46). The grounding line is at x = 0 and hgl = 1000m and ugl = 300ma−1. A calving relationship on
the form c = kh−2 is shown as a black line with k = 0.086320 km3 a−1, For this calving relationship and
this particular value of k, the ice velocity (u(x)) and calving rate (c(x)) are equal at x = x1 = 100 km
and at x = x2 = 331 km. A calving front is table at x = x1, and unstable at x = x2. The ice rate factor
(A) is set to A = 1.1461 × 10−8 a−1 kPa−3 which corresponds to a temperature of -10 degrees Celsius
(Smith & Morland, 1982). Ice density ρ = 910 kgm3, ocean density ρo = 1030 kgm3 and gravitational
acceleration g = 9.81m s−2 and constant surface mass balance of as = 0.3ma−1.

Figure 7.13: Phase portrait for calving law (6.15) with parameter values same as in Fig. 7.12. The steady-
state at xc = x1 = 100 km is stable, and the one at xc = x2 = 331 km unstable.
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Figure 7.14: Calculated (coloured thin lines) and analytical (thick black line) calving front positions
(left y axis) as a function of time, with the di�erence between the two shown as dashed lines (right y
axis). The di�erence is too small for the analytical solution (black line) to be fully visible under those
representing the numerical solution. The calculations were done for linear (T3), quadratic (T6) and cubic
(T10) triangular elements. The element partition was in all three cases the same with the overall element
diameters set at 10 km, but with �ner division for the �rst 10 km downstream of the grounding line. The
calculations were done for an uncon�ned ice shelf with the calving rate, c, being a function of ice thickness
at the calving front as shown in Fig. 7.12. Initially the calving front is at x = 200 km and with time the
calving front migrates towards the stable steady state solution at x = 100 km (see also Fig. 7.13).

A simple test case for the calving implementation can be construed by prescribing the calving rate using
the analytical solution for an unconstrained ice shelf.

Solutions for the �ow of a one-dimensional un-buttressed ice shelf are derived in section 11.5 where it
is showed that the velocity is given by

u(x) =

(
K + γ (qgl + ax)n+1

a

)1/(n+1)

(11.46)

and the constants K and γ are given by equations (11.45) and (11.42), respectively. By prescribing the
calving rate as a function of thickness, for example as, prescribing

c(x) = k h(x)p (7.23)

where k and p are parameters with some suitably selected values, both u and c become known quantities of
distance and the position of the calving front and easily be determined from the condition u(xc) = c(xc).
An example is given in Fig.7.12 where k and p have been selected to allow two possible steady state
calving front positions at x1 and x2.

Since

τxx =
1

4
ρgf (7.24)

=
ϱg

4
h (7.25)

we can also write the calving rate, c, given by (7.23) as

c(x) = k

(
4τxx
ρϱ

)p

.

A �xed-point of the �rst-order system (7.22) is stable for f ′(x) < 0, and unstable for f ′(x) > 0. In
this particular case, we see that a calving front is only stable if, locally around the steady-state position,
the calving rate increases faster in along-�ow direction than the ice velocity. Any positive perturbation
in the calving-front position will then lead to a greater increase in the calving rate than in ice velocity.
The calving front therefore retreats until the original steady-state position is found. As evident from the
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Figure 7.15: Analytical and numerically modelled calving front positions for an uncon�ned ice shelf (see
) with the calving rate, c, being a function of ice thickness at the calving front as shown in Fig. 7.12.
The calving front are initially set at xc(t = 0) = 50 km, xc(t = 0) = 100 km, and xc(t = 0) = 50 km
and the numerical solutions are shown as blue, green and magenta lines, respectively. The corresponding
analytical solutions are in black. The di�erence between the analytical and numerical solutions, ∆xc, are
shown as dashed lines with the right y-axis as scale. In this particular example, µ was spatially constant
and set to µ = 1× 107km2 yr−2. The resolution of the �nite-element mesh was 2 km and the error in the
converged solutions about half of that, or 1 km.

phase portrait shown in Fig. 7.13, the calving front position at x1 = 100 km is therefore stable, while the
one to the right at x2 = 331 km is unstable. For x < xc <= x1 at t = t0, the calving front will migrate
with time and approach x = x1, and for xc > x2 at t = t0, the calving front will migrate towards in�nity
at an accelerating rate.

Stable (steady-state) calving front position requires the calving rate to be equal the ice velocity at that
location, and also locally increase slower than the ice velocity in the direction normal to the calving front.
For a one-dimensional unbuttressed ice shelf, the ice velocity increases while the ice thickness decreases
monotonically with down-stream distance. Hence, for a calving law on the form (7.23) all calving front
positions are unstable for any p > 0. No steady-state solutions for uncon�ned ice-shelves are therefore
possible where the calving rate increases with ice thickness, or for any calving law based on a quantity
that in turns increases with ice thickness, such as (horizontal) strain rates or stresses. In Figs. 7.12 and
7.13, the exponent is set to p = −2 to allow for the existence of a least one stable steady state.

The calving-rate expression used in this example is not motivated by any physical considerations and
is only selected to allow for a convenient testing of the numerical calving implementation against an
analytical solution. It is interesting to note that many experimentally motivated calving laws suggest
calving rate to be an increasing function of ice thickness, i.e. with p > 0.

xc(t) =

∫ t

t=t0

(u(x)− c(x))dx+ xc(t0)

We can express this as

n̂ · ∇(v − c) · n̂ < 0 (stable calving front position)

where again

n̂ =
∇φ
∥∇φ∥

In the particular case of a one-dimensional ice-shelf, and here assumed to align with the x axis, this
condition is

∂(u(x)− c(x))
∂x

< 0.

7.2.1 Thule

Thule is a synthetic geometry designed to be used as a test case for various ice-sheet modelling experi-
ments. The Thule bedrock, B, is de�ned as a function of the polar coordinates r and θ, as

B = Ba cos(3πr/l) + a
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Table 7.1

Variable Description Units
g = 9.81 gravitational acceleration ms−2

as = 0.3 surface mass balance ma−1

as = 0 basal mass balance ma−1

ρ = 917 ice density kgm−3

ρo = 1030 ocean density kgm−3

A = 2.9377× 10−9 ice rate factor kPa−3 a−1

n = 3 �ow law stress exponent
C = 0.001 basal slipperiness ma−1 kPa−3

m = 3 sliding law stress exponent
d2a = 365.2422 days in a year days

where

l = R (1− cos(2θ)/2)

a = Bc − (Bc −Bl)

(
r − rc
R− rc

)2

and R = 800 km, Bc = 900m, Bl = −2000m , Ba = 1100m, and rc = 0m.

In MATLAB, the bedrock B can be calculated as a function of (x, y) as:

B=function (x , y )
% paramters
R=800e3 ;
Bc=900;
Bl==2000;
Ba=1100;
rc =0;
% po lar coord ina t e s
r=sqrt ( x .* x+y .* y ) ;
theta=atan2 (y , x ) ;
% B ca l c u l a t i o n
l=R = cos (2* theta ) . *R/2 ;
a=Bc = (Bc=Bl )* ( r=rc ) . ^ 2 . / (R=rc ) . ^ 2 ;
B=Ba*cos (3*pi* r . / l )+a ;

end

The initial calving front is set at r = rc = 750 km. The computational domain should obviously
be large enough to for the calving front to be within the domain. In the runs done with Úa a circular
computational domain with a radios of 1000 km was used.

The value for rate factor A corresponds to an ice temperature of −20C◦, assuming the Smith &
Morland (1982) conversion:

A(T ) = A0 f(T )

where

f(T ) = 1.2478766× 10−39 exp(0.32769T ) + 1.9463011× 10−10 exp(0.07205T ) (f has no units, T in Kelvin)

A0 = 5.3× 10−15 × 365.25× 24× 60× 60 (units kPa−3 a−1)

We use Weertman sliding law, often simply written as

ub = C τmb ,

where C is the basal slipperiness and m a stress exponent. Here ub is the basal sliding velocity and τb
the bed tangential component of the basal traction. This sliding can also be written more precisely as

Tσn̂+ C−1/m ∥Tv∥1/m−1
Tv = 0 for z = B(x, y)
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where
T = 1− n̂⊗ n̂,

where T is the tangential operator, and n̂ unit normal vector to the bed. The sliding law applied over
the grounded sections of the ice sheet only. Other formulations for this same sliding law frequently found
in the literature are

tb = G C−1/m ∥vb∥1/m−1
vb, (7.26)

= G β2 vb, (7.27)

where tb is the bed-tangential basal traction, β2 has been de�ned as,

β2 = C−1/m ∥vb∥1/m−1
, (7.28)

and where G is the grounding-�oating mask, with G = 1 where grounded, and G = 0 otherwise.
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Figure 7.16: Surface and geometry of Thule. This surface geometry is the steady-state solution when
starting with zero ice thickness everywhere.

Figure 7.17: Surface and geometry of Thule. This surface geometry is the steady-state solution when
starting with a large initial ice thickness where the initial surface geometry is s = s0

√
(1 − r/R) where

R = 750 km and s0 = 4000m, and r is the radial distance from the centre.



180 CHAPTER 7. CALVING

Figure 7.18: Bedrock geometry of Thule

Figure 7.19: Velocities for steady state Thule Min
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Figure 7.20: Calculated changes in volume above �otation (VAF) for di�erent values of min ice, hmin,
thickness downstream of the calving front, as well as automated element deactivation. These experiments
were done for a sector WAIS including Pine Island, Thwaites and Pope, Smith and Kohler glaciers.
Uniform mesh size of 4.6 km was used. The solid lines showing total VAF loss use the left-hand y axis,
and the dashed lines showing di�erence in calculated VAF with respect to using hmin = 1m use the
right-hand y axis.

7.2.2 Thwaites and Pine Island Glacier Calving Experiments

7.3 Calving implemented as surface mass-balance term

-

6

x

z

?

6

h

� -l

� -∆x

Apparently, calving is implemented in some ice-sheet models as an additional surface mass balance
term. Here we consider how this �ctitious melt term (ac) relates to calving rate (c), ice thickness (h),
and grid size, (∆x,∆y), in a �nite di�erence model. The key idea is for the new surface mass balance
term, ac, to produce the same ice volume loss as that caused by the calving rate c, over the time period
∆t.

Over the time step ∆t the calving rate c acts to reduce the length by the distance l normal to the ice
front where

l = c∆t .

The volume Vc, of ice `melted' through calving is then

Vc = lhw ,

were w is the (transverse) width, or
Vc = c∆t hw .

Supposing we apply some surface melt ac over the �nite-di�erence cell ∆x∆y, the resulting volume
of ice melted will be

Vm = ac ∆x∆y∆t

By requiring
Vm = Vc ,
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for w = ∆y, that is requiring that the volume of ice we melt, Vm, equals the volume of ice lost through
calving, Vc, we �nd

ac∆x∆y∆t = c∆t h∆y ,

and the applied melt, ac, required to produce a volume loss equal to that produced through calving is

ac =
c h

∆x
. (7.29)

Eq. (7.29) gives the vertically-applied calving melt as a function of the calving rate, ice thickness and the
dimensions of the �nite di�erence cell.

This approach will need to be modi�ed somehow should the (remaining) ice thickness of the compu-
tational cell be smaller than the desired change in ice thickness, i.e. whenever

h ≥ ac ∆t , (7.30)

Should this happen, we run out of ice to melt, and we must start to melt next cell. Using Eq. (7.29), this
condition can also be expressed as

h ≥ ac ∆t

=
c h

∆x
∆t

giving
∆x ≥ c∆t (7.31)

Hence, if ac is de�ned by Eq. (7.29), condition (7.31) follows from condition (7.30).
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Damage

Material damage, D, can be quanti�ed as

D(n̂) =
AD

A

where A is a some cross-sectional area with the unit normal n̂ and AD is the cross-sectional area of
defects or voids within the area A. If there are no voids within the area, then D = 0 and the area is
undamaged, and for D = 1 the area is totally damaged. Other similar de�nitions are

D =
VD
V

where VD is the total number of voids within the volume V .
The stress tensors in the damaged and undamaged material are assumed to be related as

τ = (1−D)τ̃

where τ̃ is the e�ective deviatoric stress tensor. For scalar damage D, the Glen's �ow law (1.188) is then
written as

τij = (1−D)A−1/n ϵ̇(1−n)/n ϵ̇ij , (8.1)

The damage D is a new �eld variable that is advected with the �ow given by the damage rate equation

∂tD + v · ∇D = f(D) (8.2)

where f is some suitable source term. Wide variety of potential source terms for damage have been
proposed.

8.1 Hayhurst criterion and variants thereof

Damage is usually considered initiated once some stress measure is above some threshold stress, σth,
is reached in the damage material. Above that stress, the damage rate is then assumed to increase
monotonically above that stress. For example in one-dimension, one could assume damage initiation
starts once the stress reaches some threshold stress, i.e. when

F (σ, σth) = σ̃ − σth = 0

and then provided
F ≥ 0

evolves as

∂tD + v · ∇D = B ( ˜σxx − σth)r

= B

(
σxx

1−D − σth
)r

where r is some stress exponent and B some constant. For F < 0 the damage is unchanged. Note that
here the change in D with time is proportional to 1/(1−D), and therefore grows rapidly with D

183
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In the general three-dimensional case we write

∂tD + v · ∇D = B

(
Ξ

1−D − σth
)r

+

using the Hayhurst's criterion
Ξ = ασ1 − 3βp+

√
3γσII

where σ1 is the maximum principal Chaucy stress, p the pressure, σII the second invariant of the stress
tensor, and

α+ β + γ = 1 .

In glaciological applications, in particular when using the SSA approximation, it has been suggested
by several authors, including Huth et al. (2021) and Keller and Hutter (2014), to modify the above
Hayhurst criterion somewhat and use instead

Ξ = α(σ1 − pe) +
√
3β τ − 3γ pe (8.3)

where pe is now the e�ective pressure, de�ned as the di�erence between ice and water pressure,

pe = p− pw = p− ρwg (S − z)+

and τ is the second invariant of the deviatoric stress tensor. Eq.|(8.3) is Eq. 16 in Keller and Hutter
(2014).

For α = 1 and β = γ = 0, damage evolution is related to the principal tensile stress alone. This
situation was considered by Krug et al. (2014), who used the evolution law

∂tD + v · ∇D =

(
σ1

1−D − σth
)r

+

(their Eq. 11)
In SSA all the horizontal deviatoric stresses are independent of depth and

σxx = 2τxx + τyy + σzz , (17.54)

and σzz is
σzz = −ρg(s− z)

or
σxx = 2τxx + τyy − ρg(s− z) .

At the base of �oating ice shelves

σzz(z = b) = −pw = −(S − b)gρw

at the lower ice surface where z = b. The vertical variation in stresses for a one-dimensional ice shelf are
shown in Fig. 11.1.

See for example Eq.|11 in Mercenier et al. (2019) (their Eq. 11)

8.2 Some other damage evolution laws

Gurson:

f =

(
τ

τ0

)2

+ 2fv cosh(p/(2τ0))− (1 + fV ) =≤ 0

where τ0 is an e�ective material yield stress, and fV the porosity. We therefore also need an evolution of
the porosity fV which can be

ḟV = (1− fV )ϵ̇ii
Currently, in glaciology the most commonly used source term appears to be on the form

f(D) = B (χ− σth)r+
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where the + bracket subscript indicates we set negative values within the bracket to zero, and where

χ = ασ1 + βτ + γσI

or since for incompressible material such as ice the mechanical pressure is

p = −1

3
σI

as
χ = ασ1 + βτ − 3γp

Here σ1 is the maximum principal stress, p the pressure and τ the e�ective stress (i.e. second invariant
of the deviatoric stress tensor), and α, β and γ are parameters all having values somewhere between 0
and 1.

8.3 Sainan Sun Damage Model

A vertically averaged damaged, D, is de�ned as

D =
d

h

with 0 ≤ D ≤ 1, where d is a crevasse depth. The e�ective the rate factor, Aeff , is then

Aeff =
A

(1−D)n

where n is the �ow-law exponent. A Nye crevasse depth is estimated, for example as,

dNye = 2τ1/(ρg)

where τ1 is the maximum tensile deviatoric stress at the surface.The damage �eld is evolved as

∂tD +∇(Dv) = γ(D −DNye)

where

DNye :=
dNye

h

Stress is force per area, and we envision the area being reduced as the damage increases. In the presence
of damage, the intact load bearing area, A, is now reduced by the factor 1 − D. Correspondingly, the
deviatoric stress per intact area, τ̃ is now

τ̃ =
τ

1−D
Note that if the stress τ is �nite, the stress acting over parts of the area which are undamaged, goes

to in�nity as the damage �eld approaches unity. The stress responsible for the deformation of the ice is
τ̃ , that is, the stress acting over the area of (still) intact ice. In the stress-balance equations we must use
τ , i.e. the force per area, but in the constitutive equation we must use the stress acting on the ice itself,
i.e. τ̃ . The �ow law is therefore

ϵ̇ = Aτ̃n

=
A

(1−D)n τ
n .

Consider now a uniform ice stream with thickness h and no variation in x direction and zero basal
drag. The only non-zero deviatoric stress component is τxy. The �eld equation becomes

∂y(τxy) = −ρg sinα

and
2∂x

(
(1−D)1/nA−1/n (ϵ̇xy)

1/n
)
= ρg sin(α) (8.4)

where here

D =
2τxy
ρgh
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Using the symmetry condition τxy = 0 at y = 0, the stress is

τxy = −ρgy sin(α)

and the maximum principal deviatoric stress is hence

τ1 = ρgy sin(α)

and therefore τ1 = ρgy and thus

D = 2 sin(α)
|y|
h

Resulting in

∂y

(
(1− 2 sin(α) y/h)1/nA−1/n (ϵ̇xy)

1/n
)
= ρg sin(α) (8.5)

Setting n = 1 , gives
(1− 2 sinα y/h) ∂y ϵ̇xy = Aρg sin(α) (8.6)

ϵ̇xy(y) = Aρg sin(α)

∫ y

0

1

1− ky′ dy
′

= −Aρg sin(α) k−1 ln(1− ky)

= −1

2
Aρg h ln(1− ky)

where
k := 2 sin(α)/h

and
|ky| < 1

For ky ≪ 1 we have the �rst term in the Taylor series

ϵ̇xy(y) ≈ −Aρg sin(α) k−1(−ky) = Aρg sin(α) y

as expected.
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Virtual crack closure technique

The �nite crack extension method, the crack closure technique (CCT), and the closely related virtual
crack closure technique (VCCT), are some of the more commonly used methods for calculating stress
intensity factors (SIF) in �nite-elements. Of these, the VCCT is easiest to implement and quite accurate
provided the domain at the crack tip is su�ciently well resolved. The methods are all based on the
original energy balance proposed by Irwin whereby the energy release is assumed equal to the work (W )
required to close the crack. The Irwin expression is

W =
1

2

∫ l

0

u(x) σ(l − x) dx .

Here l is a small crack increment, u the displacement normal to the crack plane (for mode I), σ the stress,
and it has been assumed that the crack is aligned with the x direction. The energy release rate, G, is
therefore

G = lim
l→0

1

2l

∫ l

0

u(x)σ(l − x) dx

This expression for the energy release rate is sometimes referred to as the crack-closure integral method
of Irwin. (Note that the 'rate' in the term 'energy release rate', is with respect to changes in crack length.
So 'rate' is here not with respect to time but with respect to distance, i.e. the crack increment).

In fracture mechanics G is referred to as the crack driving force, despite not having the units of force.
G has the SI units of the product of stress and displacement, or Pam = N/m = J/m2. The work done
by external forces, W is equal to the change in stored deformational energy and therefore G is also equal
to the derivative of the potential energy of the body with respect to the crack length.

For purely viscous media we take a very similar viewpoint, but replace displacements and strains with
velocities and strain rates, and work and potential energy with rate-of-work and change in potential energy
with time. This perfect analogy between elastic and viscous fracture mechanics, whereby

ϵ→ ϵ̇

d→ u

J → C⋆

where d is displacement and J and C∗ are integrals (see below) is discussed in detail by Gross and Seelig
(2006).

Calculating the work of external forces in FE is a simple summation exercise

Ẇ =
1

2

∑
i

(Fxu+ Fuv)i

where the sum is over nodes and Fx and Fy the equivalent nodal forces, and now u and v are the x and
y velocity components. Most FE programs determine the nodal forces as a part of the matrix assembly
(In Úa these are calculated as the SSA equation is assembled).

In the �nite crack extension method, the work W is calculated for several di�erent crack extensions
l. For example using central di�erences the crack driving force is evaluated as

Ġ ≈ Ẇ+l − Ẇ−l

2l

187
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where here the crack has been extended and closed by the distance l. In principle one can calculate W
for a range of l values and plot W as a function of l as done in Antunes et al. (1999) to determine how
well the limit l → 0 is approximated. The SI units of Ġ are the same as those of the produce of stress
and velocity, or Pam s−1 = Nm−1 s−1 and Ġ can be thought of as the crack driving force per time unit.

The VCCT method is a clever trick where one uses the (internal) equivalent nodal forces between
elements in contact ahead of the crack tip and the relative nodal displacements behind the crack tip to
evaluate W . This eliminates the the need to open the crack by the distance l (but requires a somewhat
di�erent internal estimate of the nodal forces as these will always be close to zero for a structure in
mechanical equilibrium). For viscous material we use the jump in velocity across the crack instead of the
nodal displacements.

So the general idea is to use the discontinuity in velocity normal to the crack together and the
equivalent nodal loads ahead of the crack to estimate the strain-rate energy release rate, Ġ, as the crack
is extended.

Typically the criteria for crack growth in a elastic medium is

G > G⋆

where G⋆ is some material parameter. Here I'm not primarily interested in this 'on/o�' question and
instead write

dl

dt
= B

(
Ġ

Ġ⋆

)q

where B, G⋆, and q are some parameters.

9.1 J and C⋆ integrals for elastic and viscous fracture

Elastic J integral

J =

∫
Γ

(Wdy − Tidi,1dx)

where d are displacements, and W the strain energy density

W =

∫ ϵ

0

σpq dϵqp

Ti are the components of the traction vector, Ti = σijnj The integration path Γ a continuous and
di�erentiable curve surrounding the crack tip, not including the edges of the crack. In the absence of
body forces, or if the body forces are acting out of the plane, J = 0 for any closed curve. (for prof see:
https://en.wikipedia.org/wiki/J-integral). Some further details related to the calculation of J integral in
FE are found in IPCC (2019).

For creep fracture it is common to use instead the creep C⋆ integral

C⋆ =

∫
Γ

(
Ẇdy − Tiui,1

)
where Ẇ is the stress power

Ẇ =

∫ ϵ̇

0

σpq dϵ̇pq

and ui the velocity components. The C⋆ is path independent and completely analogous to the J integral,
but with displacements replaced by velocities and energy density with energy dissipation rate. C⋆ is the
rate equivalent of the J contour integral.

C represents the power di�erence as the crack length, l, is increased incrementally

C⋆ = − 1

w

dU

dl

U is the stress-power dissipation rate.
The solution close to the crack tip, for a stationary crack, is given by the HRR-�eld
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σ ∼
(
C⋆

Ar

)1/(n+1)

ϵ̇ ∼ A
(
C⋆

Ar

)n/(n+1)

u ∼ A1/(n+1) (C⋆)
n/(n+1)

r1/(n+1)

as r → 0, where r is the radial distance from the crack tip (Saxena, 1993, 2015; Gross and Seelig, 2006).
and C⋆ can be therefore related to the strength of the stress singularity

C⋆ = lim
r→0

u(n+1)/n

(Ar)1/n
(9.1)

In principle this provides a way of calculating C⋆ from the SSA by evaluating this limit numerically, or
from plotting ϵ̇ and/or u as a function of radial distance, although in practice this may require very �nely
resolved mesh. Note that Eq. (9.1) has the right physical dimensions, i.e. the dimensions of C⋆ are those
of stress times velocity or Pam s−1.

Creep crack growth rate is then often assumed to be given by

dl

dt
= B (C⋆)q

where B and q as some material constants.
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Chapter 10

Further technical FE implementation
details

10.1 Only the (fully) �oating condition as a natural boundary
condition

Here I am ignoring possible gradients in density and the treatment of the boundary term only includes
the fully �oated case as a natural condition.

Note that

ρgh ∂xs = ρgh ∂xs+
1

2
ϱg ∂xh

2 − ρgh(1− ρ/ρo) ∂xh

=
1

2
ϱg ∂xh

2 + ρgh ∂x(s− S − (1− ρ/ρo)h)

hence

ρgh ∂xs =
1

2
ϱg ∂xh

2 + ρgh ∂xs
′

(10.1)

with
s
′
:= s− S − (1− ρ/ρo)h

and
ϱ = ρ(1− ρ/ρo),

The �eld equations can therefore also be written as

∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))− β2u = ρgh(∂xs
′
cosα− sinα) +

1

2
ϱg cosα∂xh

2,

∂y(4hη∂yv + 2hη∂xu) + ∂x(hη(∂yu+ ∂xv))− β2v = ρgh∂ys
′
cosα+

1

2
ϱg cosα∂yh

2 |

10.1.1 Remark

To see that the right-hands sides of (1.223) and (10.1) i.e.

ρgh ∂xs =
1

2
ϱg ∂xh

2 + ρgh ∂xs
′

=
1

2
g∂x(ρh

2 − ρod2) + g(ρh− ρod) ∂xb

are equal (ignoring spatial gradients in density) we consider the three cases:

1. Fully �oating: In that case s
′
= 0 and ρh = ρod and both sides are equal.

2. Fully grounded: We have d = 0

1

2
g∂x(ρh

2 − ρod2) + g(ρh− ρod) ∂xb =
1

2
gρ∂xh

2 + gρh ∂xb

= ρgh∂xs

191
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and

1

2
ϱg ∂xh

2 + ρgh ∂xs
′
=

1

2
ϱg ∂xh

2 + ρgh ∂x(s− S − (1− ρ/ρo)h)
= ρgh∂xs

3. Partly �oating:

1

2
g∂x(ρh

2 − ρod2) + g(ρh− ρod) ∂xb = ρgh ∂xh− ρogd ∂xd+ g(ρh− ρod)∂xb
= ρgh ∂xs− ρogd ∂xd− ρogd ∂xb
= ρgh ∂xs− ρogd(∂xd+ ∂xb)

= ρgh ∂xs− ρogd(∂xS − ∂xb+ ∂xb)

= ρgh ∂xs

10.1.2 FE formulation

x direction∫
Ω

(∂x(4hη∂xu+ 2hη∂yv)−
1

2
ϱg cosα∂xh

2 + ∂y(hη(∂xv + ∂yu))− tbx − ρgh(∂xs
′
cosα− sinα))ϕdx dy = 0

with Weertman type Neumann BC on Γ2

(4hη∂xu+ 2hη∂yv)nx + ηh(∂xv + ∂yu)ny =
1

2
ρ(1− ρ/ρo)gh2nx

Green's theorem used to get rid of second derivatives gives

−
∫
Ω

((4hη∂xu+ 2hη∂yv)∂xϕ−
1

2
ϱg cosαh2∂xN + hη(∂xv + ∂yu)∂yN) dx dy

−
∫
Ω

(tbx + ρgh(∂xs
′
cosα− sinα)ϕdx dy

+

∫
Γ

((4hη∂xu+ 2hη∂yv −
1

2
ϱg cosαh2)nx + hη(∂xv + ∂yu)ny)ϕdΓ = 0

If the von Neumann boundary condition is of Weertman type, the boundary integral along Γ2 is equal to
zero (for α = 0), and zero on the remaining part of the boundary if we set the weight functions to zero
and determine the values of the unknowns using Dirichlet boundary conditions.

We are left with

−
∫
Ω

(hη(4∂xu+ 2∂yv)∂xϕ+ hη(∂xv + ∂yu)∂yN) dx dy −
∫
Ω

tbxϕdx dy

= ρg

∫
Ω

h((∂xs− (1− ρ/ρo)∂xh) cosα− sinα)ϕdx dy − 1

2
ϱg cosα

∫
Ω

h2 ∂xϕdx dy

y direction∫
Ω

∂y((4hη∂yv + 2hη∂xu)−
1

2
ϱg cosα∂yh

2 + ∂x(hη(∂yu+ ∂xv))− tby − ρgh∂ys
′
cosα)ϕdx dy

with Weertman type boundary condition

ηh(∂xv + ∂yu)nx + (4ηh∂yv + 2ηh∂xu)ny =
1

2
ρ(1− ρ/ρo)gh2ny

We have

−
∫
Ω

((4hη∂yv + 2hη∂xu)∂yϕ−
1

2
ϱg cosαh2∂yN + hη(∂yu+ ∂xv)∂xN) dx dy

−
∫
Ω

(tby + ρgh∂ys
′
cosα)ϕdx dy

+

∫
Γ

((4hη∂yv + 2hη∂xu−
1

2
ϱg cosαh2)ny + ηh(∂yu+ ∂xv)nx)ϕdΓ = 0 (10.2)
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Again we can ignore the boundary integral as it is identically equal to zero.

−
∫
Ω

((4hη∂yv + 2hη∂xu)∂yϕ+ hη(∂yu+ ∂xv)∂xN) dx dy −
∫
Ω

tbyϕdx dy

= ρg cosα

∫
Ω

h(∂ys− (1− ρ/ρo)∂yh)ϕdx dy −
1

2
ϱg cosα

∫
Ω

h2∂yN dxdy (10.3)

10.1.3 2HD FE diagnostic equation written in terms of h (suitable for fully
coupled approach)

Where the ice is a�oat, s− S = (1− ρ/ρo)h and s
′
= 0, hence

s
′
=

{
s− S − (1− ρ/ρo)h, ifh > hf

0, ifh ≤ hf

i.e.
s
′
:= H(h− hf )(s− S − (1− ρ/ρo)h)

where
hf := (S −B)ρo/ρ

We can also write s
′
as

s
′

= H(h− hf )(s− S − (1− ρ/ρo)h)
= H(h− hf )(hρ/ρo + s− S − h)
= H(h− hf )(hρ/ρo + h+ b− S − h)
= H(h− hf )(hρ/ρo + h+B − S − h)
= H(h− hf )(hρ/ρo +B − S)
= H(h− hf )(hρ/ρo −H)

i.e.
s
′
(x) = H(h− hf )(ρ/ρoh−H) (10.4)

where we used the fact that b = B whenever H(h − hf ) = 1. This expression for s
′
is needed for

linearisation around h.
The �eld equations can therefore be written as before, i.e. as

∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))− β2u = ρgh(∂xs
′
cosα− sinα) +

1

2
ϱg cosα∂xh

2,

∂y(4hη∂yv + 2hη∂xu) + ∂x(hη(∂yu+ ∂xv))− β2v = ρgh∂ys
′
cosα+

1

2
ϱg cosα∂yh

2,

but the linearisation with respect to h needed in a fully coupled approach requires (10.4).
The FE formulation for the prognostic equation is the θ method, i.e.

Rh
p =

∫
Ω

{ 1

∆t
(h1−h0)+θ∂x(u1h1)+(1−θ)∂x(u0h0)+θ∂y(v1h1)+(1−θ)∂y(u0h0)−a}Np dx dy = 0 (10.5)

where 0 ≤ θ ≤ 1.

a := as + ab

10.2 Element integrals

x = xpNP (ξ, η)

For 3-node element:
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Nodal u displacement vector of one particular 3-node element

u :=

u1u2
u3



fun :=

N1(ξ, η)
N2(ξ, η)
N3(ξ, η)


u(x, y) = upNp(x, y) = uT fun

der =

(
∂N1

∂ξ
∂N2

∂ξ
∂N3

∂ξ
∂N1

∂η
∂N2

∂η
∂N3

∂η

)

coo =

x1 y1
x2 y2
x3 y4



J =

(
∂x
∂ξ

∂y
∂ξ

∂x
∂η

∂y
∂η

)

J−1 =

(
∂ξ
∂x

∂η
∂x

∂ξ
∂y

∂ξ
∂y

)
=

1

detJ

(
∂y
∂η −∂y

∂ξ

−∂x
∂η

∂x
∂ξ

)
(

∂
∂ξ
∂
∂η

)
= J

( ∂
∂x
∂
∂y

)
( ∂

∂x
∂
∂y

)
= J−1

(
∂
∂ξ
∂
∂η

)

J =

(
∂N1

∂ξ
∂N2

∂ξ
∂N3

∂ξ
∂N1

∂η
∂N2

∂η
∂N3

∂η

)x1 y1
x2 y2
x3 y4


J = der coo

D =

(∂N1

∂x
∂N2

∂x
∂N3

∂x
∂N1

∂y
∂N2

∂y
∂N3

∂y

)
= J−1

(
∂N1

∂ξ
∂N2

∂ξ
∂N3

∂ξ
∂N1

∂η
∂N2

∂η
∂N3

∂η

)

D = J−1 der

Change of integral, example:∫
Ae

upNp(x, y)Nq(x, y) dx dy =

∫
∆

upNp(ξ, η)Nq(ξ, η) detJ dξ dη

Example: ∫
∂xu ∂xϕdx dy = (

∫
D1pD1q |J | dη dξ)up
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10.3 Edge integrals

We have integrals on the form ∫
Γ

u(x, y)N(x, y)nx dΓ

with

n =

(
nx
ny

)
If the boundary is parameterised such that (x, y) = (x(γ), y(γ)) as γ goes form 0 to 1 then

n =
1√

(∂γx)2 + (∂γy)2

(
−∂γy
∂γx

)
and

dΓ =
√
(∂γx)2 + (∂γy)2 dγ

and therefore

n dΓ =

(
−∂γy
∂γx

)
dγ

Hence ∫
Γ

u(x, y)N(x, y)nx dΓ = −
∫ 1

0

u(x(γ), y(γ))N(x(γ), y(γ)) ∂γy dγ

10.3.1 Edge 12

For edge 12, η = 0. I parameterise it as (ξ, η) = (1 − γ, 0) as this takes me from node 1 to node 2 in
clockwise direction (that is how I order the nodes, most FE do it the other way around)

x = xpNp(1− γ, 0) and y = yPNP (1− γ, 0)
The normal is

n dΓ =

(
−∂γy
∂γx

)
dγ

and

1

∂γ
=

1

∂ξ

∂ξ

∂γ
+

1

∂η

∂η

∂γ

= − 1

∂ξ

and therefore
∂γy = −∂ξy = −J12

and

n dΓ =

(
∂ξy
−∂ξx

)
dγ =

(
J12
−J11

)
dγ

or simply

n dΓ =

(
yq ∂ξNq(ξ, 0)
−xq ∂ξNq(ξ, 0)

)
dγ

For the linear triangle, for example, I get

x = x1ξ + x2(1− ξ) + x3 η

= x1(1− γ) + x2(1− (1− γ)) + x3 0

= x1(1− γ) + x2 γ

y = y1(1− γ) + y2 γ

and
∂γx = −x1 + x2

∂γy = −y1 + y2

and a normal

n dΓ =

(
y1 − y2
x2 − x1

)
dγ



196 CHAPTER 10. FURTHER TECHNICAL FE IMPLEMENTATION DETAILS

10.3.2 Edge 23

For edge 23, ξ = 0. I parameterise the edge as (ξ, η) = (0, γ), this takes me from node 2 to 3 as γ varies
from 0 to 1.

n dΓ =

(
−∂γy
∂γx

)
dγ

∂γ = ∂η

and therefore

n dΓ =

(
−∂ηy
∂ηx

)
=

(
−J22
J21

)
dγ

For the linear triangle, for example, I get

x = x10 + x2(1− γ) + x3γ

y = y10 + y2(1− γ) + y3γ

and
∂γx = −x2 + x3

∂γy = −y2 + y3

and a normal

n dΓ =

(
y2 − y3
x3 − x2

)
dγ

10.3.3 Edge 32

For edge 32 is parameterised as (ξ, η) = (γ, 1− γ), and

n dΓ =

(
−∂γy
∂γx

)
dγ

and

1

∂γ
=

1

∂ξ

∂ξ

∂γ
+

1

∂η

∂η

∂γ

=
1

∂ξ
− 1

∂η

and therefore

n dΓ =

(
−yq(∂ξNq − ∂ηNq)
xq(∂ξNq − ∂ηNq)

)
dγ =

(
J22 − J12
J11 − J21

)
dγ

For the linear triangle, for example, I get

x = x1γ + x2(1− γ − (1− γ)) + x3(1− γ)

or
x = x1γ + x3(1− γ)

y = y1γ + y3(1− γ)

and
∂γx = x1 − x3

∂γy = y1 − y3
and a normal

n dΓ =

(
y3 − y1
x1 − x3

)
dγ



10.4. VARIOUS DIRECTIONAL DERIVATIVES 197

10.4 Various directional derivatives

10.4.1 Directional derivative of draft with respect to ice thickness

For implicit forward time integration with respect to h using the NR method, various directional deriva-
tives with respect to h must be calculated.

Using Eq. (1.202) we �nd that the directional derivative of the draft d with respect to h is

Dd(h)[∆h] = lim
ϵ→0

d

dϵ
d(h+ ϵ∆h)

= H(hf − h)ρ∆h /ρo − ρh δ(hf − h)∆h /ρo +H(H)H δ(h− hf )∆h
=

ρ

ρo
H(hf − h)∆h+ δ(h− hf )(H −

ρ

ρo
h)∆h

When integrated the second term in the above expression integrates to zero, because where h = hf we
have H = ρh/ρo, hence1

Dd(h)[∆h] =
ρ

ρo
H(hf − h)∆h. (10.6)

Using Eq. (10.6) the directional derivative of

D(
1

2
g(ρh2 − ρod2))[∆h]

with respect to perturbation in h is found to be

D

(
1

2
g(ρh2 − ρod2)

)
[∆h] = g(ρ(h∆h− ρod

ρ

ρo
H(hf − h)∆h)

= ρg (h−H(hf − h) d)∆h

The directional derivative of g(ρh− ρod)∂xb with respect to h is found to be

D (g(ρh− ρod)∂xb) [∆h] = ρgH(h− hf ) ∂xB∆h. (10.7)

To see this �rst notice that using Eq. (1.202)

g(ρh− ρod)∂xb = g(ρh−H(hf − h)ρh− ρoH(H)H(h− hf )H)∂xb

= g(ρh− (1−H(h− hf ))ρh− ρoH(H)H(h− hf )H)∂xb

= g(ρh+H(h− hf )(ρh− ρoH+)− ρh)∂xb
= gH(h− hf )(ρh− ρoH+)∂xb

= gH(h− hf )(ρh− ρoH+)∂xB.

Using the above expression we now calculate the directional derivative of g(ρh− ρod)∂xb with respect to
h and �nd

D (g(ρh− ρod)∂xb) [∆h] = H(hf − h)ρg ∂xB∆h+ g δ(h− hf )(ρh− ρoH+)∂xB∆h

=
(
ρH(h− hf ) + δ(h− hf )(ρh− ρoH+)

)
g ∂xB∆h

= ρgH(h− hf ) ∂xB∆h

where the last step is correct when the expression is evaluated under an integral, thus demonstrating the
correctness of Eq. (10.7).

(Not sure where to put this, but keep it here for the time being.) The lower ice surface is related to
thickness through

b = H(h− hf )B +H(hf − h)(S − ρh/ρo)
and therefore

∂hb = δ(h− hf )B − δ(hf − h)(S − ρh/ρo)−H(hf − h)ρ/ρo
1This argument does not hold if the Heaviside function and the Dirac delta functions are approximated. In that case

the full expression must be used. Important for getting quadratic convergence in NR.



198 CHAPTER 10. FURTHER TECHNICAL FE IMPLEMENTATION DETAILS

and
∂xb = ∂hb ∂xh = δ(h− hf )B ∂xh− δ(hf − h)(S − ρh/ρo) ∂xh−H(hf − h)ρ ∂xh/ρo

and assuming
∂2b

∂h∂x
=

∂2b

∂x∂h

If f(x) is a test function

∂x

∫
δ(x) ∂xf(x) dx = −∂x

∫
H(x)f(x) dx = −f(0)−

∫
H(x) ∂xf(x) dx

10.4.2 Linearisation of the 2HD forward problem needed for the adjoint
method

For the adjoint method we need

KxC ∆Cq := −DFx(u
i
1,v

i
1,h

i
1)[∆Cq]

Here ∆Cq is the nodal value itself, the perturbation in C is ∆CqNq (no summation).

[KxC ]pq =
1

m

∫
Ω

H(h− hf )C−1/m−1 ∥vxy∥1/m−1
uNpNq dxdy (10.8)

and

[KyC ]pq =
1

m

∫
Ω

H(h− hf )C−1/m−1 ∥vxy∥1/m−1
vNpNq dxdy (10.9)

where

vxy =

(
u
v

)
and

β2 = C−1/m ∥vxy∥1/m−1

KC =

[
KxC

KyC

]
is 2N × n where N are degrees of freedom.

If the cost function I is calculated using FE type inner product , then the gradient of the cost function
is then given by

∂I

∂Cq
= [KC ]pqλp

=
1

m

∫
Ω

H(h− hf )C−1/m−1 ∥vxy∥1/m−1
(uλ+ vµ)Nq dxdy

If I is calculated as a discrete sum over values then

∂I

∂Cq
=

1

m
H(h− hf )C−1/m−1 ∥vxy∥1/m−1

(uλ+ vµ)

Note: Perturbing on particular nodal value in C = CrNr can be written as

(Cr +∆Cδrp)Nr

C = CrNr, ∆C = ∆ĈNq with ∆Ĉ = ∆Cq

(C +∆C)m = (CrNr +∆ĈNq)
m

= (CrNr +∆ĈNq(CjNj)/(CiNi))
m

= (CrNr)
m(1 + ∆ĈNq/(CiNi))

m

≈ (CrNr)
m(1 +m∆ĈNq/(CiNi))

= (CsNs)
m +m(CsNs)

m−1∆ĈNq

= (CsNs)
m +m(CsNs)

m−1∆C
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I can write the perturbation as

K∆Ĉ = m(CsNs)
m−1Nq∆Ĉ

where

K = m(CsNs)
m−1Nq

10.5 FE formulation and linearisation for the 1HD Problem

10.5.1 Field equations and boundary conditions (1HD)

4∂x(hη∂xu)− β2u = ρgh(∂xs cosα− sinα)

β2 = C−1/m ∥u∥1/m−1

with the sliding law written on the form

u = C|tbx|m−1 tbx

We have

tbx = C−1/m|u|1/m−1 u.

Glen's �ow law is

ϵ̇ij = Aτn−1τij ,

where

τ =
√
τijτij/2

The �ow law can also be written as

τij = A−1/n ϵ̇(1−n)/n ϵ̇ij ,

where

ϵ̇ =
√
(∂xu)2 = |∂xu|

If we write

τij = 2ηϵ̇ij

then η is the e�ective viscosity given by

η =
1

2
A−1/n ϵ̇(1−n)/n =

1

2
A−1/n ∥∂xu∥(1−n)/n

10.6 Linearisation of �eld equations (1HD)

In the non-linear case using Newton's method I need to linearise the equation.
Linearised with respect to u by writing u = ū+∆u, η = η̄ + ∂uη∆u, and β2 = β̄2 + ∂u(β

2)∆u

4∂x(h(η̄ + ∂uη∆u)∂x(ū+∆u))− (β̄2 +Dβ2(u)[∆u])(ū+∆u) = ρgh(∂xs cosα− sinα)

or

4∂x(h(η̄∂xū+∂xūDη(u)[∆u]+ η̄∂x∆u))− β̄2ū− β̄2∆u− ūDβ2(u)[∆u] = ρgh(∂xs cosα− sinα) (10.10)

where

η =
1

2
A−1/n ϵ̇(1−n)/n =

1

2
A−1/n |∂xu|(1−n)/n
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Dη(u)[∆u] = lim
ϵ→0

d

dϵ
η(u+ ϵ∆u) (10.11)

= lim
ϵ→0

d

dϵ

1

2
A−1/n ∥∂x(u+ ϵ∆u)∥(1−n)/n

=
∂xu>0

lim
ϵ→0

d

dϵ

1

2
A−1/n (∂xu+ ϵ∂x∆u))

(1−n)/n

= lim
ϵ→0

d

dϵ

1

2
A−1/n ((∂xu)

(1−n)/n + (∂xu)
(1−2n)/n 1− n

n
ϵ∂x∆u+ . . .))

=
1

2
A−1/n ((∂xu)

(1−2n)/n 1− n
n

∂x∆u)

=
1− n
2n

A−1/n (∂xu)
(1−2n)/n∂x∆u

(10.12)

Doing the same for ∂xu < 0 shows that

Dη(u)[∆u] =
1− n
2n

A−1/n ∥∂xu∥(1−2n)/n sign(∂xu) ∂x∆u

(old result)

∂uη =
1− n
2n

A−1/n ∥∂xu∥1/n−2 sign(∂xu)

The directional derivative of β2 is

Dβ(u)[∆u] = (1/m− 1)C−1/m ∥u∥(1−3m)/m
u∆u

= (1/m− 1)C−1/m ∥u∥(1−2m)/m sign(u)∆u

old result
∂uβ

2 = (1/m− 1)C−1/m ∥u∥1/m−2 sign(u)

Inserting into (10.10) gives

4∂x(h(η̄∂xū+ ūE∂x∆u+ η̄∂x∆u))− β̄2ū− β̄2∆u− ūB∆u = ρgh(∂xs cosα− sinα)

where
B = (1/m− 1)C−1/m ∥u∥(1−2m)/m sign(u)

and

E =
1− n
2n

A−1/n ∥∂xu∥(1−2n)/n sign(∂xu)

which can be written on the form

4∂x(h(η̄ + ūE)∂x∆u)− (β̄2 + ūB)∆u = ρgh(∂xs cosα− sinα)− 4∂x(hη̄∂xū) + β̄2ū

10.6.1 Newton Raphson

4∂x(ηh∂xu)−H(h− hf )β2u =
1

2
g cosαρ(1− ρ/ρo)∂xh2 + ρgh cosαH(h− hf )∂xs

′ − ρgh sinα, (10.13)

s
′
(x) = H(h− hf )(ρ/ρoh−H)

where
H = S −B,

or as

4∂x(ηh∂xu)−H(h− hf )β2u =
ϱg

2
∂xh

2 cosα+ ρghH(h− hf )(ρ/ρo∂xh− ∂xH) cosα− ρgh sinα (10.14)
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The FE formulation is

Ru
p =

∫
{4ηh∂xu∂xNp +H(h− hf )β2uNp

−ϱg
2
h2∂xϕ cosα+ ρghH(h− hf )(ρ/ρo∂xh− ∂xH)Np cosα− ρghNp sinα} dx

−h(4η∂xu− ϱgh/2)uNp|xl
x0

= 0 (10.15)

where
u = Npup

If all von Neumann BC are of Weertman type, the boundary term is zero because at the calving front

8η∂xu = ϱgh.

I also have
∂th+ ∂x(uh) = a (10.16)

where
a = as + ab

The FE formulation used is the θ method, i.e.

Rh
p =

∫
{ 1

∆t
(h1 − h0) + θ∂x(u1h1) + (1− θ)∂x(u0h0)− as − ab}Np dx = 0 (10.17)

where 0 ≤ θ ≤ 1.
I go from time t = t0 to time t = t1 where t1 > t0, and I assume that the values for u at h at t = t0

(i.e. u0 and h0) are known. I iteratively solve for corrections to the values at time step t = t1

u1 = ū1 +∆u

h1 = h̄1 +∆h

using the Newton-Raphson method.
For Newton-Raphson I need to take the directional derivative of this equation with respect to u and

h,

K(∆u,∆v)T = lim
ϵ→0

d

dϵ
R(v + ϵ∆v,h+ ϵ∆h)

where I have now ordered the discrete values of u and h into a vector

D(H(h− hf )β2(u))[∆h] = δ(h̄− hf )β2(ū)∆h

Directional derivative of right-hand term with respect to h.

D{ρgh∂xs
′}[∆h] =D{ρgh∂x(H(h− hf )(ρh/ρo −H))}[∆h]

= lim
ϵ→0

∂ϵ (ρg(h+ ϵ∆h) ∂x(H(h+ ϵ∆h− hf )(ρ(h+ ϵ∆h)/ρo −H)))

=ρg∂x(H(h− hf )(ρh/ρo −H))∆h

+ ρgh∂x(H(h− hf )ρ∆h/ρo)
+ ρgh∂x(δ(h− hf )∆h (ρh/ρo −H)) (= 0)

=ρgH(h− hf )(ρ∂xh/ρo − ∂xH)∆h

+
ρ2

ρo
ghH(h− hf ) ∂x∆h

+
ρ2

ρo
δ(h− hf )h ∂xh∆h

[Kuh]pq∆hq = DRu
p (u, h)[∆hq] =

∫
{4η̄∂xū∂xNp

+δ(h̄− hf )β̄2ūNp

−ϱgh̄∂xNp cosα

+ρgH(h̄− hf )(ρ/ρo∂xh̄− ∂xH)Np cosα

+ρgh̄δ(h̄− hf )(ρ/ρo∂xh̄− ∂xH)Np cosα

+ρgh̄H(h̄− hf )ρ/ρoNp cosα∂x

−ρgNp sinα}∆hq dx
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[Kuu]pq∆uq = DRu
p (u, h)[∆uq] =

∫
{4h̄∂uη(ū) ∂xū ∂xNp∂x

+4η(ū)h̄∂xNp∂x

+H(h− hf )∂uβ2(ū)Np

+H(h− hf )β2(ū)Np}∆uq dx

Linearising (10.17) gives∫
{(∆h+ h̄− h0)/∆t+ θ∂x((ū+∆u)(h̄+∆h)) + (1− θ)∂x(u0h0)− as − ab}Np = 0

or

0 =

∫
{∆h/∆t+ θ∂x((ū∆h+ h̄∆u))}Np dx+ (10.18)∫
{(h̄− h0)/∆t+ θ∂x(ūh̄) + (1− θ)∂x(u0h0)− as − ab}Np dx

or

[Khu]pq∆uq = θ(∂xh̄+ h̄∂x)∆uq Np

[Khh]pq = (1/∆t+ θ(∂xū Nq + ū∂xNq))Np

[
Kuu Kuh
Khu Khh

] [
∆v
∆h

]
=

[
Ru

Rh

]
(10.19)

where
rh = T h − F h

where T and F are the internal and external nodal forces, respectively, and R is the residual or out-of-
balance nodal forces.

Fh = −
∫
{as + ab − (h̄− h0)/∆t}Np dx

and

Th =

∫
{θ∂x(ūh̄) + (1− θ)∂x(u0h0)}Np dx

Tu
p =

∫
{4ηh∂xu∂xNp +H(h− hf )β2uNp)Np} dx

Fu
p =

∫
{ϱg
2
h2∂xϕ+ ρghH(h− hf )(ρ/ρo∂xh− ∂xH)Np} dx

10.6.2 Connection to Piccard iteration

If instead of writing

4∂x(h(η̄∂xū+ ∂uη∂xū∆u+ η̄∂x∆u))− (β̄2ū+ (β̄2 + ∂uβ
2ū)∆u) = ρgh(∂xs cosα− sinα)

we ignore the dependency of η and β2 on u we get

4∂x(h(η̄∂xū+ η̄∂x∆u))− (β̄2ū+ β̄2∆u) = ρgh(∂xs cosα− sinα)

or simply
4∂x(hη̄∂x(ū+∆u))− β̄2(ū+∆u) = ρgh(∂xs cosα− sinα)

which can be solved directly for ū+∆u. This is the Piccard iteration, i.e. an incomplete Newton iteration.
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10.7 Linearisation in 2HD

10.7.1 Drag-term linearisation (2HD)

Basal drag is generally a function of basal sliding velocity and �otation conditions, i.e.

tb = f(h, hf ,v)

Using Weertman sliding law, basal drag is

tb = H(h− hf )β2 vb

or (
txb
txy

)
= H(h− hf )β2

(
u
v

)
(10.20)

were
β2 = C−1/m ∥vb∥1/m−1

tb = (g(ρh− ρoH))q/m C−1/m ∥vb∥1/m−1
vb, (10.21)

therefore
τb = τb(u, v, h)

We therefore need to linearise tb with respect to u, v, and h.
We start by linearising β2 with respect to u and v obtaining2

β(u+ ϵ∆u, v + ϵ∆v) = C−1/m((u+ ϵ∆u)2 + (v + ϵ∆v)2)(1/m−1)/2

= C−1/m((u2 + v2 + 2ϵ(u∆u+ v∆v))(1/m−1)/2

= C−1/m((u2 + v2)(1/m−1)/2 + (1/m− 1)(u2 + v2)(1/m−1)/2−1 ϵ(u∆u+ v∆v))

= β2(u, v) + C−1/m(1/m− 1)(u2 + v2)(1/m−3)/2 ϵ(u∆u+ v∆v))

The directional derivative is de�ned as

Dβ(v)[∆vxy] = lim
ϵ→0

d

dϵ
β2(u+ ϵ∆u, v + ϵ∆v)

and we arrive at3

Dβ(v)[∆u,∆v] = (1/m− 1)C−1/m ∥v∥(1−3m)/m
(u∆u, v∆v)

and the directional derivatives of tb with respect to u and v are therefore

Dtxb[∆u,∆v] = β2∆u+Dβ2[∆u] u+Dβ2[∆v] u

= β2∆u+ (1/m− 1)C−1/m ∥v∥(1−3m)/m
(u2∆u+ uv∆v)

Dtyb[∆u,∆v] = β2∆v + (1/m− 1)C−1/m ∥v∥(1−3m)/m
(v2∆v + uv∆u)

which can also be written on the form(
∆txb
∆txy

)
= H(h− hf )

(
β2 +D u2 D uv
D uv β2 +D v2

)(
∆u
∆v

)
(10.22)

2If y ≪ x then (x+ y)m ≈ xn +mxm−1y.
3In 1d we get

Dβ(v)[∆v] = (1/m− 1)C−1/m ∥u∥(1−3m)/m u∆u

= (1/m− 1)C−1/m ∥u∥(1−2m)/m sign(u)∆u
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where we have now added back the H(h− hf ) factor, and where

D := (1/m− 1)C−1/m ∥v∥(1−3m)/m

Note that because of the non-linearity of the sliding law, the basal drag term in x direction depends
on both u and v and this is re�ected in the directional derivatives above.

In a fully implicit treatment we also must include the e�ect of grounding/un-grounding the basal drag
term, or

Dtxb[∆h] = lim
ϵ→0

d

dϵ
txb(h+ ϵ∆h)

= lim
ϵ→0

d

dϵ

(
H(h+ ϵ∆h− hf )β2 u

)
= lim

ϵ→0
δ(h+ ϵ∆h− hf )∆h β2 u

= δ(h− hf ) β2 u ∆h

and therefore for the Weertman sliding law we have:(
∆tbx
∆tby

)
=

(
H(h− hf )(β2 +D u2) H(h− hf )D uv δ(h− hf ) β2 u
H(h− hf )D uv H(h− hf )(β2 +D v2) δ(h− hf ) β2 v

)∆u
∆v
∆h

 (10.23)

where again

D := (1/m− 1)C−1/m ∥v∥(1−3m)/m

For the Budd sliding law (see sec 1.11.2), assuming perfect hydrological connection between the
subglacial hydrological system and the ocean,

N = ρgH(h− hf ) (h− hf )

we have

tb = Nq/m β2 vb, (10.24)

and linearising with respect to h now gives

Dtxb[∆h] = lim
ϵ→0

d

dϵ
txb(h+ ϵ∆h)

= lim
ϵ→0

d

dϵ

(
(ρg(h+ ϵ∆h− hf ))q/m β2u

)
= lim

ϵ→0

q

m
(ρg(h+ ϵ∆h− hf ))q/m−1

ρg∆h β2u

= ρg
q

m
(ρg(h− hf ))q/m−1

β2u ∆h

and therefore for the Budd sliding law we have:(
∆tbx
∆tby

)
= Nq/m

(
Nq/m (β2 +D u2) Nq/mD uv E β2 u

Nq/mD uv Nq/m (β2 +D v2) E β2 v

)∆u
∆v
∆h

 (10.25)

(10.26)

where
E =

q

m
Nq/m−1ρg (δ(h− hf ) (h− hf ) +H(h− hf ))

We see that for example

∂tbx
∂h

=
q

m
Nq/m−1ρgβ2u

=
q

m
(ρg(h− hf ))q/m−1ρg β2u
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where h > hf , and in the linear case when q/m = m = 1, we have

∂tbx
∂h

=
ρg

C
u

This is the partial derivative with respect to h and as such does not include the e�ect of changes in h
on u. This shows that with Budd sliding law, the basal drag increases with ice thickness everywhere
upstream of the grounding line. For Weertman law no similar statement can be made and the basal drag
only changes with thickness through the implicit dependency of the velocity on thickness.

Note that for q/m < 1, ∆tb →∞ as ∆h→ hf .

Ocean drag term

We add an ocean drag term over the �oating section of the form

tob = H(hf − h)β2
o (vb − vo)

with
β2
o(u, v) = C−1/mo

o |vb − vo|1/mo−1

The total drag is a sum of that due to basal sliding and ocean currents.

tb = H(h− hf )β2 v +H(hf − h)β2
o (v − vo)

So

tobx = H(hf − h)C−1/mo
o

(
(u− uo)2 + (v − v0)2

)(1−m)/2m
(u− uo)

toyx = H(hf − h)C−1/mo
o

(
(u− uo)2 + (v − v0)2

)(1−m)/2m
(v − vo)

and hence

Dtobx[∆u] = H(hf − h)C−1/mo
o

(
∥vb − vo∥(1−mo)/mo + (1/m− 1) ∥vb − vo∥(1−3mo)/mo (u− uo)2

)
∆u

Dtobx[∆v] = H(hf − h)C−1/mo
o (1/m− 1) ∥vb − vo∥(1−3mo)/mo (v − vo)(u− uo)∆v

Dtoby[∆u] = H(hf − h)C−1/mo
o (1/m− 1) ∥vb − vo∥(1−3mo)/mo (v − vo)(u− uo)∆u

Dtoby[∆v] = H(hf − h)C−1/mo
o

(
∥vb − vo∥(1−mo)/mo + (1/m− 1) ∥vb − vo∥(1−3mo)/mo (v − vo)2

)
∆v

Dtobx[∆h] = −δ(hf − h)C−1/mo
o ∥vb − vo∥(1−mo)/mo (u− uo)∆h

Dtoby[∆h] = −δ(hf − h)C−1/mo
o ∥vb − vo∥(1−mo)/mo (v − vo)∆h

10.7.2 Flow law linearisation (2HD)

Using Glen's �ow law, deviatoric stresses are related to strain rates through Eq. (1.188), i.e.

τij = A−1/n ϵ̇(1−n)/n ϵ̇ij ,

where

ϵ̇ =
√
ϵ̇ij ϵ̇ij/2

which in the Shallow Ice Stream Approximation takes the form

ϵ̇ =
√
(ϵ̇xx)2 + (ϵ̇yy)2 + ϵ̇xx ϵ̇yy + (ϵ̇xy)2 (10.27)

= ((∂xu)
2 + (∂yv)

2 + ∂xu ∂yv + (∂xv + ∂yu)
2/4)1/2. (10.28)

If we write
τij = 2ηϵ̇ij
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where η is the e�ective viscosity given by

η =
1

2
A−1/n ϵ̇(1−n)/n

then, in the Shallow Ice Stream Approximation, η is

η =
1

2
A−1/n ((∂xu)

2 + (∂yv)
2 + ∂xu ∂yv + (∂xv + ∂yu)

2/4)(1−n)/2n.

More generally we can express the stresses as a function of velocities as

τij = f(uq).

We now need to linearise each of the stress components with respect to the unknown velocity compo-
nents u and v velocities. We start with τxx where we have

τxx = A−1/n ϵ̇(1−n)/n ϵ̇xx (10.29)

= A−1/n ϵ̇(1−n)/n ∂xu (10.30)

and we linearise

Dτxx[u; ∆u] = lim
ϵ→0

d

dϵ
τxx(u; ∆u) (10.31)

= lim
ϵ→0

d

dϵ
(2η ∂xu) (10.32)

= 2η ∂x∆u+ (2Dη[∆u]) ∂xu (10.33)

η =
1

2
A−1/n ((∂xu)

2 + (∂yv)
2 + ∂xu ∂yv + (∂xv + ∂yu)

2/4)(1−n)/2n

(∂x(u+∆u))2 + (∂y(v +∆v))2 + ∂x(u+∆u) ∂y(v +∆v) + (∂x(v +∆v) + ∂y(u+∆u))2/4

= (∂xu)
2 + 2∂xu∂x∆u

+(∂yv)
2 + 2∂yv∂y∆v

+(∂xu+ ∂x∆u)(∂yv + ∂y∆v)

+(∂xv + ∂x∆v + ∂yu+ ∂y∆u)
2/4

= (∂xu)
2 + 2∂xu∂x∆u

+(∂yv)
2 + 2∂yv∂y∆v

+∂xu∂yv + ∂xu ∂y∆v + ∂yv ∂x∆u

+(∂xv + ∂yu)/4 + (∂xv + ∂yu)(∂x∆v + ∂y∆u)/2

= e2 + δde2

where

e2 = (∂xu)
2 + (∂yv)

2 + ∂xu∂yv + (∂xv + ∂yu)/4

= ϵ̇2xx + ϵ̇2yy + ϵ̇xxϵ̇yy + ϵ̇2xy

δe2 = 2∂xu∂x∆u+ 2∂yv∂y∆v + ∂xu ∂y∆v + ∂yv ∂x∆u+ (∂xv + ∂yu)(∂x∆v + ∂y∆u)/2

or

δe2 = (2∂xu+ ∂yv) ∂x∆u+ (2∂yv + ∂xu) ∂y∆v +
1

2
(∂xv + ∂yu) (∂x∆v + ∂y∆u)

= (2ϵ̇xx + ϵ̇yy) ∂x∆u+ (2ϵ̇yy + ϵ̇xx) ∂y∆v + ϵ̇xy (∂x∆v + ∂y∆u)

The directional derivative of η is

Dη(u, v)[∆u,∆v] = E ((2ϵ̇xx + ϵ̇yy) ∂x∆u+ (2ϵ̇yy + ϵ̇xx) ∂y∆v + ϵ̇xy (∂x∆v + ∂y∆u))

= E ((2∂xu+ ∂yv) ∂x∆u+ (2∂yv + ∂xu) ∂y∆v +
1

2
(∂xv + ∂yu) (∂x∆v + ∂y∆u))
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where

E :=
1− n
4n

A−1/ne(1−3n)/n

which I can also write as
Dη(u, v)[∆u,∆v] = duη∆u+ dvη∆v (10.34)

where
duη = E ((2ϵ̇xx + ϵ̇yy) ∂x + ϵ̇xy ∂y)

and
dvη = E ((2ϵ̇yy + ϵ̇xx) ∂y + ϵ̇xy ∂x)

where

E :=
1− n
4n

A−1/ne(1−3n)/n

or as
Dη(u, v)[∆u,∆v] = dxu∂x∆u+ dyu∂y∆u+ dyv∂y∆v + dxv∂x∆v (10.35)

where
dxu = E (2ϵ̇xx + ϵ̇yy)

and
dyu = E ϵ̇xy

and
dyv = E (2ϵ̇yy + ϵ̇xx)

and
dxv = E ϵ̇xy

(
Dηx
Dηy

)
=

(
E(2ϵ̇xx + ϵ̇yy)∂x Eϵ̇xy∂y 0

Eϵ̇xy∂x E(ϵ̇xx + 2ϵ̇yy)∂y 0

)∆u
∆v
∆h

 (10.36)

In the 1d case we get

1− n
4n

A−1/n|∂xu|(1−3n)/n 2∂xu ∂x∆u =
1− n
2n

A−1/n|∂xu|(1−2n)/nsign(∂xu) ∂x∆u

10.7.3 Field-equation linearisation

linearising

∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))− β2u

=
1

2
ϱg cosα∂xh

2 + ρgh(∂xs
′
cosα− sinα)

gives

∂x(4h(η∂xu+Dη ∂xu+ η ∂x∆u) + 2h(η∂yv +Dη ∂yv + η ∂y∆v))

+∂y(h(η∂xv +Dη ∂xv + η ∂x∆v) + h(η∂yu+Dη ∂yu+ η ∂y∆u))

−(β2u+Dβ2 u+ β2 ∆u)

=
1

2
ϱg cosα∂xh

2 + ρgh(∂xs
′
cosα− sinα)

or

∂x(4h(Dη ∂xu+ η ∂x∆u) + 2h(Dη ∂yv + η ∂y∆v))

+∂y(h(Dη ∂xv + η ∂x∆v) + h(Dη ∂yu+ η ∂y∆u))

−(Dβ2 u+ β2 ∆u)

=
1

2
ϱg cosα∂xh

2 + ρgh(∂xs
′
cosα− sinα)− ∂x(4hη(∂xu+ ∂yv))− ∂y(hη(∂xv + ∂yu)) + β2u
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after having done the partial integration I get within the integral

(4h(Dη ∂xu+ η ∂x∆u) + 2h(Dη ∂yv + η ∂y∆v)) ∂xNi (10.37)

+h((Dη ∂xv + η ∂x∆v) + h(Dη ∂yu+ η ∂y∆u) ∂yNi

+(Dβ2 u+ β2 ∆u)Ni

= +
1

2
ϱg cosα∂xh

2∂xNi − ρgh(∂xs
′
cosα− sinα)Ni − 4hη(∂xu+ 2∂yv)∂xNi − hη(∂xv + ∂yu)∂yNi − β2uNi(10.38)

Inserting (10.34)

(4h(η ∂x∆u+ ∂xu(duη∆u+ dvη∆v)) + 2h(η ∂y∆v + ∂yv(duη∆u+ dvη∆v))) ∂xNi

+(h(η ∂x∆v + ∂xv(duη∆u+ dvη∆v)) + h(η ∂y∆u+ ∂yu(duη∆u+ dvη∆v))) ∂yNi

+(β2 ∆u+ u (duβ
2 ∆u+ dvβ

2 ∆v))Ni

= +
1

2
ϱg cosα∂xh

2∂xNi − ρgh(∂xs
′
cosα− sinα)Ni − 4hη(∂xu+ 2∂yv)∂xNi − hη(∂xv + ∂yu)∂yNi − β2uNi

I take all coe�cients in front of ∆u and put them in the 11 part of the matrix, and everything in front
of ∆v and put that in the 12 part of the matrix.

To make this clear insert (10.35) into (10.38)

4h(η ∂x∆u+ ∂xu(dxu∂x∆u+ dyu∂y∆u+ dyv∂y∆v + dxv∂x∆v))∂xNi

+ 2h(η ∂y∆v + ∂yv(dxu∂x∆u+ dyu∂y∆u+ dyv∂y∆v + dxv∂x∆v)) ∂xNi

+ h(η ∂x∆v + ∂xv(dxu∂x∆u+ dyu∂y∆u+ dyv∂y∆v + dxv∂x∆v))∂yNi

+ h(η ∂y∆u+ ∂yu(dxu∂x∆u+ dyu∂y∆u+ dyv∂y∆v + dxv∂x∆v))∂yNi

+ (β2 ∆u+ u (duβ
2 ∆u+ dvβ

2 ∆v))Ni

= +
1

2
ϱg cosα∂xh

2∂xNi − ρgh(∂xs
′
cosα− sinα)Ni − 4hη(∂xu+ 2∂yv)∂xNi − hη(∂xv + ∂yu)∂yNi − β2uNi

We have ∆u = Nj∆uj and ∆v = Njδvj(
K11 K12

K21 K22

)(
∆uj
∆vj

)

[K12]ij = hη ∂xNj∂yNi

+4h∂xu dyv ∂yNj∂xNi + 4h∂xu dxv ∂xNj∂xNi

+2h∂yv dyv ∂yNj∂xNi + 2h∂yv dxv ∂xNj∂xNi

+h∂xv dyv ∂yNj∂yNj + h∂xv dxv ∂xNj∂yNi

+h∂yu dyv ∂yNj∂yNi + h∂yu dxv ∂xNj∂yNi

= hη ∂xNj∂yNi

+(4h∂xu dxv + 2h∂yv dxv) ∂xNj∂xNi

+(h∂xv dyv + h∂yu dyv) ∂yNj∂yNi

+(h∂xv dxv + h∂yu dxv) ∂xNj∂yNi

+(4h∂xu dyv + 2h∂yv dyv) ∂yNj∂xNi

= hη ∂xNj∂yNi

+2Eh(2ϵ̇xx + ϵ̇yy)ϵ̇xy ∂xNj∂xNi

+Eh2ϵ̇xy(2ϵ̇yy + ϵ̇xx) ∂yNj∂yNi

+Eh2ϵ̇xy ϵ̇xy ∂xNj∂yNi

+2Eh(2ϵ̇xx + ϵ̇yy)(2ϵ̇yy + ϵ̇xx) ∂yNj∂xNi

If we swap u and v and x and y and then i and j (transpose) we get the same matrix, hence

K12 = K ′
21
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[K11]ij = 4h(η ∂xNj + ∂xu(dxu∂xNj + dyu∂yNj)) ∂xNi

+2h∂yv(dxu∂xNj + dyu∂yNj) ∂xNi

+h(∂xv(dxu∂xNj + dyu∂yNj) ∂yNi

+h(η ∂yNj + ∂yu(dxu∂xNj + dyu∂yNj)) ∂yNi

= h(4η + (4∂xu+ 2∂yv)dxu)∂xNj ∂xNi

+h(η + (∂yu+ ∂xv)dyu)∂yNj∂yNi

+h(4∂xu+ 2∂yv)dyu∂yNj∂xNi

+h(∂xv + ∂yu)dxu∂xNj∂yNi

= h(4η + E2(2ϵ̇xx + ϵ̇yy)(2ϵ̇xx + ϵ̇yy))∂xNj ∂xNi

+h(η + 2Eϵ̇xy ϵ̇xy)∂yNj∂yNi

+Eh2(2ϵ̇xx + ϵ̇yy)ϵ̇xy∂yNj∂xNi

+Eh2ϵ̇xy(2ϵ̇xx + ϵ̇yy)∂xNj∂yNi

= 4hη∂xNj ∂xNi + hη∂yNj∂yNi

+2hE(2ϵ̇xx + ϵ̇yy)
2∂xNj ∂xNi

+2Ehϵ̇2xy∂yNj∂yNi

+2Eh(2ϵ̇xx + ϵ̇yy)ϵ̇xy(∂yNj∂xNi + ∂xNj∂yNi)

so K11 and K22 are symmetrical.
One might expect that the uduβ2 ∆v makes the matrix unsymmetrical, but in fact

u dvβ
2 = u(1/m− 1)C−1/m ∥v∥(1−3m)/m

v = v(1/m− 1)C−1/m ∥v∥(1−3m)/m
u = v duβ

2

so the contributions to 12 and 21 are equal, and hence this term does not give rise to an unsymmetrical
matrix.

The tangent matrix K is symmetrical for non-linear �ow including both the non-linear e�ects of β2

and η.
Note: In 1D I get

4h(Dη ∂xu+ η ∂x∆u)∂xNi + (Dβ2 u+ β2 ∆u)Ni

= +
1

2
ϱg cosα∂xh

2 ∂xNi − ρgh(∂xs
′
cosα− sinα)Ni − 4hη∂xu∂xϕ− β2uN

10.8 Weak form

x direction∫
Ω

(∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))− tbx − ρgh(∂xs cosα− sinα))ϕdx dy = 0

with von Neumann BC on Γ2

(4hη∂xu+ 2hη∂yv)nx + ηh(∂xv + ∂yu)ny =
1

2
ρgh(h−H)nx

and

ηh(∂xv + ∂yu)nx + (4ηh∂yv + 2ηh∂xu)ny =
1

2
ρgh(h−H)ny

Green's theorem used to get rid of second derivatives gives

−
∫
Ω

((4hη∂xu+ 2hη∂yv)∂xN + hη(∂xv + ∂yu)∂yw) dx dy

−
∫
Ω

(tbx + ρgh(∂xs cosα− sinα)N dxdy +

∫
Γ

((4hη∂xu+ 2hη∂yv)nx + hη(∂xv + ∂yu)ny)N dΓ = 0
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Using the BC we have

−
∫
Ω

((4hη∂xu+ 2hη∂yv)∂xN + hη(∂xv + ∂yu)∂yw) dx dy

−
∫
Ω

(tbx + ρgh(∂xs cosα− sinα))N dxdy +

∫
Γ2

1

2
gρ(1− ρ/ρo)h2nxN dΓ = 0

y direction ∫
Ω

∂y((4hη∂yv + 2hη∂xu) + ∂x(hη(∂yu+ ∂xv))− tby − ρgh∂ys cosα)N dxdy

Green's

−
∫
Ω

((4hη∂yv + 2hη∂xu)∂yN + hη(∂yu+ ∂xv)∂xw) dx dy

−
∫
Ω

(tby + ρgh∂ys cosα)N dxdy

+

∫
Γ

((4hη∂yv + 2hη∂xu)ny + ηh(∂yu+ ∂xv)nx)N dΓ (10.39)

the von Neumann BC is

ηh(∂xv + ∂yu)nx + (4hη∂yv + 2hη∂xu)ny =
1

2
ρgh(h−H)ny

hence

−
∫
Ω

((4hη∂yv + 2hη∂xu)∂yN + hη(∂yu+ ∂xv)∂xN) dx dy

−
∫
Ω

(tby + ρgh∂ys cosα)N dxdy +

∫
Γ2

1

2
gρ(1− ρ/ρo)h2nyw dΓ = 0

Ice shelf∫
Ω

(∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))− tbx −
1

2
ρ(1− ρ/ρo)g∂xh2N dxdy = 0

On Γ2 we write the von Neumann BC as

(4ηh∂xu+ 2ηh∂yv)nx + ηh(∂xv + ∂yu)ny =
1

2
ρ(1− ρ/ρo)gh2nx

and

η(∂xv + ∂yu)nx + (4η∂yv + 2η∂xu)ny =
1

2
ρ(1− ρ/ρo)gh2ny

we consider the term∫
Ω

(∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))−
1

2
ρ(1− ρ/ρo)g∂xh2)N dxdy = (10.40)

−
∫
Ω

(4hη∂xu+ 2hη∂yv + hη(∂xv + ∂yu)−
1

2
ρ(1− ρ/ρo)gh2)∂xN dxdy (10.41)

+

∫
Γ

((4hη∂xu+ 2hη∂yv)nx + hη(∂xv + ∂yu)ny −
1

2
ρ(1− ρ/ρo)gh2nx)N dΓ (10.42)

Along Γ2, the path integral disappears and along Γ1 we set w∗ = 0, hence

−
∫
Ω

(4hη∂xu+ 2hη∂yv + hη(∂xv + ∂yu)−
1

2
ρ(1− ρ/ρo)gh2)∂xw − tbxN) dx dy = 0 (10.43)
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10.9 Thoughts about ice shelf von Neumann BC

10.9.1 1d case

Field equation:

4∂x(ηh∂xu)− tx − ρgh∂xs cosα+ ρgh sinα = 0

Boundary condition

4η∂xu =
1

2
ρg(1− ρ/ρo)h (10.44)

which for η = 1
2A

−1/n|∂xu|(1−n)/n can also be written as

∂xu = A(ρgf/4)n

where f = (1− ρ/ρo)h(xc), and xc is the location of the calving front. We write the �eld equation as

4∂x(ηh∂xu)− β2u− ρgh∂x(s
′
+ (1− ρ/ρo)h) cosα+ ρgh sinα = 0

with
s
′
:= f − (1− ρ/ρo)h = s− S − (1− ρ/ρo)h

or as

4∂x(ηh∂xu)−
1

2
g cosαρ(1− ρ/ρo)∂xh2 − ρgh cosα∂xs

′ − β2u+ ρgh sinα = 0,

using ∂xS = 0. Here S is the elevation of sea level (usually the coordinate system would be de�ned
so that S = 0), and s the surface elevation of the upper ice surface.

When deriving the weak form we do integration by terms on the �rst two terms∫
(4∂x(ηh∂xu)−

1

2
g cosαρ(1− ρ/ρo)∂xh2 − ρgh cosα∂xs

′ − tx + ρgh sinα)N dx

= (4ηh∂xu−
1

2
g cosαρ(1− ρ/ρo)h2)N |x2

x1

−
∫
(4ηh∂xu−

1

2
g cosαρ(1− ρ/ρo)h2)∂xN dx

−
∫
(ρg cosαh∂xs

′
+ tx − ρgh sinα)N dx

The neat thing about this formulation is that for the usual BC at the ice-shelf edge, the `boundary
integral term' is zero.

The quantity s
′
is the di�erence between the actual surface altitude above sea level, and the surface

altitude above sea level if �oating. On a �oating ice shelf s
′
is equal to zero everywhere.

If all von Neumann boundary conditions are of the type (10.44) we only have to solve∫
((−4ηh∂xu+

1

2
g cosαρ(1− ρ/ρo)h2)∂xw − (ρg cosαh∂xs

′
+ tx − ρgh sinα)N) dx = 0

with
s
′
= s− S − (1− ρ/ρo)h

or

−
∫

4ηh∂xu ∂xN dx−
∫
txN dx = ρg cosα

∫
h ∂xs

′
N dx−1

2
ρg cosα(1−ρ/ρo)

∫
h2∂xN dx−ρg sinα

∫
hN dx

10.10 Tracer equation with cross-wind di�usion

∂th+∇ · (vh)−∇ · (κ∇h) = a

with
κ = ϵ (1− n̂⊗ n̂)
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< ∇ · (vh), ϕq⟩ =< ∂x(uh) + ∂y(vh), ϕq⟩
=< h(∂xu+ ∂yv) + u ∂xh+ v ∂yh, ϕq⟩
=< ϕp(∂xu+ ∂yv) + u ∂xϕp + v ∂yϕp, ϕq⟩hp

< κ∇h,∇ϕq⟩ =< ϵ (1− n̂⊗ n̂)∇h,∇ϕq⟩
=< ϵ1∇h,∇ϕq⟩− < ϵ (n̂⊗ n̂)∇h,∇ϕq⟩
= ϵ hp < ∇ϕp,∇ϕq⟩ − ϵ < (n̂ · ∇h)n̂,∇ϕq⟩
= ϵ hp(∂xϕp∂xϕq + ∂yϕp∂yϕq)− ϵ < (n̂ · hp∇ϕp)n̂,∇ϕq⟩
= ϵ hp(∂xϕp∂xϕq + ∂yϕp∂yϕq)− ϵ < (nx∂xϕp + ny∂yϕp)hp n̂,∇ϕq⟩
= ϵ hp(∂xϕp∂xϕq + ∂yϕp∂yϕq)− ϵ (nx∂xϕp + ny∂yϕp)hp (nx∂xϕq + ny∂yϕq)

= ϵ hp ((∂xϕp∂xϕq + ∂yϕp∂yϕq)− (nx∂xϕp + ny∂yϕp) (nx∂xϕq + ny∂yϕq))

and

ϵ = ϵi ϕi

nx = nxi ϕi

ny = nyi ϕi

After assembly the system can be written on the form

Kh = b

Test case in cylindrical coordinates

1

r
∂r(rhvr) = a

rhvr =

∫ r

0

ar
′
dr

′



Part II

Some aspects of glacier mechanics,
possibly of interest to Úa users, but not

speci�cally related to Úa
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215

Here I've put some rather random bits related to glacier mechanics. The selection is based both on
what many Úa users might �nd useful, but also re�ects somewhat the topics I've covered in previous
lectures that I've given on glacier mechanics, especially lectures given at Caltech in 2014.
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Chapter 11

An ice shelf in one horizontal dimension
(1HD).

We consider an ice shelf in one horizontal dimension (1HD) under plain-strain conditions

ϵ̇yy = 0,

and in addition we assume v = 0, and that all other transverse gradients to be zero as well. This ice shelf
is laterally con�ned, , i.e. it can not spread out in y direction, but there is no friction along the sides. It
is free to deform in x direction only.

The vertical stress is, as always in the SSA approximation, given by

σzz = −ρg(s− z), (11.1)

where s is the upper surface. The traction at the lower surface, where z = b, must equal the ocean
pressure giving

ρ(s− b) = ρo(S − b),
from which various other �oating relationships follow:

h = ρod/ρ =
s− S

1− ρ/ρo
=
ρo
ρ
(S − b), (11.2)

b =
ρs− ρoS
ρ− ρo

= S − ρ

ρo
h, (11.3)

s = S + (1− ρ/ρo)h = (1− ρo/ρ)b+
ρo
ρ
S, (11.4)

f = (1− ρ/ρo)h . (11.5)

Note that we write d = S − b for the ice shelf draft, f = S − s for the freeboard, and h = s − b and
H = S −B.

The SSTREAM/SSA equation to be solved is in this case simply

4∂x(hη∂xu) = ρg(1− ρ/ρo)h ∂xh, (11.6)

where the e�ective viscosity η is given by

η =
1

2
A−1/n|∂xu|(1−n)/n.

Eq. (11.6) is the vertically integrated form of the momentum equation in x direction, and re�ects the
equilibrium of vertically integrated forces in the horizontal direction. The equation can also written in
terms of the horizontal deviatoric stress τxx as

2∂x(hτxx) = ρg(1− ρ/ρo)h ∂xh, (11.7)

or as

∂x(hτxx) =
1

4
gϱ ∂xh

2, (11.8)
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where
ϱ = ρ (1− ρ/ρo).

If ϱ is independent of x (an assumption that has already been made in the derivation of Eq. 11.6) then
we can integrate (11.8) on both sides, and we �nd that

hτxx =
1

4
gϱ h2 +K, (11.9)

where K is independent of x.
Note that the freeboard f = s− S is equal to

f = (1− ρ/ρo)h , (11.5)

so we can also write (11.9) as,

hτxx =
1

4
gρhf +K. (11.10)

The integration constant K follows from the boundary conditions, and we will show below that K = 0.
Eq. (11.10) shows that the horizontal deviatoric stresses are directly proportional to the freeboard. In

some ways gρf/4 is the `driving stress' that drives the deformation of the ice shelf, and it plays a similar
role to the driving stress ρgh∂xs in the SIA.

Knowing τxx and σzz, we can now determine the pressure p from

p = τzz − σzz = −τxx − σzz, (11.11)

using the incompressibility condition ϵ̇xx + ϵ̇zz = 0 and the �ow law. The horizontal stress σxx is then

σxx = τxx − p = τxx − (−τxx − σzz) = 2τxx + σzz, (11.12)

Once we have determined all stresses, we can determine the deformation using the Glen-Steinemann
�ow law

ϵ̇ij = Aτn−1τij , (11.13)

where A and n are some rheological parameters, and τ is the second invariant of the deviatoric stress
tensor given by

τ = (τpqτpq/2)
1/2

. (11.14)

11.1 Boundary condition at the calving front

Across the (vertical) interface between ice and ocean the traction must be continuous, i.e.

(σice shelf − σocean)n̂ = 0,

where n̂ is a unit normal vector pointing horizontally outwards from the calving front. The position of
the calving front is given by x = xc.

We ignore bending forces at the calving front and only require continuity of integrated values. Hence
we require ∫ s

b

σxx dz︸ ︷︷ ︸
ice shelf

=

∫ S

b

σxx dx︸ ︷︷ ︸
ocean

(11.15)

The vertically integrated force of the ocean on the ice at x = xc is given by the integral∫ s

b

σxx dx︸ ︷︷ ︸
ocean

= −
∫ S

b

ρog(S − z) dz = −
1

2
ρog(S − b)2, (11.16)

where S is the ocean surface.
This integrated force must equal the vertical integrated horizontal stress within the ice shelf along the

calving front given by the integral ∫ s

b

σxx dz,
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at x = xc. We know σzz within the ice shelf from Eq. (11.1). Using Eq. (11.12) to express σxx in terms
of σzz and σxx, we �nd ∫ s

b

σxx dz︸ ︷︷ ︸
ice shelf

=

∫ s

b

(2τxx + σzz) dz

= 2hτxx + ρg

∫ s

b

(z − s) dz

= 2hτxx + ρg
(
(s2 − b2)/2− s(s− b)

)
= 2hτxx −

1

2
ρgh2, (11.17)

where we have made use of the fact that τxx is independent of z. Hence, equality of vertical integrated
horizontal stresses at the calving front requires

2hτxx −
1

2
ρgh2 = −1

2
ρog(S − b)2, (11.18)

Using Eq. (11.18) together with the �oating condition (11.2) we �nd

2hτxx =
1

2
ρgh2 − 1

2
ρog(S − b)2

=
1

2
ρgh2 − 1

2
ρogh(S − b)

ρ

ρo

=
1

2
ρgh(h− S + b)

=
1

2
ρgh(s− S)

or

hτxx =
1

4
ρghf, (11.19)

at the calving front where x = xc
Comparing the above boundary condition, valid at the calving front, with expression (11.9), valid

anywhere within the ice shelf, we �nd that integration constant K in Eq. (11.9) is equal to zero, and
therefore

τxx =
1

4
ρgf,

everywhere.
Note that the (horizontal) boundary condition (11.19) is now identical to the expression for horizontal

deviatoric stresses valid everywhere within the ice shelf. Physically this implies that at any given location
within the ice shelf, the stresses are identical to stresses imposed by the calving-front boundary condition
at that location. In other words, if we were to cut o� the ice shelf at any given location, thereby forming
a new calving front, the stresses at that newly formed calving front will not be a�ected. In this respect,
the ice shelf downstream of a given point is `passive' and does not a�ect the �ow in upstream direction.
In particular, the stresses in the ice shelf downstream from the grounding line do not a�ect the stresses
in the ice shelf at the grounding line.

11.2 The SSA as an expression of horizontal force balance.

Inserting the Glen-Steinemann �ow law directly into the boundary condition (11.19) gives

A−1/n|∂xu|(1−n)/n ∂xu =
1

4
ρgf

Since (s− S) ≥ 0, both τxx and ∂xu are positive, and Eq. (11.19) can be written on the form

ϵ̇xx = ∂xu = A(ρgf/4)n, (11.20)

at x = xc. Further versions of Eq. (11.19) are

2A−1/nh|∂xu|(1−n)/n ∂xu =
1

2
ρg(1− ρ/ρo)h2 (11.21)
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and

8ηh∂xu− ρg(1− ρ/ρo)h2 = 0, (11.22)

at x = xc.
Note that if we di�erentiate Eq. (11.22) with respect to x, we �nd

4∂x(ηh∂xu) = ρg(1− ρ/ρo)h∂xh. (11.23)

which is formally identical to Eq. (11.6) valid for any x. We arrived at (11.23) by considering the vertical
integrated force balance along the calving front using 1) the fact that the e�ective stress τxx is independent
of z, and 2) that the vertical stress component σzz is equal to the weight of the ice (Eq. 11.1). By simply
making these two assumptions, rather than deriving these facts through scaling analysis as we have done,
we would have been able to derive Eq. (11.6) in a fairly simple manner.

11.3 Stresses and strains within a one-dimensional plane-strain
ice shelf

We now know that

τxx =
1

4
ρgf, (11.24)

everywhere within a 1HD ice shelf, where f = s− S is the freeboard given by

f = (1− ρ/ρo)h, (11.5)

The only non-zero terms of the deviatoric stress tensor are τxx and τzz. From (11.14) we �nd that

τ = |τxx| =
1

4
ρgf.

and using the Glen-Steinemann �ow law that

ϵ̇xx = ∂xu = A (ρgf/4)n, (11.25)

or alternatively using (11.5)

ϵ̇xx = ∂xu = A (ϱgh/4)n, (11.26)

where

ϱ = ρ (1− ρ/ρo). (1.34)

The horizontal stress component can then be calculated as

σxx = 2τxx + σzz =
1

2
ρgf + (z − s)ρg (11.27)

where we have used Eq. (11.1). As can be seen σxx varies linearly with depth. Along the upper surface
where z = s, σxx = ρgf/2 and is positive, and along the lower surface, where z = b, σxx = −ρ(1 −
ρ/ρo)gh/2, and is negative.

The pressure is given by

p = τzz − σzz = −1

4
ρgf + (s− z)ρg.

Note that the pressure is not hydrostatic.
We write the transverse stress component as

σyy = τyy − p = τyy + σzz − τzz.

The plane strain conditions implies τyy = 0 and incompressibility τzz = −τxx, hence

σyy = σzz + τxx = (z − s)ρg + ρgf/4.
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11.4 Shear stress

The shear stress τxz is a �rst-order quantity (but its vertical derivative enters the equilibrium equations
at zeroth order). From

∂xσxx + ∂zσxz = 0.

we �nd

∂zσxz = −∂xσxx =
1

2
ρg∂xs, (11.28)

which shows that σxz also varies linearly with depth and that

τxz =
1

2
ρg ∂xs z +K, (11.29)

where K is an integration constant.
The boundary condition at the upper surface (z = s) is

τxz(z = s) = σxx(z = s) ∂xs

giving

τxz(z = s) =
1

2
ρgs∂xs. (11.30)

using (11.27). Similarly the boundary condition at z = b gives,

τxz(z = b) = ρgh ∂xb+ σxx(z = b)∂xb,

= ρgh ∂xb+
1

2
ρgf ∂xb− ρgh ∂xb,

=
1

2
ρgf ∂xb. (11.31)

From Eq. (11.30) we �nd can now determine K in (11.29) and �nd

τxz =
1

2
ρg ∂xs (z − S). (11.32)

It remains to be seen if this expression is consistent with the other boundary condition (11.31) at the
lower surface. Inserting z = b into (11.32) gives

τxz =
1

2
ρg ∂xs (b− S). (11.33)

Using the �oating condition one can show that

∂xs(b− S) = ∂xb (s− S),

and therefore that (11.32) ful�ls the lower boundary condition also.
From (11.32) we see that σxz/τzz is O(δ) as expected. In contrast to the other stress terms listed

above, the shear stress τxz is a �rst-order quantity.
Summarising, the stress tensor in an ice shelf where all transverse gradients are zero (∂/∂y = 0) and

S = 0, is given by

σ = −ρg

 s/2− z 0 − 1
2z∂xs

0 3s/4− z 0
− 1

2z∂xs 0 s− z

 , (11.34)

and the pressure by
p = ρg(3s/4− z),

and deviatoric stress tensor
τ = σ + 1p,

is

τ = ρg

 s/4 0 1
2z∂xs

0 0 0
1
2z∂xs 0 −s/4

 . (11.35)
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Figure 11.1: Left: Stresses within a one-dimensional ice shelf. Horizontal Cauchy stresses are positive at
the surface and negative below z = d/2 where d is the is ice shelf draft. Horizontal and vertical deviatoric
stresses are independent of depth, and horizontal deviatoric stresses positive while vertical deviatoric
stresses are negative. Parameters: ρ = 910 kgm−3, ρo = 1030 kgm−3, h = 100m.

Note that the sign of the horizontal stress components (σxx and σyy) changes with depth. At the
surface (z = s) horizontal stresses are positive, at the base (z = b) they are negative. The longitudinal
horizontal stresses (σxx) are only positive (extensional stresses ) for z > s/2 (see Fig. 11.1).

The stresses in the shelf given by Eq. (11.34) are valid everywhere within the ice shelf, in particular the
stresses in the ice shelf at the grounding line are also given by Eq. (11.34). As is evident from Eq. (11.34)
the stresses, and therefore also the strain rates, are at each location functions of local surface slope and
local ice thickness only.

Note that it has here been assumed that S = 0, in which case s = f , so one could replace s with the
freeboard (f) in the above expressions for the stresses.

The ocean pressure, po is
po = ρo(S − z)

for z < S, and therefore
σxx + po = ρg(s/2− z) + ρoz

for S = 0. For z = − 1
2

ρ
ρo
h the sum of horizontal stresses and ocean pressure is zero (Fig. 11.1).

11.5 Steady-state geometry of a 1HD plane-strain ice shelf

We will now derive an analytical expressions for steady-state geometry and the velocity of a 1HD plane-
strain ice shelf. The surface mass-balance is assumed to be constant. This surface mass balance (a)
can be thought of as the sum of the mass �uxes along the upper (as) and the lower surface (ab), i.e.
a = as + ab.

From Eq. (11.26) we have
∂xu = A (ϱgh/4)n. (11.36)

In a steady state, mass continuity requires

∂x(uh) = a, (11.37)

where we have used that the ice �ux q is q = uh. Assuming constant accumulation rate we can integrate
Eq. (11.37) giving

u(x)h(x)− qgl = a(x− xgl) (11.38)

where xgl is the grounding line position, and qgl = q(xgl) is the �ux at the grounding line. We de�ne the
origin of the x coordinates so that xgl = 0.

We also have from Eq. (11.37)
h ∂xu+ u∂xh = a (11.39)
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Figure 11.2: Analytical ice shelf pro�le. The left hand �gure is for an accumulation of a = 0.3ma−1,
while the �gure on the right was made for a = −1ma−1. All other parameters are the same in both
cases. Parameters: A = 1.14 × 10−8 kPa−3a−1, n = 3, hgl = 2000m, ugl = 300ma−1, ρ = 910 kgm−3,
ρo = 1030 kgm−3. The value for A corresponds to an ice temperature of about -10 degrees Celsius.

Replacing u in (11.39) using (11.38) and inserting (11.36) for ∂xu, gives

Ah (ϱgh/4)n + ((ax+ qgl)/h)∂xh = a, (11.40)

which we write as
γhn+2 + (ax+ qgl)dxh = ah, (11.41)

with
γ = A(ϱg/4)n , (11.42)

where
ϱ = ρ(1− ρ/ρo) . (1.34)

Separating variables
dh

ah− γhn+2
=

dx

ax+ qgl
, (11.43)

integrating both sides and simplifying gives

h =

(
1

a

(
γ +

K

(qgl + ax)n+1

))−1/(n+1)

, (11.44)

where K is an integration constant.
We determine K by specifying the thickness at the grounding line, i.e.

h(xgl = 0) = hgl,

and using qgl = hglugl which gives
K = qn+1

gl (a/hn+1
gl − γ). (11.45)

The solution is shown in Fig. 11.2. Possibly the most striking aspect of the solution is how quickly the
thickness decreases downstream from the grounding line.

Now that the ice geometry has been determined, the ice velocity can be calculated directly from

u = (ax+ qgl)/h.

or

u(x) =

(
K + γ (qgl + ax)n+1

a

)1/(n+1)

(11.46)

For a > 0, the ice shelf is in�nitely long and approaches asymptotically the thickness h(x→ +∞) =
(a/γ)1/(n+1). For a < 0, the ice shelf has a �nite length l given by l = −qgl/a.
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Figure 11.3: Steady-state ice shelf thickness as a function of englacial temperature and surface accumu-
lation. Parameters: n = 3, ρ = 910 kgm−3, ρo = 1030 kgm−3.

The special case a = 0 is not covered by the above equations. One �nds that for a = 0 the thickness
distribution is given by

h = (h
−(n+1)
gl + γ(n+ 1)x/qgl)

−1/(n+1). (11.47)

The above solution describes an ice shelf, with a given ice thickness h = hgl at the grounding line, that
spreads out in 1HD without any addition or removal of mass. In the limit x → +∞ the ice thickness is
zero.

Note that in the above analysis we �xed the �ux at the grounding line to qgl. We then determined
the ice geometry and velocities down-stream of the grounding line. We are here not in a position to
calculate the �ux at the grounding line for a given ice thickness (or as a function of any other aspects
of the ice geometry that might a�ect the �ux). For a given ice thickness h = hgl, and a given ocean
bathymetry (B(x)), we can however always determine possible positions of the grounding line from the
�oating condition ρh = ρoH, where H = S −B with S the ocean surface and B the ocean bed.

Also note that there are two further possible solutions to the di�erential equation (11.41). There is
the (trivial) solution h = 0 and also the somewhat more interesting solution h = (a/γ)1/(n+1). For a < 0
this solution can be discarded (possible negative or complex valued thickness). However, if a > 0 this
solution represents an ice shelf with a constant ice thickness that is regenerated through snow fall at the
same rate that it spreads out. The ice thickness of such a steady-state ice shelf is shown in Fig. 11.3 as
a function of temperature and surface mass balance.

Another interesting fact is that the ice shelf thickness can increase with distance downstream from
the grounding line. This happens whenever

hgl < (a/γ)1/(n+1).

This can be seen from an inspection of the solution shown above, or by writing

uh = ax+ qgl,

di�erentiating and inserting Eq. (11.26), giving

u∂xh+ hA(ϱgh/4)n = a,

and then using u = (ax+ qgl)/h and solving for ∂xh to arrive at

∂xh =
a− γhn+1

(ax+ qgl)/h
,

showing that ∂xh is positive for h < (a/γ)1/(n+1) .
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11.6 Side-drag dominated ice shelf

We are here interested in the limiting case when all the driving stress is balanced by side drag alone,
i.e. the term ∂x(hτxx) now dropped. This is the opposite limit to the one we considered above where
∂x(hτxx) was the dominating term and was ∂y(hτxy) was ignored.

The shallow-ice stream (SSTREAM/SSA/Shelfy) equations are

∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx = ρgh∂xs (11.48)

∂y(h(2τyy + τxx)) + ∂x(hτxy)− tby = ρgh∂ys (11.49)

Over the �oating section tbx = tby = 0. We assume

ϵ̇yy = τyy = 0,

∂yτxx = 0,

∂ys = ∂yh = 0,

and ignore longitudinal stretching in the momentum balance, hence Eqs. (11.48) and (11.49) become

∂y(hτxy) = ϱgh∂xh, (11.50)

∂x(hτxy) = 0. (11.51)

We integrate (11.50) with respect to y from the centre-line y = 0 to the left-hand margin y = w,
where the total width of the ice shelf is 2w, i.e.

τm = −ϱgw∂xh,
where we τm is a (positive) shear stress at the margin, i.e. τm = −τxy(y = w), and we have used that
τxy(y = 0) = 0. We consider the plastic case when τm is a yield stress and independent of ice velocity.
This simpli�cation allows us to calculate the ice thickness directly as

h = hc −
τm
ϱgw

(x− xc),

where hc is the ice thickness at the calving front x = xc. The ice thickness is now a linear function of
distance x. For a given location, xc, of the calving front, the grounding line will simply be located where
the ice draft reaches the ocean �oor. In this particular case the mass balance upstream of the grounding
line has no impact on the position of the grounding line.

Eq. (11.51) remains correct if evaluated along the centre line where τxy = 0. However, it is unclear if
and how this equation can be consistent with the assumption of constant side shear stress and variable
ice thickness. But if the ice behaves, as we assume, as a plastic material, then this poses no problem.

Similar to the case where a plastic formulation for basal sliding is used, the geometry is determined
directly from the yield stress.1 The steady-state velocity can then be calculated from the ice thickness
distribution using

h∂xu+ u∂xh = 0,

giving
(λ− (x− xc)) ∂xu− u = 0,

where

λ =
ϱgwhc
τm

.

The length scale λ is ϱghc/τm times the half-width, w, of the ice shelf. I'm guessing a reasonable estimate
is O(ϱghc/τm) = 1 so λ might be similar to the width.

1For a plastic symmetrical ice sheet on a �at bed

ρgh∂xh = τb

where τb is here the basal yield stress and therefore ∂xh2 = 2τb
ρg

and hence

h2 =
2τb

ρg
|x− xc|
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Chapter 12

Simple 1d solutions for an ice-stream

12.1 Problem de�nition:

Uniform ice thickness h on a constant sloping bed with slope α. The calving front position is at x = l.
The calving front can be either grounded or �oating, and 0 ≤ d < ρh/ρo.

4∂x(hη∂xu)− β2 u = ρgh∂xs

with

η =
1

2
A−1/n |∂xu|(1−n)/n

β2 = C−1/m ∥u∥(1−m)/m

Boundary conditions:

u = Cρghα at x = 0 (12.1)

τxx =
1

4h
g(ρh2 − ρod2) at x = l (12.2)

Boundary condition (12.2) can also be written as

∂xu|x=l = A

(
g(ρh2 − ρod2)

4h

)n

The non-linear case is

2hA−1/n

n
(∂xu)

1/n−1 ∂2xxu− C−1/mu1/m = −ρghα

which I'm not sure if can be solved. However the linear case

∂2xxu− k2u = −Aτ
2h

,

has the general solution
u = c1e

kx + c2e
−kx + Cτ,

with

k2 =
A

2hC
,

and
τ = ρghα

BCs (12.1) and (12.2) give

c1 + c2 + C τ = C τ

c1ke
kl − c2ke−kl = K

where

K = A
g(ρh2 − ρod2)

4h
.

Hence

u = Cτ +
K sinh kx

k cosh kl
.
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12.1.1 One dimensional uniformly inclined slab with periodic BCs

4∂x(hη∂xu)− β2 u = ρgh∂xs

u(0) = u(l)

∂xu(0) = ∂xu(l)

η = η(x)

h = h̄

4h(∂xη ∂xu+ η∂2xxu)− β2 u = ρgh∂xs

up = β−2ρgh ∂xs (particular solution)

uh = C1e
ikx − C1e

−ikx (homogeneous solution)

k = ±
√
β2

ηh

For a periodic solution we �nd C1 = C2 = 0. So no dependency of the solution on η!

12.1.2 Two dimensional uniformly inclined slab with periodic BCs

∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))− β2 u = −ρg sinα, (1.21)

∂y(4hη∂yv + 2hη∂xu) + ∂x(hη(∂yu+ ∂xv))− β2 v = 0 . (1.22)

u = u0(y) + ϵu1(x, y)

v = ϵv1(x, y)

h = h̄

η = η0 + ϵη1(x, y)

u(−W ) = u(+W ) = 0

∂yu = 0 at y = 0

β2 = ϵβ2
1

Zeroth-order:

hη0∂
2
yyu0 = −ρgh sinα (12.3)

v0 = 0 (12.4)

First order

∂x(4ϵη0∂xu1 + 2ϵη0∂yv1) + ∂y ((ϵη0∂xv1) + (ϵη1∂yu0 + ϵη0∂yu1))− ϵβ2 u1 = 0 (12.5)

∂y(4η∂yv + 2η∂xu) + ∂x(η(∂yu+ ∂xv))− β2 v = 0 (12.6)



Chapter 13

Grounding-line dynamics

13.1 Ice-Shelf Buttressing

Ice-shelf buttressing is de�ned as the mechanical impact of the ice shelf on the stress at the grounding
line beyond that provided by the ocean. If the vertically integrated horizontal stress state is una�ected
by the ice shelf � i.e. if removing the ice shelf does not a�ect the state of stress at the grounding line �
the ice-shelf provides no buttressing.

It is sometimes convenient to de�ne a buttressing parameter θ as

θ =
N

1
2ϱgh

where
N = n̂T

xy · (Rn̂xy) (13.1)

and
ϱ = ρ(1− ρ/ρo), (1.34)

and where n̂xy is a normal vector pointing horizontally outwards from the grounding line. Buttressing is
the di�erence between the normal stress at the grounding line with and without an ice shelf.

In the particular case of a �oating ice shelf, the �eld equations Eq. (1.27) can be written as

∇T
xy · (hR) =

1

2
∇T

xy(ϱgρh
2),

Using the divergence theorem we �nd∮
(R · n̂xy −

1

2
ϱgρh n̂xy) dΓ = 0 (13.2)

The integrand is identical to the (point wise) expression of the force balance (1.214) at the calving front
of a freely �oating ice shelf. We can split this path integral into a 1) section along the grounding line,
2) section along the margins, and 3) section along the calving front. If the margins do not contribute,
the contribution along the grounding line is equal to that of the calving front. Hence, unbuttressed
uniformly-wide ice shelves are passive and don't provide any buttressing.

From Eq. (13.2) if follows that θ = 1 implies no ice-shelf buttressing. This can be taken a bit further
by de�ning normal and tangential buttressing numbers, but the principle is the same.

13.2 Kinematic expression for GL migration

At the grounding line we have the �otation condition

ρhgl = ρoHgl,

that is
hgl = hf ,

229
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Figure 13.1: Geometrical variables: Glacier surface (s), glacier bed (b), ocean surface (S), ocean �oor
(B), glacier thickness (h = s− b)), ocean depth (H = S −B), glacier draft (d = S − b), glacier freeboard
(f = s− S).

where the (maximum) �otation thickness hf is

hf :=
ρo
ρ
H .

At any given time t, this condition must always be ful�lled at the grounding line. Note thatH = S−B,
and therefore hf , are independent of time, whereas h = s− b is a function of time and space, i.e.

h = h(x, t) ,

hf = hf (x) .

Imagine a situation where neither the bedrock, B, or the ocean surface S vary with time. The �otation
ice thickness, hf , is then independent of x, and the grounding line position is located where

h(x = xgl, t) = hf ,

is ful�lled.
If ice thickness now changes over the time interval ∆t, the grounding line must migrate by a distance

∆xgl such that the �otation condition is again ful�lled, that is

hf = h(x = xgl +∆xgl, t+∆t)

= h(x = xgl, t) + ∂xh∆xgl + ∂th∆t+O2

or
∂xh∆xgl + ∂th∆t = 0

hence,

ẋgl = −
∂th

∂xh
.

As expected, if ice thickness decreases with distance x, that is ∂xh < 0, the grounding line with advance
for ∂th > 0.

More generally, if we now allow hf to be a function of x, we solve for the shift in the grounding line
position, ∆xgl, following a change in the ice thickness pro�le over the time interval ∆t, as follows

hf (x = xgl) = h(x = xgl, t = t0)

hf (x = xgl +∆xgl) = h(x = xgl +∆xgl, t = t0 +∆t)

Taylor expansion gives

hf + ∂xhf ∆xgl +O2 = h+ ∂xh∆xgl + ∂th∆t+O2
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evaluated at x = xgl and t = t0. As as

hf (xgl) = hf (xgl, t0) ,

we have
∂xhf ∆xgl = ∂xh∆xgl + ∂th∆t

and therefore arrive at

ẋgl =
∂th

∂x(hf − h)
, (13.3)

in the limit ∆t→ 0.
Eq.(13.3) is a kinematic relationship, and we refer to this equation (13.3) as the kinematic grounding-

line equation. It contains no additional physics other than the observation that ice thickness at the
grounding line is not an explicit function of time. Here this arises because the ice thickness of the
grounding line is always given by the �otation condition and is therefore at any location simply a function
of the ocean depth H and the density ratio ρi/ρ, which both do not depend on time.1 The kinematic
grounding-line equation (13.3) shows how the grounding line migration rate (ẋgl) relates geometrically
to temporal thickness changes at the grounding line (∂th) and how closely the thickness pro�le gradient
follows the gradient in �otation thickness. If the ice thickness upstream of the grounding line follows the
�otation pro�le hf (x) closely, a given change in thickens with time requires a large shift in grounding line
position to arrive at a new location where �otation is again reached.

At the grounding line hf − h = 0, and with increasing distance directly downstream of the grounding
line hf − h must increase, and hence ∂x(hf − h) ≥ 0. Therefore the grounding line must advance, i.e.
ẋgl > 0, whenever ∂th > 0 .

One possible issue with using (13.3) might arise if the gradient in thickness (∂xh) were discontinuous
across the grounding line. However, the boundary conditions dictate that ∂xu approaches the same value
at the grounding line from both upstream and downstream directions. Furthermore, if h is continuous
across the grounding line, then mass conservation dictates that ∂xh is also continuous. So under these
conditions using (13.3) is justi�ed. As most numerical models do not use the kinematic grounding-line
equation (13.3) directly, it can be used to check the internal consistency of calculated grounding-line
migration rates and rates of thickness change for a given bedrock geometry. If modelled grounding-line
migration is not equal or at least very similar to that predicted by (13.3), then clearly something went
wrong somewhere.

Eq. (13.3) has been derived repeatedly in the glaciological literature. The earliest derivation I'm
aware of is by Hindmarsh (1996), see his equation (4). In there he makes reference to some earlier work
of his (Hindmarsh, 1993) where the formula was also derived (but the source is not easily accessible), and
also gives references to further derivations by other authors. The equation was also used by Sam Pegler
(which paper?) and Ultee and Bassis (2020) used it, they state, to test calving laws for Greenland outlet
glaciers.

13.3 Geometrical grounding-line migration

Changing the sea level (S) causes a shift in the position of the grounding line. This shift is only related to
geometrical factors such as ice thickness (h = s−b) and ocean depth bedrock (H = S−B). To distinguish
this shift in grounding-line position from ice-dynamical e�ects, we refer to this shift as at `geometrical
grounding-line migration'. This horizontal shift in grounding line position due to time dependent changes
in the height of the ocean surface can be determined as follows.

Ocean height (S) changes with time as

S(t) = S̄ +∆S(t),

1Note that the argument leading to the kinematic grounding-line equation (13.3) does not depend on hf begin

hf = ρoH/ρ .

If, for example, we had instead
hf = κH

where κ ≥ 1 is some number, then we we still arrive at

ẋ =
∂th

∂x(hf − h)

but now hf has a di�erent physical interpretation.
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Figure 13.2: Example of grounding line migration in response to tidal forcing using the hydrostatic
assumption. The curves were calculated using the �ow model Úa which is a vertically integrated �ow
model that calculates grounding line positions using the hydrostatic assumption. The blue curve was
calculated for a constant surface slope of ds/dx = −0.001 and red curve for a constant thickness gradient
of dh/dx = −0.001. In both cases the bedrock gradient as dB/dx = −0.01. The tidal amplitude was 2
m and the tidal period 1 day. To suppress the e�ects of ice �ow, the �ow parameters were set to values
that made the ice e�ectively rigid and basal sliding was enforced to be close to zero. The dashed lines
show the upper and lower extent of horizontal grounding-line migration as calculated by Eq. (13.5).

but not spatially ( i.e. ∂xS(t) = ∂xS̄ = ∂x∆S = 0)
For S = S̄ the grounding line is at x = xgl and

ρ (s(xgl)− b(xgl)) = ρo(S̄ −B(xgl)). (13.4)

For a given perturbation, ∆S, in ocean height, the grounding line moves by some distance ∆L in
either up or down-stream direction. At this new grounding line position the �oating condition must
again hold, and we have

ρ (s(xgl +∆L)− b(xgl +∆L)) = ρo(S̄ +∆S −B(xgl +∆L))

or
ρ(s(xgl) + ∂xs∆L− b(xgl)− ∂xb∆L) = ρo(S̄ +∆S −B(xgl)− ∂xB∆L))

(For notational simplicity we have not indicated in the above equation that the derivatives are to be
evaluated on both sides of the grounding line and that they are in fact distinct directional derivatives in
the up and down-stream directions.) Using (13.4) gives

ρ(∂xs− ∂xb)∆L = ρo(∆S − ∂xB∆L))

or

∆L+/− =
ρo∆S

ρ(∂xs+/− − ∂xb+/−) + ρo∂xB+/− (13.5)

Eq. (13.5) is valid even if the derivatives are not constant across the location of grounding line (xgl) at
mean tide (∆S = 0). We have indicated this by adding the superscript +/−. Here ∆S is positive for a
high tide, and negative for a low tide. At low tide the gradients downstream of xgl are to be used (minus
sign), and at high tide the gradients upstream of xgl (positive sign).

If ∂xB is the same on both sides of the xgl, then it follows from (13.5) that the shifts in grounding
line position at high and low tides are only equal in magnitude provided ∂xh is the same on both sides
of x = xgl as well. In other words, for a constant bed slope, a tidally-induced grounding line migration is
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symmetrical if, and only if, the thickness gradient does not change across the grounding line. Conversely,
if the thickness gradients are not equal on both sides of the grounding line, the grounding line movement
will always be asymmetric with respect to the tidal cycle. In the particular case when the ice thickness
is constant (and ∂xh = 0) the (horizontal) grounding-line migration is symmetrical with respect to the
tide.

Such an asymmetrical grounding line migration takes place if, for example, the upper surface gradient
(∂xs) is constant across the grounding line. In that case the thickness gradient cannot be equal on both
sides of x = xgl as well. There is then a break in thickness gradient at x = xgl given by

∂xh =

{
∂xh

+ = ∂xs− ∂xB for x ≤ xgl
∂xh

− = ∂xs/(1− ρ/ρo) for x ≥ xgl

(There is no need to use the superscripts +/− with ∂xs and ∂xB in the above equation because here we
are assuming that those derivatives are continuous across the grounding line.) When this expression for
the break in thickness gradient is inserted in (13.5) we �nd that the migration distance ∆L− at a low
tide (when S = S̄ −∆L), is given by

∆L− = − ∆S
ρ/ρo

1−ρ/ρo
∂xs+ ∂xB

,

and at a high tide by

∆L+ =
∆S/(1− ρ/ρo)
ρ/ρo

1−ρ/ρo
∂xs+ ∂xB

,

and that
|∆L−| = (1− ρ/ρo)|∆L+|.

In the case of a constant surface gradient, the upstream grounding-line shift at high tide is therefore
about 9 times as large as the downstream shift at low tide.

In general we expect neither the thickness nor the surface gradient to be constant across the grounding
line. Since the migration is only symmetrical in the particular case of a constant thickness gradient across
the grounding line, we expect an asymmetrical grounding line migration in response to tides to be the
general rule rather than an exception.

An example of transient hydrostatic grounding-line migration in response to tides is shown in Fig. 13.2.
The migration was calculated using the �ow model Úa. This model, as do most commonly used �ow
model in glaciology, assumes that the grounding line is always exactly where the hydrostatic �oating
condition ρh = ρo(S − b) is met. The modelled grounding line displacements are in a good agreement
with those calculated using Eq. (13.5). For example, in the case of constant surface slope the modelled
values are ∆L− = 105 m and ∆L+ = −1013 while those based on Eq. (13.5) are ∆L− = 109 m and
∆L+ = −1020. These di�erences of a few meters are considerably smaller than the spatial dimension of
85 m of the smallest element of the mesh used in this particular run by the FE-model Úa.

13.4 Flux at the grounding line

Upstream from the grounding line

2∂x

(
hA−1/n |∂xu|1/n−1 ∂xu

)
− C−1/m ∥u∥1/m−1

u = ρgh ∂xs (13.6)

In terms of stresses this equation can also be written as

2∂x(hτxx)− tbx = ρgh∂xs (13.7)

Boundary conditions at the grounding line where x = xgl are

∂xu = A(ϱgh/4)n (13.8)

h = ρoH/ρ. (13.9)

Note that boundary condition (13.8) can be rearranged as

2A−1/n(∂xu)
n =

1

2
ϱgh
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If we insert the above expression into (13.6), assuming ∂xu > 0, we arrive at

1

2
ϱg∂xh

2 − tbx = ρgh∂xs .

If we now assume that ∂xs ≈ ∂xh upstream of the grounding line, for example by setting s = B + h with
∂xB = 0 for x < xgl, we obtain

[
1

2
ϱg∂xh

2]− [tbx] = [
1

2
ρg∂xh

2] (13.10)

where the brackets are used to indicate that we are here simply comparing sizes of terms, and where we
have written h∂xh = 1

2∂xh
2

Since ϱ ≈ ρ/10 is it clear that the �rst term on the left-hand side of (13.10) is small compared to the
right-hand side, and that the right-hand side must therefore be approximately balanced by the second
term on the left-hand side of (13.10), i.e.

[tbx] = [−1

2
ρg∂xh

2]. (13.11)

Note that the key assumption here is that ∂xs ≈ ∂xh for x < xgl.
Downstream of the grounding line, �otation implies that ∂xs = ϱ∂xh/ρ (see Eq. 1.193) and if, for

example, ∂xs ≈ ϱ∂xh/ρ, upstream of the grounding line we instead of (13.10) arrive at

[
1

2
ϱgh2]− [tbx] = [

1

2
ϱg∂xh

2] (13.12)

and clearly now it is the �rst term on the left-hand side that balances the right-hand side.
We will now derive an approximation for the �ux at the grounding line as a function of (local) ice

thickness, and start by making the assumption that ∂xs ≈ ∂xh in which case as we have seen

tbx ≈ −ρgh∂xs,

i.e. that the second term on the left-hand sides of (13.6) and (13.7) is now approximately balanced by
their respective right-hand sides. Hence, using Weertman sliding law we have

u = C(−ρgh∂xh)m, (13.13)

where we have anticipated that ∂xh will be strictly negative.
In a steady state

∂x(uh) = a, (13.14)

which allows us to write
∂xh = (a− h∂xu)/u. (13.15)

Inserting the boundary condition (13.8) into (13.15) gives

∂xh = (a− hA(ϱgh/4)n)/u, (13.16)

and then inserting (13.16) into (13.13) and assuming that a≪ hA(ϱgh/4)n gives

u = C (ρghhA (ρgδgh/4)
n
/u)

m
. (13.17)

or
um+1 = 4−nm C Am(gρ)m+nmδnm hnm+2m,

where δ is de�ned as
δ := 1− ρ/ρo

The ice �ux q = uh at the grounding line is therefore

q =
(
4−nm C Am(gρ)m+nm (1− ρ/ρo)nm

)1/(m+1)
h(nm+3m+1)/(m+1), (13.18)

where2 h is the thickness at the grounding line, i.e.

h = hgl = ρoH/ρ.

2For q = ρuh and keeping the θ term we have

q = ρ
(
4−nC1/mA(ρg)n+1(1− ρ/ρo)

n
)m/(1+m)

θnm/(1+m) h(nm+3m+1)/(1+m)
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The relationship between �ux relationship (13.18) is identical to that of Schoof's `B' model. We arrived
at this �ux relationship by assuming that velocity at the grounding line follows from SIA, and that ∂xu
at the grounding line is given by the boundary condition (13.8) for horizontal strain rates. In addition
we assumed steady-state conditions and that a≪ h∂xu.

Note that, as Eq. (13.17) shows, it is possible to express the velocity at the grounding line as a function
of the ice thickness h alone, i.e. without any reference to the surface slope ∂xh. This is possible because
the surface slope at the grounding line is related to thickness through Eq. (13.16). We were able to use
the boundary condition (13.8), the mass conservation equation (13.14), and the simpli�ed momentum
equation (13.13) to arrive at Eq. (13.17), giving velocity at the grounding-line as a function of thickness
alone. To see this more clearly, inserting (13.13) and (13.8) into

u ∂xh+ h ∂xu = 0

gives

C(ρgh∂xh)
m∂xh+ hA(ϱgh/4)n = 0

or

∂xh = −
(
hA(ϱgh/4)n

C(ρgh)m

)1/(m+1)

= − 1

4n/(m+1)

(
A

C

)1/(m+1)

(ρg)(n−m)/(m+1) (1− ρ/ρw)n/(m+1) h
n+1−m
m+1

showing how the surface slope at the grounding line depends on ice thickness.

13.5 Balance between terms on both side of the grounding line

(What follows is basically a slightly di�erent framing of the argument in section 13.4 used to show that the
basal shear traction will balance the driving stress upstream of the grounding line, provided ∂xs ≈ ∂xh.)

Field equation and boundary condition at the grounding line written in terms of velocity are

2A−1/n∂x

(
h ∥∂xu∥(1−n)/n

∂xu
)
−H(h− hf )C−1/m ∥u∥(1−m)/m

u = ρgh∂xs (13.19)

2A−1/nh ∥∂xu∥(1−n)/n
∂xu =

1

2
ϱg h2 at x = xgl (13.20)

h = hf at x = xgl (13.21)

where H is the Heaviside step function, and where

hf = ρoH/ρ

and where ϱ = ρ(1− ρ/ρo).
Inserting (13.20) into (13.19) and assuming that over the grounded area |∂xs| ≫ |∂xb|, and therefore

that ∂xh = ∂xs− ∂xb ≈ ∂xs, we arrive at

1

2
ϱg∂x

(
h2
)
−H(h− hf )C−1/m ∥u∥(1−m)/m

u = ρgh∂xh

or
1

2
ϱg∂xh

2 −H(h− hf )C−1/m ∥u∥(1−m)/m
u =

1

2
ρg∂xh

2

which immediately shows that the �rst term on the left hand side is ϱ/ρ = ρ(1−ρ/ρo))/ρ = (1−ρ/ρo) ≈ 0.1
the size of the right-hand side.

Downstream of the grounding line s = (1− ρo/ρ)h and therefore ∂xs = δ∂xb ≈ 0.1∂xb, or ∂xs≪ ∂xh
and this reversal of the relative sizes of the upper and lower slopes ensures that we now also have the
right balance downstream of the grounding line, where the �rst term on the left-hand side now equals
the right-hand side.
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13.6 GL scalings (Schoof)

Field equations written in terms of velocity and stresses, respectively, are

2A−1/n∂x

(
h ∥∂xu∥(1−n)/n

∂xu
)
−H(h− hf )C−1/m ∥u∥(1−m)/m

u = ρgh∂xs (13.1)

2∂x (hτxx)− τb = ρgh∂xs (13.2)

where H is the Heaviside step function. Boundary conditions at x = xgl are

2A−1/nh ∥∂xu∥(1−n)/n
∂xu =

1

2
ϱg h2 (13.3)

h = hf (13.4)

where
hf = ρoH/ρ

and where ϱ = ρ(1 − ρ/ρo). The above model is only valid for [z]/[x] ≪ 1 and ud/ub ≪ 1, where ud is
the deformational velocity and ub the sliding velocity.

Scalings: With [u] and [x] as scales for the horizontal velocity and the span of the ice sheet, the
kinematic boundary condition suggests

[u][z]

[x]
= [a] and [t] =

[x]

[u]

We set a scale for C by writing
[u]1/m/[C]1/m = ρg[z][z]/[x]

i.e. we balance basal shear stress with the driving stress. We introduce

ϵ =
τxx
σxx

=
A−1/n([u]/[x])1/n

2ρg[z]
(13.5)

and will consider the case ϵ≪ 1, and we also de�ne

δ = 1− ρ/ρo (13.6)

where δ ≈ 0.1.
Inserting these scalings into �eld equation (13.1) and the boundary condition (13.3) gives

4ϵ ∂x

(
h ∥∂xu∥(1−n)/n

∂xu
)
− ∥u∥(1−m)/m

u = h ∂xs for x < xgl (13.7)

∥∂xu∥(1−n)/n
∂xu =

δh

8ϵ
at x = xgl (13.8)

Summarising the scaled momentum equations are

4ϵ ∂x

(
h ∥∂xu∥(1−n)/n

∂xu
)
− ∥u∥(1−m)/m

u = h ∂xs for x < xgl (13.9)

∥∂xu∥(1−n)/n
∂xu =

δh

8ϵ
at x = xgl (13.10)

Now we consider the scaled momentum equation (13.7) in the vicinity of the grounding line. As we
approach x → xgl from the upstream side we expect the �rst term on the left-hand side of (13.7) to be
given by (13.8). Inserting (13.8) into (13.7) gives

δ h ∂xh− ∥u∥(1−m)/m
u = h ∂xs, (13.11)

all quantities evaluated at the grounding line.
Now consider the right-hand side of the above equation We always have

∂xs = ∂x(h+ b),

Upstream of the grounding line we do not expect ∂xb to be related (at least not in some simple way) to
∂xh. Consider the case ∂xb = 0 while ∂xh takes some �nite value, then equation (13.2) is

δ h∂xh− ∥u∥(1−m)/m
u = h ∂xh, (13.12)
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Figure 13.3: Ice �ux at a grounding line (red) from Eq. (13.18), and integrated surface mass bal-
ance upstream from the grounding line (cyan), for a given bedrock pro�le (black). Here A =
1.146× 10−8 kPa−3 a−1, n = 3, m = 3, and C = 0.8× 10−3 kPa−3 ma−1

and since δ ≪ 1 (in fact δ ≈ 0.1) the second term on the left-hand side approximately balances the
right-hand side. We therefore have an approximate balance between basal stress and driving stress.

In physical terms the situation down-stream of the grounding line is clear. There the �rst term on
the left-hand side must balance the term on the right hand side. Here our formulation gives the right
balance because since ∂xb and ∂xh are related by the �oating condition

∂xs = ∂x(h+ b) = ∂x(h− (1− ρ/ρo)h) = δ ∂xh,

and when inserted into
1

2
δ ∂x (hh) = δ h ∂xh, (13.13)

we arrive, which is the right balance.
Summarising, if h and b are related through the �oating condition, the balance is always between the

�rst lhs term and the rhs, but the balance is between the second rhs term and the lhs if

|∂xb| ≪ |∂xh|

In the particular case ∂xb = 0 the balance is always between the basal shear stress term and the driving
stress.

13.7 Grounding-line instability

For a steady state with the grounding line located at x = xgl, mass conservation requires

γ xgl + q(xgl) = 0

where we have assumed that the ice divide is at x = 0 and the surface mass balance is γ. We assume
the surface mass balance is spatially constant and positive, i.e. γ > 0. Clearly if γ < 0, no ice sheet is
possible.

Perturb xgl by ∆x
x′gl = xgl +∆x
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If
γ ∆x− ∂xq ∆x < 0

then more ice �ows across the grounding line than is added over the new surface ∆x upstream of the
grounding line. The volume of the (grounded) ice sheet must decrease with time and the grounding line
must retreat towards the original steady state. (Note that the derivative of q with respect to x is the
derivative of q following the grounding-line position.)

Hence, if
∂xq > γ

then the grounding line is stable, but

∂q

∂x

∣∣∣∣
x=gl

=
∂qgl
∂hgl

∂hgl
∂x

=
∂qgl
∂hgl

ρo
ρ

∂(Sgl −Bgl)

∂x

= −ρo
ρ

∂qgl
∂hgl

∂Bgl

∂x

For a prograde bed, ∂xB < 0, and therefore we must have ∂hq > 0 for the grounding line to be stable.
Conversely, for a retrograde bed where ∂xB > 0 we must have ∂xq < 0 for the grounding line to be stable.



Chapter 14

Subglacial hydrology

Basal water pressure pw is expressed as

pw = pi −N ≈ ρigh−N (14.1)

where N is the e�ective water pressure. The argument for introducing the e�ective water pressure,
N , is that we expect the water pressure to be similar to the overburden pressure, ρigh and therefore
|N | ≪ ρigh. If the water pressure is less than the overburden pressure of the ice N is positive, and N = 0
when those are equal.

The basal hydraulic potential is de�ned as

ϕ = ρwgb+ pw (hydraulic potential) (14.2)

The literature of subsurface hydrology often uses instead of the hydraulic potential, the concept of
hydraulic head, hp, de�ned as

hp :=
ϕ

ρwg
(hydraulic head) (14.3)

Inserting 14.1 into (14.2)

ϕ = ρwgb+ pw

= ρwgb+ ρigh−N
= ρwgb+ ρig(s− b)−N

or

ϕ = (ρw − ρi)gb+ ρigs−N (14.4)

or

ϕ = Φ−N (14.5)

where

Φ := (ρw − ρi)gb+ ρigs , (14.6)

and thus

∇ϕ = (ρw − ρi)g∇b+ ρig∇s−∇N (14.7)

showing that, provided ∇N ≈ 0, that surface slope is about 10 times more important than bed slope.
In the case of a stagnant water mass, i.e. subglacial lake, for which ∇ϕ = 0, and ice at or above

�otation, i.e. N = 0, the upper and lower glacier surface slopes are related as

(ρw − ρi)∇b = −ρig∇s .

Various approaches to the modelling of subglacial hydrology have been explored. At one end one can
use traditional equations of groundwater �ow in a con�ned layer. Another approach is to consider water
�ow in a thin basal layer of variable thickness.

239
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14.1 Traditional groundwater theory

For a groundwater �ow within a layer, the vertically integrated conservation equation of water reads

Sw

ρg
∂tϕ+∇ · (qw) = aw . (14.8)

The �rst-term on the left-hand side represents a speci�c water storage term that is related to the com-
pressibility of the solid phase and its porosity. The dimensionless coe�cient, Sw, is the storativity, or the
storage coe�cient. The source term, aw, has the units distance per time. Note that here aw is in the SI
units m/s, and qw has the units m2/s.

In terms of the hydraulic head

hp :=
ϕ

ρwg
(hydraulic head) (14.3)

the Eq. (14.8) reads
Sw∂thp +∇ · (qw) = aw . (14.9)

Assuming a linear Darcy �ow law where the horizontal water �ux in a con�ned channel with the
thickness hw, is given as

qw = −khw∇ϕ
= −kρwghw∇hp

where k is the hydraulic conductivity. Since aw is in the SI units m/s, qw the units m2/s, and hp the
units m, k here has the SI units

[k] =
m

s

1

[ρw][g]

Typically, the hydraulic conductivity k is expressed in the SI units m/s, so we will need to divide values
expressed in such units by ρwg.1

The groundwater equation becomes

Sw

ρg
∂tϕ−∇ · (khw∇ϕ) = aw . (14.10)

or
Sw∂thp − ρwg∇ · (khw∇hp) = aw . (14.11)

If we have a con�ned aquifer, then hw is constant and does not evolve, that is

hw = fixed (con�ned aquifer) .

Our unknown is then the hydraulic pressure head, hp. Alternatively, we can envision a situation of an
uncon�ned channel where the hydraulic head is the upper boundary itself.

hw = hp (uncon�ned aquifer) .

Uncon�ned aquifers are also referred to as phreatic aquifers. For a phreatic aquifer therefore have

Sw∂thw − ρwg∇ · (khw∇hw) = aw . (14.12)

and

qw = −kρwghw∇hw = −1

2
kρwg∇h2w (14.13)

again using the linear Darcy law.
The source term, aw, includes local water sources and leakage rates from above and below the layer.
For con�ned aquifers we can de�ne

K := khw (14.14)

where K is the transmissivity tensor of the layer, which will depend on the thickness of the layer, for
example as K = hwk where hw is the thickness of the layer, and k is the hydraulic conductivity tensor.
For a �xed layer thickness that does not vary in time, we can however think of K as a constant.

1Most tables of hydraulic conductivity values are e�ectively incomprehensible to the average human person as they tend
to be provided in the units darcy, which de�nition involves the unit centipose. Glacier till is supposed to have values ranging
from 10−13 to 10−2 ms−1/(gρw), so it is has been narrowed down to a range covering 11 orders of magnitudes.
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14.1.1 Simple analytical steady-state solution of the groundwater equation

Consider the one-dimensional steady-state problem for a con�ned aquifer, for which Eq. (14.10) has the
form

∂x(khw∂xϕ) = aw . (14.15)

In terms of the hydraulic (pressure head), hp, and assuming constant hydraulic conductivity, this can
also be written as

hp :=
ϕ

ρwg
(hydraulic head) (14.3)

or
ρwgkhw ∂

2
xxhp = −aw

with the boundary conditions

hp = hl at x = l

∂xhp = 0 at x = l

The solution is
hp(x) = −

aw
ρwgkhw

(x2/2 + C1x+ C2)

or
hp(x) =

aw
2ρwgkhw

(l − x)2 + hl for x ≤ l

The solution implies that hw → +∞ as x → −∞ so clearly this solution can not be used for in�nite
aquifers (see also Baer, Hydraulics of Groundwater, 1979).

For a one-dimensional uncon�ned (phreatic) steady-state aquifer Eq. (14.12) reads where

−ρwgk
2

∂xh
2
w = aw . (14.16)

and the �ux is given by Eq. (14.13), which in one-dimension reads

qw = −ρwgkhw∂xh = −ρwgk
2

∂xh
2
w ,

where, again, we have assumed a linear Darcy law. Assuming k is not spatially variable, conservation of
mass then implies, which is same as Eq. (14.12). Integrating both sides of (14.16)

qx(x) = −
ρwgk

2
∂xh

2
w = awx− C1 , (14.17)

and hence
ρwgk h

2
w(x) = −awx2 + 2C1x+ C2 . (14.18)

This is the general solution of hw(x). The constants C1 and C2 are then determined by prescribing
suitable boundary conditions.

For the boundary conditions, hw = hl at x = l and ∂xhw = 0 at x = l

∂xhw = 0

=⇒ ∂xh
2
w = 0

=⇒ − 2awl + 2C1 = 0

=⇒ C1 = awl

and for the BC, that

hw(x = l) = hl

ρgkh2l = −awl2 + 2awl
2 + C2

C2 = ρwgkh
2
l − awl2 .
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Hence

ρwgk h
2
w(x) = −awx2 + 2C1x+ C2

= −awx2 + 2awlx+ ρwgkh
2
l − awl2

= −aw(x2 − 2awlx+ l2) + ρwgkh
2
l

= −aw(x− l)2 + ρwgkh
2
l

And the solution is
h2w = − aw

ρwgk
(l − x)2 + h2l

The corresponding �ux is

qw(x) = −
ρwgk

2
∂xh

2
w = aw(x− l)

This is a rather odd solution where the �ux for x < l is negative and h2w becomes negative for x→ −∞.
However, this is a direct consequence of our prescribed boundary conditions. By setting the �ux to zero
at x = l, the water �ux must be directed away from x = l in the negative direction, for aw > 0. This also
implies that the water-�lm thickness must decrease in the negative x direction, and eventually become
negative.

Another set of boundary conditions are:

hw = hl at x = l

hw = h0 at x = 0

Applying these conditions to
ρwgk h

2
w(x) = −awx2 + 2C1x+ C2 . (14.18)

gives

ρwgk h
2
0 = C2

and

ρwgk h
2
l = −awl2 + 2C1l + ρwgkh

2
0

=⇒ 2C1 =
ρwgk

l
(h2l − h20) + awl .

And therefore

ρwgk h
2
w(x) = −awx2 + 2C1x+ C2

= −awx2 +
(
ρwgk

l
(h2l − h20) + awl

)
x+ ρwgkh

2
0

= −aw(x2 − lx) + ρwgk (h
2
0 + (h2l − h20)x/l)

and from (14.17)

qw(x) = axx−
ρwgk

l
(h2l − h20) + awl

and we note that qx(x = 0) ̸= 0.
Now consider the boundary conditions

qw = 0 at x = 0

hw = hl at x = l

Applying these conditions to
ρwgk h

2
w(x) = −awx2 + 2C1x+ C2 , (14.18)

gives

C1 = 0 ,
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Figure 14.1: The solution to Eq. (14.19) for hw(x) (black line) and qw(x) (red line) for an uncon�ned
aquifer. Here hw(x = l) = 1m, aw = 1myr−1, l = 100 km and k = 1× 104 myr kg−1.

and

ρwgk h
2
l = −awl2 + C2

=⇒ C2 = ρwgkh
2
l + awl

2

And therefore

ρwgk h
2
w(x) = −awx2 + 2C1x+ C2

= −awx2 + ρwgkh
2
l + awl

2

or
h2w(x) = aw(l

2 − x2) + ρwgkh
2
l (14.19)

and from (14.17)
qw(x) = axx .

Note that
hw∂xhw = −awl at x = l

and that the slope becomes in�nite in the limit where hw(x = l) = hl = 0. The thickness is in this limit
zero, but the �ux is �nite.

We conclude that if our domain is 0 ≤ x ≤ l, and we which to have q(x = 0) = 0, this boundary
condition must be prescribed at the upper boundary. Prescribing the thickness at x = 0, will not
provide us with this �ux relationship. Also prescribing both the thickness at hw(x = l) = hl and a
no-�ux condition qx(x = l) = 0 results in an unphysical pro�le with negative (or complex) values for the
thickness.

14.1.2 Possible modi�cations of the groundwater equation for glacier hydrol-
ogy

There are various reasons why solving Eq. (14.11) my lead to contradictions and conceptual di�culties
when applied to glacier �ow. For example one might �nd that the solution my violate

ϕ(x, y) = ρwgb(x, y) + pw(x, y) < ρwgb(x, y)

at some locations (x, y). The water pressure has then become negative. Various approaches have been
suggested to address this issue, e.g. Beyer et al. (2018).

If we insert Eqs. (14.4) and (14.7) into Eq. (14.11) we obtain

Sw

ρg
∂tN −∇ · (K ((ρw − ρi)g∇b+ ρig∇s))−∇ · (k∇N) = m , (14.20)
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or
Sw

ρg
∂tN +∇ · (K∇N) = m+∇ · (K (ρw − ρi)g∇b+ ρig∇s)) . (14.21)

In terms of the (constant) water layer thickness we can also write this as

Sw

ρg
∂tN +∇ · (khw∇N) = aw +∇ · (khw ((ρw − ρi)g∇b+ ρig∇s)) . (14.22)

or
Sw

ρg
∂tN +∇ · (khw∇N) = aw +∇ · (khw∇Φ) . (14.23)

where
Φ := (ρw − ρi)gb+ ρigs , (14.6)

This is a linear di�usion equation for N .
Eq. (14.23) requires a boundary condition for ϕ, or N , for those to be fully determined. Otherwise

they are only determined within some constant value.
The boundary condition at glacier terminus will be pw = 0 or

ϕ = ρwgb (Boundary condition at terminus)

or pw = (S − b)ρg at the grounding line, i.e.

ϕ = ρwgb+ ρwg(S − b) = ρwgS (Boundary condition at grounding lines)

where S is the ocean surface elevation. At out�ow boundaries we might, however, prefer to use the no-�ux
condition

qw · n̂ = −K∇ϕ · n̂ = 0 (No out�ow condition)

where n is a unit normal points outwards from the boundary.
When solving (14.22) we might treat s and b as independent of N . However, if N = 0, in which case

the ice is a�oat, we will need to adjust s and b accordingly. For the speci�c case of a �oating ice shelf,
where N = 0, the `water layer' is the open ocean and we set Sw = inf and therefore ∂tN = 0. Eq. (14.22)
then implies

∇s = − ρi
ρw − ρi

∇b

as expected.
We have

b = B + hw ,

although if hw is on the order of a few millimetres we might simply write b = B.
We solve the transient (14.11) using the θ method, whereby

Sw

ρg∆t
(ϕ1 − ϕ0) = (1− θ)(m1 +∇ · (K∇ϕ0)) + θ(m2 +∇ · (K∇ϕ1)) (14.24)

Form the inner products with respect to the basis ψp

Sw

ρg
⟨ϕ1 − ϕ0 | ψp⟩ = (1− θ)∆t ⟨m0, ψp⟩ − ⟨K∇ϕ0,∇ψp⟩

+θ∆t ⟨m1, ψp⟩ − ⟨K∇ϕ1,∇ψp⟩

The �nite-element formulation is

∂tN −∇ · (K∇ϕ) = a

∂tN −∇ · (K∇(Φ−N)) = a

⟨N1 −N0, ψ⟩ −∆t ⟨∇ · (K∇(Φ−N)), ψ⟩ = ∆t⟨a, ψ⟩
⟨N1 −N0, ψ⟩+∆t ⟨K∇(Φ−N),∇ψ⟩ = ∆t⟨a, ψ⟩

⟨N1, ψ⟩ − θ∆t ⟨K∇N1,∇ψ⟩ =⟨N0, ψ⟩
+∆t (1− θ) (⟨a0, ψ⟩ − ⟨K∇Φ0,∇ψ⟩+ ⟨K∇N0,∇ψ⟩)
+ ∆tθ(⟨a1, ψ⟩ − ⟨K∇Φ1,∇ψ⟩)

The last expression is the FE system in the �nite form for N1, as opposed to an incremental form for
∆N1.
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14.2 Basal water �ow in a �lm of variable thickness

If we have substantial water thickness, hw, where

b = B + hw

we write this as
ϕ = ρwg(B + hw) + pw (hydraulic head) (14.25)

where pw is the (�xed) water pressure at the top of the water layer. We now have

ϕ = g(ρw − ρi) (B + hw) + gρis−N , (14.26)

and thus
∇ϕ = g(ρw − ρi)∇B + gρi∇s+ g(ρw − ρi)∇hw −∇N (14.27)

We imagine the subglacial water to �ow in a �lm with an e�ective thickness hw, for which

∂the + ∂thw +∇ · qw = aw (14.28)

The he terms represents englacial storage, for example a partially �lled moulin. For a moulin the englacial
storage could be expressed as

he = Am(hp − hm) = Am
ϕ− ϕm
ρwg

where Am is the cross-sectional area of the moulin, and hm the water level in the moulin.
Water �ux in a channel is often described by the empirical Darcy-Weisback law as

qw = −khα∥∇ϕ∥β−2∇ϕ (14.29)

This system (14.4), (14.28) and (14.29), contains h and N as unknowns, and to close the system we need
one additional equation, which is provided by an evolutionary law for the water �lm thickness, hw. This
could, for example, have the form

∂thw = ab −A|N |n−1N + γ∥vb∥

Assuming, for the moment, linear Darcy �ow to keep the notation simple, β = 2 and α = 1, gives

qw = −khw∇ϕ

Inserting into the mass conservation equation, results in

∂thw −∇ · (khw∇ϕ) = m

And then inserting
∇ϕ = d+∇N (14.31)

gives
∂thw −∇ · (khwd)−∇ · (khw∇N) = aw (14.30)

and the water sheet thickness evolution is

∂thw = m−A|N |n−1N + γ∥vb∥

The gradient of the hydraulic potential contains terms that are only dependent on the ice geometry,
and a term dependent on the e�ective water pressure N . We write

∇ϕ = d−∇N (14.31)

where
d := (ρw − ρi)g∇b+ ρig∇s (14.32)

We note that kd can be thought of as the velocity of the water in the channel, i.e.

vw = kd
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Figure 14.2: Total water �ux across a closed circular boundary. In steady state the �ux across the
boundary must be equal to the total internal water production within the area enclosed by the boundary.
The horizontal dashed line is the analytically calculated correct steady state limit Qint = πr2aw =
38.4845 km3/yr

Figure 14.3: Calculated steady state water �ux vectors. The thick black line is the circle used in Fig. 14.2
to calculate the water �ux shown. The red line is the grounding line. Across the grounded area a uniform
water �ux of aw = 10m/yr is prescribed. The radius of the �ux gate is r = 35 km and the total internal
water production within that circle is therefore Qint = πr2aw = 38.4845 km3/yr
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14.3 Simpli�ed hydrological model for routing purposes

We have
∂thw +∇ · (qw) = aw (14.33)

where
qw = −khw∇ϕ (14.34)

and

ϕ = gρwB + gρwhw + pw

= gρwB + gρwhw + gρih−N
= gρwB + gρwhw + gρi(s− b)−N
= gρwB + gρwhw + gρi(s− (B + hw))−N
= g(ρw − ρi)B + g(ρw − ρi)hw + gρis−N

or
ϕ = Φ+Υ−N . (14.35)

with
Φ := (ρw − ρi)gB + ρigs , (14.36)

and
Υ := g(ρw − ρi)hw , (14.37)

where we have replaced b with B compared to Eq. (14.6). We �nd that this formulation results in the
right answer for a �oating ice shelf.2 The gradient of the potential is

∇ϕ = ∇ ((ρw − ρi)gB + ρigs)︸ ︷︷ ︸
:=Φ

+ g(ρw − ρi)∇hw︸ ︷︷ ︸
:=Υ

−∇N (14.38)

= ∇Φ+∇Υ−∇N (14.39)

(14.40)

We have two unknowns, the water layer thickness hw and the e�ective water pressure N . For routing
purposes it is common to assume that N = 0. Another approach to close the system is to add some
additional evolutionary equation for hw where hw = hw(N).

With
qw = −hwk∇ϕ , (14.34)

and setting
N = 0 ,

2For a �oating ice shelf N = 0 and
ϕ = gρw(B +H) .

Thus

ρwB + ρwhw + ρih = ρw(B +H)

=⇒ ρwhw + ρih = ρwH

=⇒ hw = H − ρi/ρwh

=⇒ hw = S −B − ρi/ρwh

=⇒ hw +B = S − ρi/ρwh

=⇒ b = S − ρi/ρwh

which agrees with the �otation relationship Eq. (1.194). We can also check the implications of

qw = ∇ϕ = 0

for a �oating ice shelf, i.e.

∇ϕ = ∇(g(ρw − ρi)B + g(ρw − ρi)hw + gρis−N)

= ∇(g(ρw − ρi)(B + hw) + gρis)

= ∇(g(ρw − ρi)b+ gρis)

or
∇s = −(ρw/ρi − 1)∇b

and �nd, as expected, that the basal slope is about 9 times larger and of opposite sign to the surface slope.
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our water mass conservation equation (14.33) can then be written as

∂thw −∇ · (khw∇(Φ + Υ)) = aw (14.41)

or as
∂thw −∇ · (khw∇Φ)−∇ · (κhw∇hw) = aw (14.42)

where
κ := g(ρw − ρ)k

Equation (14.41) is similar (or even identical?) to Eq. (27) in Buehler (2015).
We de�ne the water velocity as

vw := −k∇Φ (14.43)

and write
∂thw +∇ · (hwvw)−∇ · (κhw∇hw) = aw (14.44)

which now has the from of an advection-di�usion equation. The di�usion term is non-linear.
We now have two �ux terms, the velocity �ux

qv = khwvw ,

which is related to the ice-sheet potential Φ, and the di�usion �ux term

qD = −κhw∇hw .

Both �uxes depend on the evolving water layer thickness hw.
There are di�erent possible �nite-element formulations possible, depending on whether we use the

form pure di�usion form (14.41), or the advection-di�usion from (14.44). Both forms are mathematically
equal.

The �nite-element formulation of (14.41) is

⟨∂thw|ψ⟩+ ⟨khw∇Φ+ κhw∇hw|∇ψ⟩ = ⟨aw|ψ⟩ (14.45)

where integral formula (B.3) has been applied to the two di�usion terms. The natural boundary condition
is therefore the no-�ux condition.

The �nite-element formulation of (14.44) is

⟨∂thw|ψ⟩+ ⟨∇ · (hwvw)|ψ⟩+ ⟨κhw∇hw|∇ψ⟩ = ⟨aw|ψ⟩ (14.46)

where we have used Eq. B.3, and the additional boundary-integral term is∮
∂Ω

ψ κhw(∇hw · n̂) dΓ

and
hw (∇hw · n̂) = 0 ,

is therefore the natural boundary condition. Using the natural boundary conditions sets the di�usive �ux
to zero along the boundary where it is applied. In �nite-element context the

−⟨∇ · (khw∇Φ|ψ⟩

either needs to be calculated using at least second-order �nite-elements, or either vw := −k∇Φ is cal-
culated outside of the element-assembly loop and projected onto the nodes ahead of assembly, and the
term is evaluated as

⟨∇ · (hwvw)|ψ⟩
The steady-state solution of the di�erential equation (14.41) have some properties that might at �rst

appear surprising. For example, if vw = 0 and aw = 0 then, we must have

∇ · (κhw∇hw) = 0

which requires either hw = 0 or ∇hw = 0. If we force hw > 0 at the boundary, the di�usive boundary
�ux out of the boundary is zero despite prescribing �nite thickness as a Dirichlet boundary condition.
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Figure 14.4: Geometry.

Figure 14.5: Velocities.
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Chapter 15

Time scales

The Volume time scale, tV is the time it takes to �ll the perturbation in steady-state ice volume following
a perturbation in, for example, surface mass balance (Jóhannesson, 1992). That is

tV =
∆V

∆q

This is a very general concept that can be applied to various situations to provide a lower estimate of
the response time tR. The volume time scale is, hence,

tV =
change in volume following a perturbation

change in �ux into that volume

15.1 Alpine glaciers

Here

tV =
∆V

A0∆a

where A0 is the original steady state glacier area, ∆a is the perturbation in surface mass balance, and
∆V is the change in volume between the initial and �nal steady states.

In steady state the integrated surface mass balance is zero and therefore to �rst order

∆Aat +A0 ∆a = 0

where at is the mass balance at the terminus. Again to �rst order

∆V = ∂AV ∆A

and therefore

tV :=
∆V

A0∆a

=
∂AV ∆A

A0 ∆a

= −∂AV ∆A

∆Aat

= −∂AV
at

Jóhannesson's estimate for alpine glaciers is

∂AV = heq

where heq is the ice thickness as the equilibrium line, gives Jóhannesson's volume time scale

tV = −heq
at
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He further showed that
td, tp ≪ tV

where td and tp are di�usion and propagation time scales associated with local mass redistribution of
mass and therefore

tr ≈ tV
where tr is the response time to external perturbation.

15.2 Marine ice sheets

Here we consider a perturbation to surface mass balance being balanced by changes in �ux across the
grounding line, and therefore to �rst order

∆aA0 + ∂Aq∆A = 0

where q is the vertically integrated �ux across the grounding line (for example q = uhw where u is
velocity, h ice thickness, and w the width) or if we consider a �ow line

∆a l0 + ∂xq∆l = 0

Hence, in a �ow line situation

tV = −w∂xV ∆l

w∆l ∂xq

= −∂xV
∂xq

showing that tV →∞ when ∂xq → 0 as expected.



Chapter 16

The Shallow Ice Approximation (SIA)

The shallow ice approximation is one of the most commonly used approximations to describe the �ow
of large ice masses such as ice sheets, ice caps and alpine glaciers. As with other such theories (e.g. the
shallow ice shelf approximation), there are two key assumptions, one relating to the geometry of the ice
and the other to the stresses within the ice.

16.1 Scaling assumptions

The geometrical assumption is that the horizontal span of the body of ice is large compared to its
thickness. This is the assumption of shallowness and we write this as

[z]

[x]
= ε (16.1)

where ε≪ 1 is some small number, and the square brackets around the symbols denote typical sizes, or
scales, of those quantities. For example [z] stands here for a vertical dimension of the ice (ice thickness),
and [x] for a typical horizontal dimension (horizontal span). Eq. 16.1 expresses the assumption that
typical ice thickness is much smaller than typical horizontal span. These scales also show us how one
quantity scales with another. For example, the typical surface slope, [α], must increase with increasing
[z] and decrease with decreasing [x]. We express this by saying that [α] scales as [z]/[x] and, furthermore,
since we have assumed that [z]/[x] is small, we note that [α] will also be small. We write this as

[α] =
[z]

[x]
= ε

The assumption about the stresses is based on our expectation that the stresses will be approximately
equal to the stresses we calculated for the uniformly inclined slap in Chapter. (??). There we found that
the pressure, p, is p = ρg(s − z) and τxz = ρg(s − b) sin(α), where s and b are the upper and lower ice
surfaces, respectively.

Note that here, and in contrast to the analysis done in sec. (??), the analysis is done in a basis {êk}
where the basis vectors ê1 and ê2 are in the horizontal, and the ê3 is vertical and pointing upwards, i.e.
the gravity vector g is g = −gê3. Therefore we do not expect these expressions for the pressure and the
vertical shear stress to be strictly correct in the more general case where we have a gently undulating
bed geometry and spatially variable surface slope. However, we surmise that for su�ciently small surface
slopes and slowly undulating bed and surface geometries, the relative sizes between, for example, the
pressure p and the shear stress τxz will scale in the same way, i.e.

[τxz] = [α][p] .

We can also write this as
[τxz] = ρg[z][z]/[x] = ρg[z]ε = [p]ε

Expressions of this type can be manipulated algebraically to, for example, show that [z]ρg = [τxz]ε
−1.

Again motivated by the analytical solutions for the uniformly inclined slap, we expect horizontal deviatoric
stresses to be smaller than the shear stress τxz. For the uniformly inclined slab the horizontal deviatoric
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stresses were all identical to zero. Here we simply assume that they are much smaller than the vertical
shear stresses, and this we can express, as

[τxx] = ε[τxz] ,

and similarly for the other horizontal deviatoric stresses. Note that we are here using the same number
ε again, but that we have, at least at this stage, no clear guidance as to how large these horizontal
deviatoric stresses can become, or if they do indeed scale linearly with the vertical shear stresses.

Our �nal scaling assumption relates to the horizontal velocity components u, v and the vertical velocity
component w. While we will see below that this scaling relationship can be derived by requiring either
the mass conservation or the kinematic boundary condition to be invariant under our scaling, we simply
state here that we assume the vertical velocity component to be small in comparison and to scale with
the horizontal velocities, i.e.

[w]

[u]
= ε.

Summarizing, our scaling assumptions so far are:

[z]

[x]
= ε and

[y]

[x]
= 1 (16.2)

[w]

[u]
= ε and

[v]

[u]
= 1 (16.3)

[τxx]

τxz
= ε and [τxx] = [τyy] = [τzz] = [τxy] and [τxz] = [τyz] (16.4)

[τxz]

[p]
= ε (16.5)

There is one �nal scaling assumption that we need. Although, this assumptions is possibly more correctly
described as a statement about balances. We are here using a rheological law on the form ϵ̇ = Aτn (listed
in more detail below) and in particular that ϵ̇xz = Aτn−1τxz and similarly that ϵ̇yz = Aτn−1τyz and we,
again motivated by the solution for the uniformly inclined plane, want vertical shear stresses to balance
vertical shear strain rates, i.e.

[u]

[z]
= [Aτ ]n .

This is a statement about the balance between stresses, velocities and distance scales and implies, for
example, that

[Aτn][x]

[u]
= ε−1 .

16.2 Governing equations

We start with the general form of the mass and momentum equations for incompressible �ow at low
Reynolds numbers. For completeness we list these here.

∂xu+ ∂yv + ∂zw = 0 , (16.6)

∂xτxx + ∂yτxy + ∂zτxz = ∂xp , (16.7)

∂xτxy + ∂yτyy + ∂zσyz = ∂yp , (16.8)

∂xτxz + ∂yτyz + ∂zτzz = ∂zp+ ρg . (16.9)

We assume the upper surface is 'free', i.e. not stresses are applied to the surface and its geometry can
evolve with time. The kinematic boundary condition and the stress condition at the upper surface are
therefore

∂ts+ u ∂xs+ v ∂ys− w = as, (at z = s(x, y)) ,

σ · n̂ = 0 (at z = s(x, y)) .

For the lower surface the kinematic boundary condition reads

∂tb+ u ∂xb+ v ∂yb− w = −ab, (at z = s(x, y)).
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It is often assumed that the geometry of the lower surface does not change with time and that the basal
melt can be ignored, in which case ∂tb = 0 and ab = 0. The resulting form of the kinematic boundary
condition, u ∂xb + v∂yb − w = 0, is then referred to as the 'no-penetration' condition. We assume a
power-law relationship between the bed-tangential component of the basal traction

tb = σ n̂− (n̂T · σn̂)n̂ ,

and basal velocity
vb = v − (n̂T · v)n̂ ,

on the form
vb = c ∥tb∥m−1

tb (at z = s(x, y)) , (16.10)

where n̂ being a unit normal vector to the bed pointing into the ice. Finally we have the �ow law

ϵ̇ij = Aτn−1τij ,

where A and n are rheological parameters, and

τ2 = τklτkl/2 ,

is the e�ective stress.

16.3 Scaling the equations

Scaling the equations involves replacing all physical variables with their non-dimensional counterparts.
We use the notation

ϕ = [ϕ]ϕ∗ ,

where ϕ is the original dimensional quantity appearing the in the governing equations, [ϕ] is its scale,
and ϕ∗ is the non-dimensional scaled counterpart. Generally, by introducing these scales, we expect the
non-dimensional scaled variables all to be comparable is sizes and ranges, with the relative sizes of the
original dimensional variables expressed through their respective scales. We write for example

x = [x]x∗ ,

y = [y]y∗ ,

z = [z]z∗ .

For ice caps and ice sheets, for example, we can think of [x] and [y] to be on the order of 1000 km, and
[z] to be on the order of 1 km, and both x∗ and z∗ to range from 0 to 1. Hence, x∗ and z∗ are in this
sense comparable in size and range, while [x] and [z] are not.

Scaling the mass-conservation equation (16.6) we �nd

[u]

[x]

∂u∗

∂x∗
+

[v]

[y]

∂v∗

∂y∗
+

[w]

[z]

∂w∗

∂z∗
= 0

or
[u]

[x]

∂u∗

∂x∗
+

[u]

[x]

∂v∗

∂y∗
+
ε[u]

ε[x]

∂w∗

∂z∗
= 0

and therefore the scaled mass-conservation equation has the same form as the original equation, i.e.

∂u∗

∂x∗
+
∂v∗

∂y∗
+
∂w∗

∂z∗
= 0 .

Scaling the x component of the momentum equation (16.7) leads to

[τxx]

[x]

∂τ∗xx
∂x∗

+
[τxy]

[y]

∂τ∗xy
∂y∗

+
[τxz]

[z]

∂τ∗xz
∂z∗

=
[p]

[x]

∂p∗

∂x∗

or
[ετxz]

[x]

∂τ∗xx
∂x∗

+
[ετxz]

[x]

∂τ∗xy
∂y∗

+
[τxz]

ε[x]

∂τ∗xz
∂z∗

=
ε−1[τxz]

[x]

∂p∗

∂x∗
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and therefore

ε2
∂τ∗xx
∂x∗

+ ε2
∂τ∗xy
∂y∗

+
∂τ∗xz
∂z∗

=
∂p∗

∂x∗

Scaling the y component, Eq (16.8), similarly gives

ε2
∂τ∗xy
∂x∗

+ ε2
∂τ∗yy
∂y∗

+
∂τ∗yz
∂z∗

=
∂p∗

∂y∗
.

And for the z component of the momentum equation, (16.13), we �nd

[τxz]

[x]

∂τ∗xz
∂x∗

+
[τyz]

[y]

∂τ∗yz
∂y∗

+
[τzz]

[z]

∂τ∗zz
∂z∗

=
[p]

[z]

∂p∗

∂z∗

or that
[τxz]

[x]

∂τ∗xz
∂x∗

+
[τxz]

[x]

∂τ∗yz
∂y∗

+
[ετxz]

ε[x]

∂τ∗zz
∂z∗

=
[p]

ε[x]

∂p∗

∂z∗
+

[τxz]

ε2[x]
ρg

observing that [τxz] = ρg[z]ε implies ρg = ε−2[τxz][x], and therefore

[τxz]

[x]

∂τ∗xz
∂x∗

+
[τxz]

[x]

∂τ∗yz
∂y∗

+
ε[τxz]

ε[x]

∂τ∗zz
∂z∗

=
ε−1[τxz]

ε[x]

∂p∗

∂z∗
+

[τxz]

ε2[x]
ρg

giving

ε2
∂τ∗xz
∂x∗

+ ε2
∂τ∗yz
∂y∗

+ ε2
∂τ∗zz
∂z∗

=
∂p∗

∂z∗
+ ρg .

Summarizing, the scaled momentum equations are

ε2
∂τ∗xx
∂x∗

+ ε2
∂τ∗xy
∂y∗

+
∂τ∗xz
∂z∗

=
∂p∗

∂x∗

ε2
∂τ∗xy
∂x∗

+ ε2
∂τ∗yy
∂y∗

+
∂τ∗yz
∂z∗

=
∂p∗

∂y∗

ε2
∂τ∗xz
∂x∗

+ ε2
∂τ∗yz
∂y∗

+ ε2
∂τ∗zz
∂z∗

=
∂p∗

∂z∗
+ ρg

Dropping all but the leading terms, the SIA momentum equations are

∂τ∗xz
∂z∗

=
∂p∗

∂x∗
, (16.11)

∂τ∗yz
∂z∗

=
∂p∗

∂y∗
, (16.12)

0 =
∂p∗

∂z∗
+ ρg , (16.13)

and, as it happens, these are correct to second order, i.e. there are no �rst-order terms.
Following the same procedure we �nd that the kinematic boundary condition is unchanged under the

scalings, and that the basal sliding law takes the form

u∗b = Cτ∗m−1τ∗mxz ,

v∗b = Cτ∗m−1τ∗myz ,

where τ2
∗
= (τ∗xz

2 + τ∗yx
2), and the stress condition at the upper surface is

τ∗xz = τ∗yz = 0 .

16.4 SIA solutions

Once we've done the scaling analysis we revert back to our original dimensional variables. The scaling
analysis has served its purpose and provided us with the leading-order equations.
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The resulting system of equation is so simple that provided the rheological properties of ice are
spatially uniform, i.e. A and n do not vary in space, we can solve for both velocities and stresses. From
(16.13), which reads

0 =
∂p

∂z
+ ρg ,

and using the boundary conditions we �nd that

p = ρg (s− z) ,

and inserting this expression for the pressure p into

∂τxz
∂z

=
∂p

∂x
,

∂τyz
∂z

=
∂p

∂y
,

and integrating over depth, we �nd that

τxz = −ρg∂xs (s− z)
τyz = −ρg∂xs (s− z)

and that the e�ective stress is

τ = ρg
(
(∂xs)

2 + (∂ys)
2
)1/2

(s− z) .

Using the �ow law we can now calculate the strain rates and the deformational velocities through a
vertical integration, arriving at

(u, v) = −E ∥∇xys∥n−1 (
hn+1 − (s− z)n+1

)
(∂xs, ∂ys) ,

where

E =
2A

n+ 1
(ρg)n .

These solutions provide us with the stresses and velocities as function of local thickness and surface slope.
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Chapter 17

Shallow Ice Stream Approximation
(SSTREAM/SSA)

The shallow ice stream approximation is one of the classical scaling theories in glaciology. It plays a
fundamental role in the study of ice stream dynamics. The resulting equations are often referred to as
the MacAyeal equations (MacAyeal, 1989) but I will here refer to these equations as the shallow-ice-
stream equations (SSTREAM). Other commonly-used names for the resulting approximation of glacier
�ow are the shallow ice shelf approximation(SSA), and the shelfy approximation. These equations have
been derived numerous times in various papers and doctoral thesis, (e.g. Morland, 1987; Muszynski and
Birch�eld, 1987; MacAyeal, 1989; Baral, 1999; Schoof, 2006). One will �nd reading the literature that
there are many di�erent ways of deriving the equations.

17.1 Field equations and boundary conditions

The �eld equations are

vi,i = 0 (mass) (17.1)

σki,k + ρbi = 0 (linear momentum) (17.2)

σij − σji = 0 (angular momentum) (17.3)

where vi are the components of the velocity vector, σij the components of the full stress tensor (i.e. the
Cauchy stress tensor), and ρ the ice density.

In addition we have the kinematic boundary conditions

∂s

∂t
+ u

∂s

∂x
+ v

∂s

∂y
− w = a (17.4)

valid at the surface z = s(x, y), where a is the accumulation rate, and we have used u, v, and w to denote
the x, y, and z components of the velocity vector, respectively. There is a corresponding equation valid
at the glacier sole. At the glacier sole both the accumulation rate and the rate of elevation can often be
ignored. The kinematic boundary condition is then usually referred to as the `no-penetration condition'.

The relation between strain rates and stresses is taken to be

ϵ̇ij = A(T ) τn−1 τij . (17.5)

where A is the rate factor and n the stress exponent. Furthermore, τij are the deviatoric stress components

τij = σij − δijσkk/3,
ϵ̇ij are the components of the deformation rate tensor (the stretching tensor), and τ is e�ective stress
(the square root of the (negative of the) second invariant of the deviatoric stress tensor), i.e.

τ =
√
τijτij/2.

Eq. (17.5) is the well-known Glen-Steinemann law (Steinemann, 1954, 1958a,b; Glen, 1955). Outside of
glaciology it is better known as the Norton-Ho� rheology model, or simply as power-law rheology. An
increasingly popular alternative description of ice rheology can be found in Goldsby and Kohlstedt (2001).
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Figure 17.1: Problem geometry.

In the situation when the glacier slides over its bed various theoretical arguments show that we have
a mixed-type basal boundary condition to consider of the type

tb = f(vb)

where f is some function, tb is the basal stress vector given by

tb = σn̂− (n̂T · σn̂)n̂,

with n̂ being a unit normal vector to the bed pointing into the ice, and vb is the basal sliding velocity

vb = v − (n̂T · v)n̂.

Sometimes a power-law type sliding law

vb = c |tb|m−1tb, (17.6)

is used, but the correctness of this assumption is debated. The function c is referred to as the basal
slipperiness. The sliding law (17.6) is usually referred to as Weertman sliding law. Alternative forms of
Weertman sliding law are

|vb| = c|tb|m,
and

tb = c−1/m|vb|(1−m)/mvb.

17.2 De�nition of scales

In the following we will perform scaling analysis of all relevant equations. In general we write for any
variable X

X = [X]X∗

where [X] is the scale and X∗ the dimensionless counterpart to X. We do this to all variables entering
the problem. The idea is that the sizes of all dimensionless variables are comparable, and that the relative
sizes of two variables can be deduced from comparing their respective scales.

The SSTREAM scalings are motivated by three observations:
First, horizontal span is much larger than thickness. The ratio between ice thickness and horizontal

span is therefore small compared to unity.
Second, most of the forward motion of ice streams is due to sliding. It is not uncommon for the slip

ratio, de�ned as the ratio between forward motion due to basal motion to forward motion due to shearing
throughout the ice, to be on the order of 100 to 1000. Hence, basal and surface velocities are about equal,
and one can use the same scale for both of them.

Third, on ice streams and ice shelves vertical shearing is small compared to longitudinal stretching,
and vertical shear stresses small compared to horizontal deviatoric stresses. In particular, one can expect
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that horizontal strain rates are `balanced' by the horizontal deviatoric stresses.1 What is meant by
`balancing' di�erent quantities will become clear in what follows.

Motivated by these observations we now consider the case of an ice stream with horizontal length
scale [x] and vertical length scale [z] where the shallow ice approximation [z]/[x] = δ ≪ 1 holds, and
write

(x, y, z) = [x](x∗, y∗, δz∗).

where the asterisks denote scaled dimensionless variables.
For the mass conservation equation (vi,i = 0) to be invariant we scale the velocity as

(u, v, w) = [u](u∗, v∗, δw∗). (17.7)

If we furthermore require the kinematic boundary condition at the surface

∂ts+ u ∂xs+ v ∂ys− w = a,

where s is the surface to be invariant under the scalings we must have

a = δ[u]a∗,

where a is the accumulation rate. Thus the scale for a is [a] = δ[u] = [w], which seems reasonable as we
can expect the vertical velocity to scale with accumulation rate for small surface slopes. We also �nd,
using the same invariant requirement for the surface kinematic boundary condition, that the time must
be scaled as

t = [x][u]−1t∗.

For [x] ∼ 1000 km, and a vertical dimension of 100 m to 1 km, we have δ in the range of 0.001 to 0.01.
Horizontal velocities can be expected to be on the order of a 100ma−1 and w around 0.1 to 1ma−1,
giving the same range of δ. The time scale [t] = [x][u]−1 is therefore on the order of 1 to 10 ka.

We assume that the velocity is of same order across the whole ice thickness. In particular we assume
that the horizontal components of the basal sliding velocity (ub and vb) are of the same order as the
surface velocity, i.e.

(ub, vb) = [u](u∗b , v
∗
b ) (17.8)

We are considering a situation where the vertical shear components are small compared to all other
stress components. A set of scalings for the stresses which re�ects this situation is

(σxx, σyy, σzz, τxy, τxz, τyz)

= [σ](σ∗
xx, σ

∗
yy, σ

∗
zz, τ

∗
xy, δτ

∗
xz, δτ

∗
yz). (17.9)

Same scale is used for the pressure, that is p = [σ]p∗. For the time being, we do not specify how the scale
[σ] relates to other variables entering the problem.

Note that we are assuming a ratio between vertical and horizontal dimensions equal to that of the
vertical and horizontal deviatoric stresses, so for example

δ =
[z]

[x]
=

[τxz]

[τxx]
.

In other words, the aspect ratio, [z]/[x], is the same as the stress ratio, [τxz]/[τxx].

17.3 Scaling the equations

The analysis is done in a coordinate system which is tilted forward in x direction by the angle α. The
equilibrium equations are

∂xσxx + ∂yτxy + ∂zτxz = −ρg sinα,
∂xτxy + ∂yσyy + ∂zσyz = 0,

∂xτxz + ∂yσyz + ∂zσzz = ρg cosα.

1Note that this situation contracts sharply with what is found on most alpine glaciers, ice sheets and ice caps, where
rates of ice deformation due to shearing dominate horizontal strain rates (except for the top most layer). In this case normal
deviatoric stresses are small compared to the shear stress and the normal stress �eld close to being isotropic.
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The above listed scalings give

[σ][x]−1∂x∗σ∗
xx + [σ][x]−1∂y∗τ∗xy + [σ]δ[x]−1δ−1∂z∗τ∗xz = −ρg sinα,

[σ][x]−1∂x∗τ∗xy + [σ][x]−1∂y∗σ∗
yy + [σ]δ[x]−1δ−1∂z∗σ∗

yz = 0,

[σ][x]−1δ∂x∗τ∗xz + [σ][x]−1δ∂y∗σ∗
yz + [σ][x]−1δ−1∂z∗σ∗

zz = ρg cosα,

which can be written as

∂x∗σ∗
xx + ∂y∗τ∗xy + ∂z∗τ∗xz = −ρg[x][σ]−1 sinα, (17.10)

∂x∗τ∗xy + ∂y∗σ∗
yy + ∂z∗σ∗

yz = 0, (17.11)

δ2∂x∗τ∗xz + δ2∂y∗σ∗
yz + ∂z∗σ∗

zz = ρgδ[x][σ]−1 cosα, (17.12)

If we now �x the scale [σ] for the stresses as

[σ] = ρg[z] = ρgδ[x], (17.13)

we arrive at

∂x∗σ∗
xx + ∂y∗τ∗xy + ∂z∗τ∗xz = −δ−1 sinα, (17.14)

∂x∗τ∗xy + ∂y∗σ∗
yy + ∂z∗σ∗

yz = 0, (17.15)

δ2∂x∗τ∗xz + δ2∂y∗σ∗
yz + ∂z∗σ∗

zz = cosα. (17.16)

For the two terms on the right-hand side of the above set of equations to be of order unity we must
furthermore require

α = O(δ),

i.e. the tilt angle α of the coordinate system must be small. Hence, the angle α is not arbitrary. (As we
will see below, and as is to be expected, the shear stress τxz scales with ρg[z] sinα so for it to be small in
comparison to the stress scale ρg[z], α must be small.)

Note that the stress scale must be [σ] = ρg[z] = ρgδ[x] for the right-hand side term in Eq. (17.12) to
be of order unity for α = 0. We could have de�ned this to be the stress scale from the outset, but doing
so would have obscured the fact that this stress scale is required for the vertical gradient of the vertical
stresses (i.e. ∂zσzz) to be balanced by the vertical component of the body force (i.e. −ρg) for α = 0.
Furthermore, note that had we de�ned the stress scale to be the product of thickness and mean slope,
i.e.[σ] = ρg[z][z]/[x] = ρgδ[x]δ[x]/[x] = ρg[x]δ2, the right-hand term in Eq. (17.16) would have been on
the order of δ−1 for α = 0, with no term on the left-hand side of that equation to mach that term.

If we only consider terms of zeroth order and drop terms of order δ and higher, we arrive at a reduced
system where the horizontal gradients of the vertical shear stresses are omitted from the equilibrium
equations. There are no �rst-order terms in the scaled equilibrium equations ((17.14) to (17.16)), and
the resulting reduced system is therefore correct to second order. Despite no �rst-order terms appearing
in the scaled equilibrium equations, it does of course not follow that none of the quantities entering these
equations are of �rst order. The vertical shear stresses, τxz and τyz, are, for example, of �rst order.

17.3.1 Sliding law

We assume a power-law relationship between basal shear stress

tb = σ n̂− (n̂T · σn̂)n̂,
and basal velocity

vb = v − (n̂T · v)n̂.
or

vb = c ∥tb∥m−1
tb, (17.17)

where n̂ being a unit normal vector to the bed pointing into the ice. The scaling of the basal sliding law
is done in Appendix A. We �nd that the components of the scaled basal shear stress vector are given by

tbx = [σ](δ∂x∗b∗(σ∗
zz − σ∗

xx)− δ∂y∗b∗τ∗xy + δτ∗xz) +O(δ3), (17.18)

tby = [σ](δ∂y∗b∗(σ∗
zz − σ∗

yy)− δ∂x∗b∗τ∗xy + δσ∗
yz) +O(δ3), (17.19)

tbz = [σ](δ2((σ∗
zz − σ∗

xx)(∂x∗b∗)2 + (σ∗
zz − σ∗

yy)(∂y∗b∗)2 (17.20)

−2τ∗xy∂x∗b∗ ∂y∗b∗ + τ∗xz∂x∗b∗ + σ∗
yz∂y∗b∗)) +O(δ4).
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We see from the above listed equations that the x and y components of the shear stresses vector are of
order δ, and that therefore the length of that vector is also or order δ, i.e.

∥tb∥ = O(δ). (17.21)

Hence

∥tb∥ = [∥tb∥]|t∗b |
= δ[σ]|t∗b |.

or
[∥tb∥] = δ[σ]

The scaled basal sliding velocity (vb) is

vb = [u]

 u∗b +O(δ2)
v∗b +O(δ2)

δu∗b ∂x∗b∗ + δv∗b ∂y∗b∗ +O(δ3)

 (17.22)

We have not yet speci�ed the scale [c] for the parameter c in the sliding law but we have already
introduced scales for the velocity and the stresses, so by inserting (17.7), (17.13), and (17.24) into (17.17)
we arrive at

[u]u∗b = c ∥tb∥m−1 |t∗b |m−1[tbx] t
∗
bx

= c δm−1[σ]m−1|t∗b |m−1 δ[σ] t∗bx

= c δm[σ]m|t∗b |m−1 t∗bx

or
u∗b = c δm[σ]m[u]−1 |t∗b |m−1 t∗bx. (17.23)

If we want the sliding velocity to be balanced by the basal shear stress, terms on both side of Eq. (17.23)
must be of same order, hence

c δm[σ]m[u]−1 = O(1).

If we write
c = [c]c∗, (17.24)

then
[c] = δ−m[u][σ]−m. (17.25)

Eq. (17.25) shows that c is of the order δ−m. In this sense the slipperiness (c) must be `large' for the
theory to be consistent.

The product c[σ]m is the (typical) basal sliding velocity, while [u] is the (typical) surface velocity.
Hence, Eq. (17.25) simply re�ects the condition that for `most' of the forward motion to be due to basal
sliding, the basal slipperiness c must be `large'. As an example, if ∂xb = ∂yb = 0 we �nd that

u∗ = c∗τ∗mxz .

In principle we could have observed right at the beginning that de�ning the vertical shear stress com-
ponents to be of O(δ) and u = O(1) implies c = O([u][σ]−m δ−m) for a basal sliding law of the form
ub = cτmb if ub is to be of same order as u.

For the z component of the sliding law obtain using Eq. (17.20) and Eq. (17.22)

δu∗∂x∗b∗ + δv∗∂y∗b∗ = c ∥tb∥m−1 (17.26)

[σ](δ2((σ∗
zz − σ∗

xx)(∂x∗b∗)2 + (σ∗
zz − σ∗

yy)(∂y∗b∗)2 − 2τ∗xy∂x∗b∗ ∂y∗b∗ + τ∗xz∂x∗b∗ + σ∗
yz∂y∗b∗)).

Note that the sum of the two terms on the left-hand-side as given by Eqs. (17.18) and (17.19) gives the
left-hand side of (17.26), so these equations are consistent. Note furthermore that the vertical component
w does not enter the sliding law The vertical component must be calculated from the basal kinematic
boundary condition (u ∂xb+ v ∂yb− w = 0).
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Flow law

The �ow law can be either written as
ϵ̇ij = A(T ) τn−1τij , (17.27)

or alternatively as
τij = A−1/n ϵ̇(1−n)/n ϵ̇ij ,

where ϵ̇ =
√
ϵ̇ij ϵ̇ij/2 is the e�ective strain rate, and T the englacial temperature.

We have so far not discussed the scalings for the normal deviatoric stresses τ∗xx, τ
∗
yy, and τ

∗
zz. These

scalings follow directly from the fact that we decided above to scale both the normal stresses (σxx, σxx
σxx) and the pressure with [σ]. Because τxx = σxx + p = [σ](σ∗

xx + p∗) = [σ]τ∗xx and similarly for the
other components we have

(τxx, τyy, τzz) = [σ](τ∗xx, τ
∗
yy, τ

∗
zz).

The square root of the second invariant of the deviatoric stress tensor, or what glaciologist usually refer
to as the e�ective stress, is thus

τ = [σ]
√
(τ∗2xx + τ∗2yy + τ∗2zz )/2 + τ∗2xy + δ2(τ∗2xz + τ∗2yz ), (17.28)

and therefore
[τ ] = [σ] (17.29)

and
τ = [σ]τ∗

where
τ∗ =

√
(τ∗2xx + τ∗2yy + τ∗2zz )/2 + τ∗2xy + δ2(τ∗2xz + τ∗2yz ) . (17.30)

The e�ective stress τ is of order unity.
Using the �ow law and the incompressibility condition we �nd

0 = vi,i = ϵ̇ii = τii

and
τ2zz = (τxx + τyy)

2

which can be used to eliminate τzz from Eq. (17.30).
We now look at the relation between the individual components of the stretching tensor (the strain

rates) and the deviatoric stress tensor. We �nd, for example, that

ϵ̇xx = Aτn−1τxx,

is in scaled variables
[u][x]−1ϵ̇∗xx = [σ]nAτ∗

n−1

τ∗xx.

or
ϵ̇∗xx = A[σ]n[x][u]−1τ∗

n−1

τ∗xx. (17.31)

where
ϵ̇∗xx = ∂x∗u∗

If we want the horizontal strain rates (ϵ̇xx, ϵ̇xy, and ϵ̇yy) to be balanced by the corresponding horizontal
deviatoric stresses, we must require that both sides of Eq. (17.31) are of same order implying

A[σ]n[x][u]−1 = O(1).

Writing
A = [A]A∗,

therefore leads to
[A] = [u][x]−1[σ]−n. (17.32)

Next we look at
ϵ̇xz = Aτn−1τxz,
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and �nd that this gives

[u][x]−1(δ−1∂∗zu
∗ + δ∂x∗w∗) = δ[σ]nAτ∗

n−1

τ∗xz,

which we can also write as

∂∗zu
∗ + δ2∂x∗w∗ = δ2[x][σ]n[u]−1Aτ∗

n−1

τ∗xz

= δ2A∗τ∗
n−1

τ∗xz,

Note that here we are using the scale for A given by (17.32). We must equate terms of same order, and
hence �nd that

∂∗zu
∗ = O(δ2),

and

∂x∗w∗ = [x][σ]n[u]−1Aτ∗
n−1

τ∗xz.

We have now reached the important conclusion that the horizontal velocity component u is independent
of depth to second order. Same argument shows that the other horizontal component v is also independent
of depth. Thus, to second order the horizontal velocity components u and v are both independent of z.

We have shown that consistency with the scalings used for stresses requires ∂zu to be O(δ2). Note
that we have NOT shown vertical shearing (ϵ̇xz) to be zero. Both ∂xw and τxz enter the �eld equations
as �rst order terms.

The incompressibility conditions states that

∂x∗u∗ + ∂y∗v∗ + ∂z∗w∗ = 0.

Di�erentiating with respect to z, and assuming that the order of di�erentiation can be changed, gives

∂2x∗z∗u∗ + ∂2y∗z∗v∗ + ∂2z∗z∗w∗ = 0.

From which using ∂z∗u∗ = ∂z∗v∗ = O(δ2) it follows that

∂2z∗z∗w∗ = O(δ2)

Hence, to second order ϵ̇zz is independent of depth and the vertical velocity varies linearly with depth.

It turns out to be more convenient working with the �ow law in the form

τij = 2ηϵ̇ij

where η is the e�ective viscosity de�ned as

η =
1

2
A−1/n ϵ̇(1−n)/n.

Towards this end we determine the e�ective strain rate

ϵ̇ =
√

(ϵ̇2xx + ϵ̇2yy + ϵ̇2zz)/2 + ϵ̇2xy + ϵ̇2xz + ϵ̇2yz

=
√
(ϵ̇2xx + ϵ̇2yy + (ϵ̇xx + ϵ̇yy)2)/2 + ϵ̇2xy + ϵ̇2xz + ϵ̇2yz.

Inserting ϵ̇ij = (vi,j + vj,i)/2 and using the fact that ∂zu = O(δ2) and ∂zv = O(δ2) we �nd

ϵ̇ = [u][x]−1((∂x∗u∗)2 + (∂y∗v∗)2 + ∂x∗u∗∂y∗v∗ + (∂x∗v∗ + ∂y∗u∗)2/4

+(δ∂x∗w∗ +O(δ2))2/4 + (δ∂y∗w∗ +O(δ2))2/4)1/2

= [u][x]−1
√

(∂x∗u∗)2 + (∂y∗v∗)2 + ∂x∗u∗∂y∗v∗ + (∂x∗v∗ + ∂y∗u∗)2/4 +O(δ2),

or

ϵ̇ =
√
(∂xu)2 + (∂yv)2 + ∂xu ∂yv + (∂xv + ∂yu)2/4 +O(δ2). (17.33)
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Slip ratio

We can write the horizontal velocity component u as the sum

u = ub + ud

where ud is the deformational velocity, and ub the basal sliding velocity. The ratio

γ :=
ub
ud

between the basal sliding velocity and the deformational velocity is the slip ratio. Using the relationship
for the basal velocity for a uniformly inclined slab with ice thickness h, i.e.

ud =
2A

n+ 1
τn−1 τxz h,

we �nd

[ud] = [A][τ ]n−1[τxy][z] (17.34)

= [u][x]−1[σ]−n [σ]n−1δ[σ] δ[x] (17.35)

= δ2[u], (17.36)

where we have used Eqs. (17.21), (17.25), (17.29), and (17.32). Since [ub] = [u], we have

γ =
[ub]

[ud]
= O(δ−2). (17.37)

Note that the we did not specify from the outset that the sliding velocity had to be large as compared
to the deformational velocity, so (17.37) is a result rather than an assumption. It is worthwhile to
think about how we arrived at the conclusion that the slip ratio is of order δ−2. By assuming that the
horizontal deviatoric stresses are large compared to vertical shear stresses (see Eq. 17.9), and by balancing
the horizontal strain rates with the horizontal deviatoric stresses (see Eq. 17.31), we arrived at a scale
for the rate factor A (see Eq. 17.32). We furthermore assumed that the basal sliding velocity was of the
same order as the surface velocity (see Eq. 17.8), i.e. of order unity. We then found the basal stress to
be of order δ (see Eq. 17.21), and by requiring a balance between the basal sliding velocity and the basal
stress implied by the sliding law, we arrived at a scale for the basal slipperiness c (see Eq. 17.25). It then
follows, as shown above, that the slip ratio is of order δ−2.

We also have
[c]

[A]
=
δ−m[u][σ]−m

[u][x]−1[σ]−n
= δ−m[x][σ]n−m.

which puts constrains on the numerical value of c with respect to that of A. This can be interpreted as
showing that c must be large compared to A. Of course these parameters can not be compared directly,
as they have di�erent physical dimensions, but if we, for example consider the case n = m, we can write
this as

[c]

[A]
= δ−n−1[z]

showing that [c]≫ [A].

Implications of di�erent balances for the slip ratio

When �nding the scale [ud] (see (17.35) we used the fact that the e�ective stress (τ) is of order unity (see
Eq. 17.29). In the absence of any signi�cant horizontal deviatoric stresses however, the e�ective stress
would be of order δ and [ud]/[u] = O(δn+1). If the ice is not subjected to horizontal deviatoric stresses of
order unity, we can still balance horizontal strain rates with the horizontal deviatoric stresses as we did
above to arrive at [A]. However, in that case it seems more logical to balance the vertical shear strain
rates and the vertical shear stresses to arrive at a (di�erent) scale for A.

Furthermore, had we not assumed the aspect ratio and the stress ratio to be equal, but instead written

[z]

[x]
= ε and

[τxz]

[τxx]
= δ,
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with ε now being the aspect ratio, and δ as `stress' ratio, we would have found that

[ud] = [A][σ]n−1δ[σ][z]

= [u][σ]−n[x]−1[σ]n−1δ[σ]ε[x]

= [u]δε,

i.e.
[ud]

[u]
= ε δ.

Remember that the scaling originally introduced for velocity was in terms of the basal sliding velocity,
and that therefore in fact

[ud]

[ub]
= ε δ,

which is the inverse of the slip ratio. We see that for any given aspect ratio ε, the slip ratio ([ub]/[ud])
becomes small as the stress ratio δ goes to in�nity, corresponding to the situation where horizontal
deviatoric stresses are small compared to vertical shear stresses.

17.4 The SSTREAM (zeroth-order) equations

Now that we have scaled all equations we can collect terms to the desired order and go back to dimensional
quantities.

Note that in the �eld equations and all the boundary conditions, �rst order terms are all identically
equal to zero. Although we only collect zeroth order terms, the �rst order correction is zero and the
theory is therefore correct to second order in δ.

17.4.1 Boundary conditions

The upper boundary is free. This implies that the surface traction is zero, or

σn̂ = 0 ,

which to second order reads

−σxx ∂xs− τxy ∂ys+ τxz = 0 , (17.38)

−τxy ∂xs− σyy ∂ys+ τyz = 0 , (17.39)

σzz = 0, (17.40)

for z = s(x, y).
Along the lower surface the traction is not zero as the ocean exerts normal stress, but the bed tangential

component of the traction is assumed to be

∂xb (σzz − σxx)− ∂yb τxy + τxz = tbx , (17.41)

∂yb (σzz − σyy)− ∂xb τxy + τyz = tby . (17.42)

σzz = −pw (17.43)

for z = b(x, y), where tb is provided by a sliding law. This boundary condition along the lower surface is
a mixed boundary condition where neither the stresses nor the velocities are prescribed, but rather the
relationship between them as

ub = C ∥tb∥m−1
tbx, (17.44)

vb = C ∥tb∥m−1
tby, (17.45)

We could use the z component of the sliding law to calculate wb. But since the sliding law is fully
consistent with the no-penetration condition (see for example Eq. 17.26) , it is easier to determine wb as
a function of ub and vb and the bed geometry directly using the no-penetration condition.



268 CHAPTER 17. SHALLOW ICE STREAM APPROXIMATION (SSTREAM/SSA)

17.4.2 Field equations

To zeroth order we obtain from Eq. (17.14) to (17.16)

∂xσxx + ∂yτxy + ∂zτxz = −ρg sinα (17.46)

∂xτxy + ∂yσyy + ∂zτyz = 0, (17.47)

∂zσzz = ρg cosα. (17.48)

Using τij = 2 ηϵ̇ij and σij = τij − p δij we can also write this system as

−∂xp+ 2∂x(ηϵ̇xx) + 2∂y(ηϵ̇xy) + 2∂z(ηϵ̇xz) = −ρg sinα, (17.49)

−∂yp+ 2∂x(ηϵ̇xy) + 2∂y(ηϵ̇yy) + 2∂z(ηϵ̇yz) = 0, (17.50)

−∂zp+ 2∂z(ηϵ̇zz) = ρg cosα. (17.51)

17.4.3 Vertical integration

We start by considering Eq. (17.48). Integrating from z to z = s(x, y) gives

σzz(s)− σzz(z) = −(s− z)ρg cosα. (17.52)

From (17.40) we �nd σzz(s) = 0 so that

σzz = (z − s)ρg cosα. (17.53)

We now integrate Eq. (17.46) over the depth and use Leibniz' rule

∂x

∫ s(x)

b(x)

f(x, z) dz =

∫ s(x)

b(x)

∂xf(x, z) dz + f(x, s)∂xs− f(x, b)∂xb

to interchange the order of integration and di�erentiation, and �nd

−ρg(s− b) sinα = ∂x

∫ s

b

σxx dz + ∂y

∫ s

b

τxy dz

−σxx(s) ∂xs− τxy(s) ∂ys+ τxz(s)

+σxx(b) ∂xb+ τxy(b) ∂yb− τxz(b).

Note that we did not have to specify how τxz varies across the depth. Because of boundary condition
(17.38) the second line is equal to zero. Using (17.41) we �nd that the third line can be written as
−tbx + ∂xb σzz(b) so that

−ρg(s− b) sinα = ∂x

∫ s

b

σxx dz + ∂y

∫ s

b

τxy dz − tbx + ∂xb σzz(b).

Since p = τzz −σzz and τxx+ τyy + τzz = 0 because ice is incompressible, we �nd that σxx can be written
as

σxx = τxx − p
= τxx − τzz + σzz

= τxx − (−τxx − τyy) + σzz

= 2τxx + τyy + σzz. (17.54)

Because u and v are independent of depth it follows that τxy, τxx, and τyy are also all independent of
depth. The corresponding vertical integrals are therefore simple to evaluate and we obtain

−ρgh sinα = ∂x

∫ s

b

σzz dz + ∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx + ∂xb σzz(b), (17.55)
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where h = s− b is the ice thickness. We have already determined σzz (see Eq. (17.53)) and �nd that

∂x

∫ s

b

σzz dz = ∂x

∫ s

b

(z − s)ρg cosαdz

= ∂x

(
−1

2
(s− b)2ρg cosα

)
= −(s− b)ρg cosα(∂xs− ∂xb)
= σzz(b)(∂xs− ∂xb),

which when inserted into Eq. (17.55) gives

∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx = ∂xs hρg cosα− ρgh sinα.

We can express this result in terms of the components of the velocity vector using τij = η(vi,j + vj,i)
and �nd that

∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))− tbx = ρgh(∂xs cosα− sinα), (17.56)

∂y(4hη∂yv + 2hη∂xu) + ∂x(hη(∂yu+ ∂xv))− tby = ρgh∂ys cosα, (17.57)

where we have added the results for the y direction which follow in an identical manner.2 The e�ective
viscosity is

η =
1

2
A−1/n ϵ̇(1−n)/n,

where
ϵ̇ =

√
(∂xu)2 + (∂yv)2 + ∂xu ∂yv + (∂xv + ∂yu)2/4.

17.4.4 Tensor of restive stresses

In most modeling work the coordinate system is not tilted. For α = 0 the vertically integrated form of
the momentum equation in x and y directions is

∂x(h(2τxx + τyy)) + ∂y(hτxy)− tbx = ρg h ∂xs , (17.60)

∂y(h(2τxx + τyy)) + ∂x(hτxy)− tby = ρg h ∂ys, (17.61)

This system can written in a more compact form as

∇T
xy · (hR)− tbh = ρgh∇T

xy s, (17.62)

where

R =

(
2τxx + τyy τxy

τxy 2τyy + τxx

)
, (17.63)

is sometimes referred to as the resistive stress tensor, and

∇xy = (∂x, ∂y)
T ,

and

tbh =

(
tbx
tby

)
.

Note that as Eq. (17.54) shows

2τxx + τyy = σxx − σzz, (17.64)

2τyy + τxx = σyy − σzz, (17.65)

2If ρ is a function of x and y then ∂x
∫ s
b σzz dz = σzz(b)∂xh− 1

2
h2g cosα∂xρ and we have

∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))− tbx = ρgh(∂xs cosα− sinα) +
1

2
h2g cosα∂xρ, (17.58)

∂y(4hη∂yv + 2hη∂xu) + ∂x(hη(∂yu+ ∂xv))− tby = ρgh∂ys cosα+
1

2
h2g cosα∂yρ, (17.59)
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and the resistive stress tensor can therefore be written as

R =

(
σxx − σzz τxy

τxy σyy − σzz

)
. (17.66)

The resistive stress tensor is neither equal to the deviatoric stress tensor or the Cauchy stress tensor. In
the Shallow Ice Stream approximation, the deviatoric and the resistive stress tensors are both independent
of depth, whereas the Cauchy stress tensor is not.

17.4.5 Weertman sliding law

If we use Weertman sliding law the components of basal shear stress, tbx and tby can be written in terms
of the basal velocity as

tbx = c−1/m ∥vb∥1/m−1
u, (17.67)

tby = c−1/m ∥vb∥1/m−1
v. (17.68)

The sliding law is sometimes written as

tbx = β2 u, (17.69)

tby = β2 v, (17.70)

where
β = c−1/2m ∥vb∥

1−m
2m .

in which case we can also write the �eld equations as

∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu))− β2 u = ρgh(∂xs cosα− sinα), (17.71)

∂y(4hη∂yv + 2hη∂xu) + ∂x(hη(∂yu+ ∂xv))− β2 v = ρgh∂ys cosα. (17.72)

We now have a system of two partial di�erential equations that, given appropriate boundary conditions,
can be solved for the velocity components u and v. Remember that in general both η and β2 are
functions of the strain rates and the velocity, respectively. The system is therefore non-linear and if
solved numerically, some sort of appropriate iterative algorithm (e.g. Newton-Raphson) must be used.

17.5 The shallow ice shelf approximation (SSHELF)

The scaling analysis shown above applies to ice shelves as well. The only change we have to make is
setting the basal shear stress to zero. There is no reason to do the analysis in a tilted coordinate system
so we also set α = 0. Thus for �oating ice shelves we have

∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu)) = ρgh ∂xs, (17.73)

∂y(4hη∂yv + 2hη∂xu) + ∂x(hη(∂yu+ ∂xv)) = ρgh ∂ys, (17.74)

No stresses act at the upper boundary z = s(x, y), and therefore the stress boundary conditions at
the upper surface are (to second order) simply

−σxx∂xs− τxy∂ys+ τxz = 0, (17.75)

−τxy∂xs− σyy∂ys+ τyz = 0, (17.76)

σzz = 0. (17.77)

The stress boundary conditions at the lower boundary z = b(x, y) are

−σxx∂xb− τxy∂yb+ τxz = pw ∂xb, (17.78)

−τxy∂xb− σyy∂yb+ τyz = pw ∂yb, (17.79)

σzz = −pw, (17.80)

where
pw = ρwg(S − b),
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is the ocean pressure acting on the lower boundary of the ice shelf, with ρw denoting the ocean density.
We know that

σzz = ρg(z − s), (17.81)

and the boundary condition (17.80) therefore implies that

ρg(s− b) = ρwg(S − b),

or
ρgh = ρwgd.

One can now work out various other �oating relationships, and one �nds that where the glacier is a�oat
the following relations hold:

h = ρwd/ρ =
s− S

1− ρ/ρw
=
ρw
ρ
(S − b), (17.82)

b =
ρs− ρwS
ρ− ρw

= S − ρ

ρw
h, (17.83)

s = S + (1− ρ/ρw)h = (1− ρw/ρ)b+
ρw
ρ
S, (17.84)

f = (1− ρ/ρw)h. (17.85)

If ∂xS = 0, the slopes of the upper and the lower boundary are related through

b ∂xs+ s ∂xb = S ∂xh, (17.86)

and also
∂xs = (1− ρ/ρw)∂xh. (17.87)

The maximum ice thickness that an ice shelf can have without grounding is

hf := ρwH/ρ.

Where
h ≥ hf ,

the ice is grounded.
Using (17.87) in (17.73) and (17.74) gives

∂x(4hη∂xu+ 2hη∂yv) + ∂y(hη(∂xv + ∂yu)) = ρg(1− ρ/ρw)h ∂xh, (17.88)

∂y(4hη∂yv + 2hη∂xu) + ∂x(hη(∂yu+ ∂xv)) = ρg(1− ρ/ρw)h ∂yh. (17.89)

Expressed in terms of stresses these equations read

∂x(h(2τxx + τyy)) + ∂y(hτxy) = ρg(1− ρ/ρw)h ∂xh, (17.90)

∂y(h(2τyy + τxx)) + ∂x(hτxy) = ρg(1− ρ/ρw)h ∂yh. (17.91)

Using the de�nition of the resisting stress tensor (see Eq. 17.63) the equations can be written on a compact
form as

∇T
xy · (hR) = ϱ g h∇xy h,

where
ϱ = ρ (1− ρ/ρw).

17.5.1 Boundary conditions at the calving front

At the calving front, Γs, we require balance of vertically integrated horizontal stresses, i.e.∫ s

b

σn̂xy = −
∫ S

b

pw n̂xy on Γc,

where pw is the hydrostatic ocean pressure, and

n̂xy = (nx, ny, 0)
T , (17.92)
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is a unit normal pointing horizontally outward from the ice front. In x and y directions this stress
condition is ∫ s

b

(σxxnx + τxyny) dz = −
∫ S

b

pwnx dz on Γc, (17.93)∫ s

b

(τxynx + σyyny) dz = −
∫ S

b

pwny dz on Γc. (17.94)

If the draft d at the ice front is zero, i.e. if the ice front is fully grounded, then S < b, the right-hand
sides of (17.93) and (17.94) are to be set to zero.

Because σxx can be written as
σxx = 2τxx + τyy + σzz,

(see Eq. 17.54), and
σzz = −ρg(s− z),

within the ice, we �nd that∫ s

b

σxx dz =

∫ s

b

(2τxx + τyy) dz −
∫ s

b

ρg(s− z) dx

= h(2τxx + τyy)−
ρg

2
h2

The x component of the vertically integrated ocean pressure acting on the calving front is

−
∫ S

b

pwnx dz = −
∫ S

b

ρwg(S − z)nx dz

= −1

2
ρwg(S − b)2

= −1

2
ρwgd

2

Boundary conditions (17.93) and (17.94) can therefore be written as

h(2τxx + τyy)nx + hτxyny =
g

2
(ρh2 − ρwd2)nx (17.95)

h(2τyy + τxx)ny + hτxynx =
g

2
(ρh2 − ρwd2)ny (17.96)

or more compactly as

R n̂c =
g

2h
(ρh2 − ρwd2) n̂c (17.97)

where
n̂c = (nx, ny)

T , (17.98)

is a unit normal to the calving front.
In arriving at (17.95) and (17.96) we have not speci�ed any particular relationship between ice shelf

thickness (h) and ice shelf draft (d). These boundary conditions therefore apply to both grounded and
�oating ice edges.

If the ice at the calving front is a�oat, then h and d are related through the �oating condition
ρh = ρwd. In that case boundary conditions (17.95) and (17.96) take the form

h(2τxx + τyy)nx + hτxy ny =
1

2
ϱgh2nx, (17.99)

h(2τyy + τxx)ny + hτxy nx =
1

2
ϱgh2ny, (17.100)

where
ϱ := ρ(1− ρ/ρw),

or again more compactly using the resistive stress tensor as

R n̂c =
1

2
ϱgh n̂c. (17.101)
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On the other hand if the ice terminates on land then d = 0 and

h(2τxx + τyy)nx + hτxy ny =
g

2
ρh2 nx, (17.102)

h(2τyy + τxx)ny + hτxy nx =
g

2
ρh2 ny. (17.103)

or

R n̂c =
1

2
ρgh n̂c. (17.104)

Written in terms of the velocity components the boundary conditions along a �oating ice front are:

ηh(4∂xu+ 2∂yv)nx + ηh(∂xv + ∂yu)ny =
ϱgh2

2
nx, (17.105)

ηh(∂xv + ∂yu)nx + ηh(4∂yv + 2∂xu)ny =
ϱgh2

2
ny. (17.106)

17.5.2 Ice Shelf Buttressing

The vertically integrated condition on stresses at the calving front is∫ s

b

σhn̂c dz = −
∫ S

b

pw n̂c dz on Γc, (17.107)

where the subscript h on the Cauchy stress tensor implies that we are only considering the horizontal
stress components, that is

σh =

(
σxx τxy
τxy σyy

)
. (17.108)

We denote the left-hand by ti (traction on ice side) and those of the right-hand side by to (traction
on ocean side), that is

ti =

∫ s

b

σhn̂c dz on Γc

and

to = −
∫ S

b

pw n̂c dz on Γc,

and �nd as shown above that

ti = hRn̂c −
1

2
ρgh2 n̂c

and

to = −1

2
ρwd

2 n̂c = −
1

2

ρ

ρw
ρgh2 n̂c

For (17.107) to hold, i.e.
ti = to

it follows that

Rn̂c =
1

2
ϱgh n̂c (17.109)

Eq. (17.109) is a boundary condition for the resistive stress tensor valid along a �oating calving front.
Within an ice shelf, and along the grounding line, the resistive stress tensor will in general not ful�ll this
condition.

We can de�ne ice-shelf buttressing as the impact of the ice shelf on the stress regime along the
grounding line. Note that in the absence of an ice shelf, and assuming that the ice front at the grounding
line is exactly at �otation, the ice front will be in a direct contact with the ocean. To quantify the
impact of the ice shelf on stresses at the grounding line we must therefore compare the stresses along
the grounding line to those caused by the ocean pressure. More speci�cally, if we denote the vertically
integrated horizontal traction along the grounding with tgl, i.e.

tgl =

∫ s

b

σhn̂c dz on Γgl (17.110)

the buttressing, B, is by de�nition
B = to − tgl. (17.111)
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The normal and tangential components of the buttressing vector B are

Bn = n̂T
gl · (to − tgl) (17.112)

= −1

2

ρ

ρw
ρgh2 − hn̂gl · (Rn̂c) +

1

2
ρgh2 (17.113)

=
1

2
ϱgh2 − hn̂T

gl ·Rn̂gl (17.114)

and

Bt = m̂T
gl · (to − tgl) (17.115)

= 0− h m̂T
gl · (Rn̂gl) + 0 (17.116)

= h m̂T
gl · (Rn̂gl) (17.117)

where m̂gl is a unit vector in the horizontal plane tangential to the grounding line and m̂T
gl · n̂gl = 0.

If we want to non-dimentionalise expressions (17.114) and (17.117) then we can do so in a number
of di�erent ways. We could for example normalize with the vertically integrated ocean pressure |to| =
1
2ρwgd

2, or we could normalize using the magnitude of vertically integrated resistive stresses at a calving
front, i.e. h ∥Rn̂c∥ = 1

2ϱgh
2. In ice shelves, and along grounding lines, horizontal deviatoric stresses are

typically on the order of ϱgh and much smaller than ρgd and we therefore opt for the second option and
de�ne dimensionless normal and tangential buttressing numbers as

KN =
n̂T

gl · (to − tgl)

hn̂T
c ·Rn̂c

(17.118)

=
1
2ϱgh− n̂T

gl ·Rn̂gl

1
2ϱgh

(17.119)

= 1−
2n̂T

gl ·Rn̂gl

ϱgh
(17.120)

and

KT =
m̂T

gl · (to − tgl)

hn̂T
c ·Rn̂c

(17.121)

=
2m̂T

gl ·Rn̂gl

ϱgh
. (17.122)

These are the same buttressing numbers as used by Gudmundsson (2013).3 Several other ways of quan-
tifying ice-shelf buttressing have been used in the literature. See for example Reese et al. (2018).

3If we normalize with the (absolute value) of the vertically integrated ocean pressure

T
′
N =

1
2
ϱgh2 − hn̂T

c Rn̂c

1
2
ρwgd2

,

then T
′
N = −1 for a fully grounded calving front, whereas T +N = −1/(ρw/ρ− 1). In general

T
′
N = (ρw/ρ− 1)TN ,

so TN is about 10 times larger than T
′
N .
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17.6 Scaling the sliding law using SSA/SSTREAM scalings

We start by scaling the unit normal and �nd

n̂ =
1√

1 + (∂xb)2 + (∂yb)2

−∂xb−∂yb
1


=

1√
1 + δ2(∂x∗b∗)2 + δ2(∂y∗b∗)2

−δ∂x∗b∗

−δ∂y∗b∗

1


=
(
1− δ2((∂x∗b∗)2 + (∂y∗b∗)2)/2 +O(δ4)

)−δ∂x∗b∗

−δ∂y∗b∗

1


=

 −δ∂x∗b∗ +O(δ3)
−δ∂y∗b∗ +O(δ3)

1− δ2((∂x∗b∗)2 + (∂y∗b∗)2)/2 +O(δ4)

 . (17.123)

The stress tensor is

σ = [σ]

σ∗
xx τ

∗
xy δτ

∗
xz

τ∗xy σ
∗
yy δτ

∗
yz

δτ∗xzδτ
∗
yz σ

∗
zz

 ,

and the product σn̂ is therefore

σn̂=[σ]

σ∗
xx τ

∗
xy δτ

∗
xz

τ∗xy σ
∗
yy δτ

∗
yz

δτ∗xzδτ
∗
yz σ

∗
zz

 −δ∂x∗b∗ +O(δ3)
−δ∂y∗b∗ +O(δ3)

1− δ2((∂x∗b∗)2 + (∂y∗b∗)2)/2 +O(δ4)



=[σ]


−δσ∗

xx ∂x∗b∗ − δτ∗xy ∂y∗b∗ + δτ∗xz +O(δ3),
−δτ∗xy ∂x∗b∗ − δσ∗

yy ∂y∗b∗ + δτ∗yz +O(δ3),
−δ2τ∗xz ∂x∗b∗ − δ2τ∗yz ∂y∗b∗ + σ∗

zz(1− 1
2δ

2((∂x∗b∗)2 + (∂y∗b∗)2) +O(δ4)
,

 , (17.124)

so that n̂T · σ∗n̂ where σ = [σ]σ∗ is given by

n̂T · σ∗n̂=δ2∂x∗b∗(σ∗
xx ∂x∗b∗ + τ∗xy ∂y∗b∗ − τ∗xz) + δ2∂y∗b∗(τ∗xy ∂x∗b∗ + σ∗

yy ∂y∗b∗ − τ∗yz)

−δ2τ∗xz ∂x∗b∗ − δ2τ∗yz ∂y∗b∗ + σ∗
zz(1−

1

2
δ2((∂x∗b∗)2 + (∂y∗b∗)2) +O(δ4),

which, if we sort this according to order in δ, is

n̂T · σ∗n̂ = σ∗
zz

+δ2
{
(σ∗

xx − σ∗
zz)(∂x∗b∗)2 + (σ∗

yy − σ∗
zz)(∂y∗b∗)2 + 2τ∗xy∂x∗b∗ ∂y∗b∗ − 2τ∗xz∂x∗b∗ − 2τ∗yz∂y∗b∗

}
+O(δ4).

It follows that the normal stress vector on the bed, (n̂T · σn̂)n̂, is
(n̂T · σ∗n̂)n̂ = −δσ∗

zz∂x∗b∗ +O(δ3)
−δσ∗

zz∂y∗b∗ +O(δ3)
σ∗
zz(1− δ2((∂x∗b)2 + (∂y∗b)2)/2) + δ2((σ∗

xx − σ∗
zz)(∂x∗b∗)2 + (σ∗

yy − σ∗
zz)(∂y∗b∗)2 + 2τxy∂x∗b∗ ∂y∗b∗ − 2τxz∂x∗b∗ − 2τyz∂y∗b∗) +O(δ4)

 .

Predictably our insistence on keeping things up to third order is making things look a bit messy.
The shear stress vector (tb) can now easily be calculated and is found to be

tb=σn̂− (n̂T · σn̂)n̂

=[σ]

 δ∂x∗b∗(σ∗
zz − σ∗

xx)− δ∂y∗b∗τ∗xy + δτ∗xz +O(δ3)
δ∂y∗b∗(σ∗

zz − σ∗
yy)− δ∂x∗b∗τ∗xy + δτ∗yz +O(δ3)

δ2((σ∗
zz − σ∗

xx)(∂x∗b∗)2 + (σ∗
zz − σ∗

yy)(∂y∗b∗)2 − 2τ∗xy∂x∗b∗ ∂y∗b∗ + τ∗xz∂x∗b∗ + τ∗yz∂y∗b∗) +O(δ4)

 .

Hence, the components of the basal shear stress vector are O(δ) or less.
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We now scale the basal velocity vector

vb = v − (n̂T · v)n̂

and �nd

vb=[u]

 u∗

v∗

δw∗


−[u]


 −δ∂x∗b∗ +O(δ3)

−δ∂y∗b∗ +O(δ3)
1− δ2((∂x∗b∗)2 + (∂y∗b∗)2)/2 +O(δ4)

T

·

 u∗

v∗

δw∗



 −δ∂x∗b∗ +O(δ3)

−δ∂y∗b∗ +O(δ3)
1− δ2((∂x∗b∗)2 + (∂y∗b∗)2)/2 +O(δ4)


=[u]

 u∗

v∗

δw∗

− [u]

 δ2u∗(∂x∗b∗)2 + δ2v∗∂y∗b∗ ∂x∗b∗ − δ2∂x∗ w∗ +O(δ3)
δ2u∗∂x∗b∗ ∂y∗b∗ + δ2v∗(∂y∗b∗)2 − δ2∂y∗b∗ w∗ +O(δ3)

−δu∗∂x∗b∗ − δv∗∂x∗b∗ + δw∗ +O(δ3)


=[u]

 u∗ +O(δ2)
v∗ +O(δ2)

δu∗∂x∗b∗ + δv∗∂y∗b∗ +O(δ3).

 .

Hence, to second order

vb = [u]

 u∗

v∗

δu∗∂x∗b∗ + δv∗∂y∗b∗

 .



Chapter 18

Perturbation solutions of the
SSTREAM/SSA

18.1 Problem de�nition

We perform a small-amplitude perturbation analysis of the shallow ice stream (SSTREAM) equations.
The discussion is limited to 1d along a �ow line in which case the SSTREAM equations are

2∂x(A
−1/n h |∂xu|(1−n)/n∂xu)− |u/c|m−1

u/c = ρgh∂xs cos(α) − ρgh sinα , (18.1)

or
4∂x(hη∂xu)− |u/c|m−1

u/c = ρgh∂xs cos(α) − ρgh sinα , (18.2)

with

η =
1

2
A−1/n ϵ̇(1−n)/n

where ϵ̇ is the e�ective strain rate, which here is simply

ϵ̇ = |∂xu| .
Here we will here limit the analysis to linear Newtonian media where n = 1, but for a general m. The
equaiton we aim to analyse is therefore Eq. (18.2), with η being some positive constant, i.e. linear viscosity.

The horizontal velocity component (u) is constant across the depth, and the vertical velocity compo-
nent (w) varies linearly with depth. In these equation s is the surface, h is ice thickness, η is the e�ective
ice viscosity, and c is the basal slipperiness. The parameter m and the basal slipperiness c are parameters
in the sliding law. We write the basal sliding law on the form

ub = c(x) ∥tb∥m−1
tb , (18.3)

where tb is the basal stress vector given by tb = σn̂− (n̂T · σn̂)n̂, with n̂ being a unit normal vector to
the bed pointing into the ice. The function c(x) is referred to as the basal slipperiness.

For a linear viscous media (n = 1), in which case the viscosity η in Eq. (18.2) is a material constant
and not dependent on the state of stress, and a non-linear sliding law (m arbitrary) this equation can
be linearised and solved analytically using standard methods as follows. We write f = f̄ +∆f , where f
stands for some relevant variable entering the problem, and look for a zeroth-order solution where f̄ is
independent of x and y and time t, while the �rst-order �eld ∆f is small but can be a function of space
and time.

The perturbations in bedrock (∆b) and slipperiness (∆c) are step functions of time. They are applied
at t = 0, i.e. for t < 0 we have ∆b = 0 and ∆c = 0 and for t ≥ 0 both ∆b and ∆c are some constants.
Using this history de�nition the solutions for the velocity �eld and the surface geometry become functions
of time.

18.1.1 Bedrock perturbations

We start by considering the response to small perturbation in basal topography (∆b). The bedrock
perturbation is introduced at t = 0, that is

b(x, t) = b̄+H(t)∆b(x) (18.4)

277
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where H(t) is the Heaviside step function

H(t) =
{
0, if t < 0

1, if t ≥ 0

We also write

s(x, t) = s̄+∆s(x, t)

u(x, t) = ū+∆u(x, t)

w(x, z, t) = ∆w(x, z, t)

c = c̄

η = η̄

where s is the surface topography, b the bedrock topography, and u and w the x and z components of
the velocity vector, respectively, and c is the basal slipperiness. The zeroth-order solution to Eq. (18.2)
is

ū = c̄ (ρgh̄ sinα)m. (18.5)

The zeroth-order solution represents a plug �ow down an uniformly inclined plane of constant ice thick-
ness.

The �rst-order �eld equations are

4ηh̄∂2xx∆u− γ∆u = ρgh̄ cos(α) ∂x∆s− ρg sin(α) ∆h, (18.6)

where

γ =
τ1−m
d

mc̄
, (18.7)

and
τd = ρgh̄ sin(α), (18.8)

is the driving stress.
The domain of the �rst-order solution is transformed to that of the zeroth-order problem. Let f(z)

be some function of the vertical coordinate z. We have

f = f̄ +∆f

where f̄ is the zeroth order approximation and ∆f the �rst order perturbation. For z = z̄+∆z we write

f(z)=f̄(z) + ∆f(z)

=f̄(z̄) + ∂z f̄ |z=z̄(z̄)∆z +∆f(z̄)

where terms of second order have been ignored.
For the kinematic boundary condition at the surface

∂ts+ u ∂xs− w = 0

we, for example, get

∂t(s̄+∆s) + (ū+∆u+ ∂zū|z=s̄ ∆u)∂x(s̄+∆s)− (w̄ +∆w + ∂zw̄|z=s̄ ∆s) = 0.

We have ∂zū = 0 and for the particular zeroth-order solution we are using (plug �ow) we have ∂zw̄ = 0.
It follows that to �rst order the upper and lower boundary kinematic conditions are

∂t∆s+ ū ∂x∆s−∆w = 0, (18.9)

and
ūH(t) ∂x∆b−∆w = 0, (18.10)

respectively. In (18.9) the surface mass-balance perturbation has been set to zero. The jump conditions
for the stresses have already been using in the derivation of (18.2) and do not need to be considered
further.
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This system of equations is solved using standard Fourier and Laplace transform methods. All vari-
ables are Fourier transformed with respect to the spatial variables x and y and Laplace transformed with
respect to the time variable t. The forward Fourier transform f(k) of a function f(x) is

f(k) =

+∞∫
−∞

f(x)eikx dx, (18.11)

where i is the imaginary unit. The forward Laplace transform f(r) of a function f(t) is

f(r) =

∫ +∞

0+
f(t) e−rt dt. (18.12)

The kinematic boundary condition along the lower boundary contains a time-dependent term

b(x, t) = b̄(x) + ∆b(x, t) = b̄+H(t)∆b(x) .

The Laplace transform of the step function, H(t), is 1/r, hence

b(k, r) = b̄(k) + ∆b(k, r) = b̄+∆b(k)/r .

The Fourier and Laplace transforms of the �rst-order �eld Eq. (18.6) is

4ηh̄k2 ∆u+ γ∆u = ρg sin(α) (∆s−∆b /r) + ikρg cos(α) h̄∆s, (18.13)

where γ is de�ned by Eq. (18.7), and the Fourier transformed mass-conservation equation reads

−ik∆u+ ∂z∆w = 0. (18.14)

The transformed linearised kinematic boundary condition at the upper boundary, Eq. (18.9), is then

−ikū∆s+ r∆s−∆s(t = 0)−∆w = 0 (at z = s̄) (18.15)

and the lower-boundary kinematic condition

−ikū∆b /r −∆w = 0 (at z = b̄) . (18.16)

In addition we have the initial condition

∆s0 := ∆s(t = 0) = 0 .

We think of ∆b and ∆s0 as externally prescribed perturbations, and we want to determine ∆u and ∆s
in terms of ∆b and ∆s0.

The resulting system can be solved in various ways. Note that both u and ∆u are constant over the
depth, so that

∆u = ∆u(k, t) (18.17)

and not u = u(k, z, t). From (18.14) we then have

∂z∆w = ik∆u , (18.18)

which is also independent of depth. Integrating Eq. (18.18) with respect to z therefore gives

∆w(z) = ik(z − b̄)∆u− ikū∆b /r (18.19)

where lower kinematic boundary condition (18.16) has been used to determine the integration constant.
Setting z = s̄ and using the upper kinematic boundary condition (18.15) gives

∆w(s) = ikh̄∆u− ikū∆b /r (18.20)

= −ikū∆s+ r∆s−∆s0 (18.21)

using h̄ = s̄− b̄, or

kh̄∆u = −kū(∆s−∆b /r)− ir∆s+ i∆s0 (18.22)
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giving ∆u in terms of ∆s and ∆b. From (18.13) we have

(4ηh̄k2 + γ)∆u = ρg sin(α) (∆s−∆b /r) + ikρg cos(α) h̄∆s, (18.23)

Eqs (18.22) and (18.23) are two equations for two unknowns, i.e. ∆s and ∆u. We �rst consider the case
∆s0 = 0 and solve the system

kh̄∆u = −kū(∆s−∆b /r)− ir∆s (18.24)

ξ∆u = ρg sin(α) (∆s−∆b /r) + ikρg cos(α) h̄∆s, (18.25)

where
ξ = γ + 4h̄k2η , (18.26)

for the (complex) ratio between surface and bedrock amplitude

Tsb(k, r) := ∆s(k, r)/∆b(k) ,

and �nd, after some algebraic manipulations, such as

kh̄

ξ

(
ρg sin(α) (∆s−∆b /r) + ikρg cos(α) h̄∆s

)
= −kū(∆s−∆b /r)− ir∆s

kh̄

ξ

(
ρg sin(α) (Tsb − 1/r) + ikρg cos(α) h̄Tsb

)
= −kū(Tsb − 1/r)− ir Tsb(

kh̄

ξ

(
ρg sin(α) + ikρg cos(α) h̄

)
+ kū+ ir

)
Tsb =

k

r
ū+

kh

ξ
ρg sin(α)(

kτd
ξ

(
1 + ikh̄ cotα

)
+ kū+ ir

)
Tsb =

k

r
(ū+ τd/ξ)

that

Tsb(k, r) = −
ik(ū+ τd/ξ)

r(r − p) , (18.27)

where
p = i/tp − 1/tr , (18.28)

and the two timescales tp (phase time scale) and tr (relaxation time scale) are given by

t−1
p = k(ū+ τd/ξ) , (18.29)

and
t−1
r = ξ−1k2τdh̄ cotα . (18.30)

Note that tr > 0.
The inverse Laplace transform is calculated using the Bromwich integral

f(t) =
1

2πi

∫ Γ+i∞

Γ−i∞
ertf(r) dr , (18.31)

where Γ is a real number.
We see from Eq. (18.27) that the Tsb(k, r) transfer function has two poles, one at r = 0 and another

one at r = p. The second pole is always in the left-half complex plane and the inverse Laplace transform
can be evaluated by contour integration over a semicircle in the left hand plane using the residue theorem.
We �nd that

Tsb(k, t) =
ik(ū ξ + τd)

p ξ
(ept − 1). (18.32)

This transfer function describes the relation between surface and bedrock geometry, where

∆s(k, t) = Tsb(k, t)∆b(k) .

Transfer functions giving the perturbation in velocity can be calculated in the same manner.

Exercise: Calculate Tss0 := s(k, t)/s(k, t = 0) for ∆b = 0 and show that

Tss0 = ept. (18.33)
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Figure 18.1: The phase speed (∥vp∥) as a function
of wavelength for θ=0. The dashed-dotted curve is
based on the shallow-ice-sheet (SSHEET) approxi-
mation, the dashed one is based on the shallow-ice-
stream (SSTREAM) approximation, and the solid
one is a full-system (FS) solution. The surface slope
is α=0.005 and slip ratio C̄=30 and n = m = 1. The
unit on the y axis is the mean surface velocity of the
full-system solution (ū=C̄+1=31).
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Figure 18.2: The x component of the group velocity
(ug) as a function of wavelength for θ=0. Values of
mean surface slope and slip ratio are 0.005 and 30,
respectively, and m = n = 1.
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Figure 18.3: The phase speed (∥vp∥) of the full-
system solution as a function of wavelength λ and
orientation θ of the sinusoidal perturbations with
respect to mean �ow direction. The mean surface
slope is α=0.002 and the slip ratio is C̄=100, and
n = m = 1. The plot has been normalised with the
non-dimensional surface velocity ū=C̄+1=101 of the
full-system solution.
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Figure 18.4: The shallow-ice-stream phase speed as
a function of wavelength λ and orientation θ. As in
Fig. 18.3a the mean surface slope is α=0.002 and the
slip ratio is C̄=100, n = m = 1, and the plot has been
normalised with the non-dimensional surface velocity
ū=C̄+1=101 of the full-system solution.
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Figure 18.5: The relaxation time scale (tr) as a func-
tion of wavelength λ. The wavelength is given in
units of mean ice thickness (h̄) and tr is given in
years. The mean surface slope is α=0.002, the slip
ratio is C̄=999, and n = m = 1. For these values tr
is on the order of 10 years for a fairly wide range of
wavelengths. Lowering the slip ratio will reduce the
value of tr. It follows that ice streams will react to
sudden changes in basal properties or surface pro�le
by a characteristic time scale of a few years.
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Figure 18.6: Steady-state response of surface topog-
raphy (∆s) to a perturbation in bed topography
(∆b). The surface slope is 0.002, the mean slip ratio
C̄=100, and n = m = 1. Transfer functions based on
the shallow-ice-stream approximation (dashed line,
Eq. 18.32), the shallow-ice-sheet approximation (dot-
ted line, and a full system solution (solid line) are
shown.
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Figure 18.7: (a) The SSTREAM amplitude ra-
tio (|Tsb|) between surface and bed topography
(Eq. 18.32). Surface slope is 0.002, the slip ratio
C̄=99, and n = m = 1. λ is the wavelength of the
sinusoidal bed topography perturbation and θ is the
angle with respect to the x axis, with θ=0 and θ=90
corresponding to transverse and longitudinal undu-
lations in bed topography, respectively.
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Figure 18.7: (b) The FS amplitude ratio between
surface and bed topography (|Tsb|). The shape of the
same transfer function for the same set of parameters
based on the SSTREAM approximation is shown in
Fig. 18.7a.
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Figure 18.8: (a) The steady-state amplitude ratio
(|Tub|) between longitudinal surface velocity (∆u)
and bed topography (∆b) in the shallow-ice-stream
approximation. Surface slope is 0.002, the slip ratio
is 99, and n = m = 1.
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Figure 18.8: (b) The steady-state amplitude ratio
(|Tub|) between longitudinal surface velocity (∆u)
and bed topography (∆b). The shape of the same
transfer function for the same set of parameters, but
based on the shallow-ice-stream approximation, is
shown in Fig. 18.8a.
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Figure 18.9: (a) The steady-state amplitude ratio
(|Tvb|) between transverse velocity (∆v) and bed to-
pography (∆b) in the shallow-ice-stream approxima-
tion. Surface slope is 0.002, the slip ratio is 99 and
n = m = 1.
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Figure 18.8: (b) The steady-state amplitude ratio
(|Tvb| between transverse velocity (∆v) and bed to-
pography (∆b). The shape of the same transfer func-
tion for the same set of parameters, but based on
the shallow-ice-stream approximation, is shown in
Fig. 18.9a.
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Figure 18.9: Steady-state response of surface topog-
raphy to a perturbation in bed topography for lin-
ear and non-linear sliding. All curves are for linear
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100.
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Figure 18.9: Steady-state response of surface topog-
raphy to a basal slipperiness perturbation. Shown
are FS (solid line), SSTREAM (circles), and
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Figure 18.10: Steady-state response of surface lon-
gitudinal (u), transverse (v), and vertical (w) ve-
locity components to a basal slipperiness perturba-
tion. The surface slope is 0.002 and the slip ratio
C̄=10. The Tuc and Twc amplitudes are calculated
for slipperiness perturbations aligned transversely to
the �ow direction (θ=0). For Tvc, θ=45 degrees. Of
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Figure 18.11: Steady-state response of the surface longitudinal (∆u) velocity component to a basal
slipperiness perturbation in the shallow-ice-stream approximation. The surface slope is 0.002 and the slip
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18.1.2 Slipperiness perturbations

We now consider the response to small perturbation in basal slipperiness. We write the slipperiness
perturbation on the form

c(x, t) = c̄ (1 +H(t)∆c(x))
where ∆c is the fractional perturbation in basal slipperiness. The total perturbation is c̄∆c. As before
we write h = h̄ + ∆h, s = s̄ + ∆s, u = ū + ∆u, and w = ∆w. Since there is no perturbation in basal
topography we have b = b̄ and h = h̄+∆s.

For the zeroth-order problem we get the plug-�ow solution as before

ū = c̄ρgh̄ sin(α) . (18.34)

∂t∆s+ ū ∂x∆s−∆w = 0, (18.35)

and
ū ∂x∆b−∆w = 0, (18.36)

To �rst order the upper and lower boundary kinematic conditions are

∂t∆s+ ū ∂x∆s−∆w = 0, (18.37)

as before, while the basal boundary conditions are

∆w = 0, (18.38)

In the �eld equation (18.2) we have, among other terms, the term (u/c)1/m. For u = ū + ∆u and
c = c̄(1 + ∆c) we �nd

(u
c

)1/m
=

(
ū+∆u

c̄(1 + ∆c)

)1/m

= c̄1/m((ū+∆u)(1−∆c))1/m =
( ū
c̄

)1/m
− γū∆c+ γ∆u

where

γ =
1

ūm

( ū
c̄

)1/m
=
τ1−m
d

mc̄

where

γ =
τ1−m
d

mc̄
, (18.39)

and
τd = ρgh̄ sin(α) , (18.40)

is the driving stress.
We then �nd that the �rst-order �eld equations are

4ηh̄∂2xx∆u− γ∆u = ρgh̄ cos(α) ∂x∆s− ρg sin(α)∆h, (18.41)

and these can be solved using standard Fourier and Laplace transformation methods as done above for
the case of bedrock perturbation.



Part III

Appendices

287





Appendix A

Calculating vertical surface velocity

The sign convention for upper- and lower-surface mass balance is such that the kinematic boundary
conditions at the upper and lower surfaces read, respectively,

∂ts+ u∂xs+ v∂ys− ws = as, (A.1)

∂tb+ u∂xb+ v∂yb− wb = −ab, (A.2)

i.e. adding ice is always de�ned as positive surface mass balance.
Subtracting (A.2) from (A.1) gives

∂th+ u ∂xh+ v ∂yh− ws + wb = as + ab,

where it has been used that u does not change with depth. Now using (A.5) gives

∂th+ u ∂xh+ v ∂yh+ h(ϵ̇xx + ϵ̇yy) = as + ab,

or

∂th+ ∂x(uh) + ∂y(vh) = as + ab, (A.3)

hence, in the �ux-conservation equation both upper and lower mass balance terms have the same sign.

A.1 grounded part

On the grounded part ∂ts = ∂th and the kinematic boundary condition gives

ws = ∂th+ u ∂xs+ v ∂ys− as, (A.4)

but this requires ∂th to be known before we can calculate ws. An alternative approach is to integrate the
vertical strain rate ϵ̇zz over the thickness, use the mass conservation equation and the fact that horizontal
strain rates do not change across the thickness, to arrive at

ws = wb − h (ϵ̇xx + ϵ̇yy). (A.5)

We now calculate wb from the kinematic boundary condition at the lower surface as

wb = ab + u∂xb+ v∂yb,

and insert into (A.5) arriving at

ws = ab + u ∂xb+ v ∂yb− h (ϵ̇xx + ϵ̇yy), (A.6)

which represents a convenient way of calculation ws once the horizontal velocity �eld has been determined.
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A.2 �oating part

Where the ice is a�oat
s = S + (1− ρ/ρo)h

i.e.
∂ts = (1− ρ/ρo) ∂th

The kinematic boundary condition at the surface gives

ws = ∂ts+ u ∂xs+ v ∂ys− as

and therefore
ws = (1− ρ/ρo) ∂th+ u ∂xs+ v ∂ys− as (A.7)

If ∂th is known (A.7) can be used to calculate ws, otherwise we use (A.3) and �nd that

ws = (1− ρ/ρo) (as + ab − ∂xqx − ∂yqy) + u ∂xs+ v ∂ys− as (A.8)

An alternative way of calculating ws is to insert the �oating condition

s = (1− ρo/ρ)b

into (A.1) and to use (A.2) to get rid of ∂tb

(1− ρo/ρ)(wb − ab − u∂xb− vpyb) + (1− ρo/ρ)(u∂xb+ v∂yb)− ws = as (A.9)

to arrive at the simple and intuitive expression

(1− ρo/ρ)(wb − ab) = as + ws (A.10)

and then to use the (A.5) to get rid of wb leading to

ws = −(1− ρ/ρo) (h(ϵ̇xx + ϵ̇yy)− ab)− as ρ/ρo (A.11)

The above expression shows that adding ice to the surface (as > 0) over a �oating ice shelf gives rise to
neg. vertical surface velocity, as does horizontal divergent �ow (ϵ̇xx + ϵ̇yy > 0), and basal melting (ab⟨0).



Appendix B

Integral theorem

If f and g are scalar functions then in x and y directions we have∫
Ω

f ∂xg dΩ = −
∫
Ω

∂xf g dΩ+

∮
∂Ω

f g nx dΓ (B.1)∫
Ω

f ∂yg dΩ = −
∫
Ω

∂yf g dΩ+

∮
∂Ω

f g ny dΓ (B.2)

If we write g = gx in the upper one and g = gy in the lower one, add them together and de�ne g = (gx, gy)
T

and n̂ = (nx, ny)
T then we arrive at∫

Ω

f ∇xy · g dΩ = −
∫
Ω

∇xyf · g dΩ+

∮
∂Ω

f g · n̂ dΓ (B.3)
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Appendix C

Finite-Element equations derived from
a minimisation problem

Consider the minimisation problem
min
ϕ
I

where

I =

∫
A

(
1

2
(gϕ2 + kx(∂xϕ)

2 + ky(∂yϕy)
2)− f ϕ)

)
dA

+

∮
∂A

(
1

2
α(s)ϕ2 − γ(s)ϕ

)
ds

for
ϕ = ϕ(x, y)

and the given functions kx(x, y), ky(x, y), f(x, y), and g(x, y), with the Dirichlet boundary condition
along the sub-section ∂A1 of the boundary ∂A = ∂A1 + ∂A2, that is

ϕ = φ on ∂A1 .

As we show below, the stationary value of I with respect to a variation in ϕ is found when ϕ(x, y) is
a solution to

gϕ− ∂x(kx∂xϕ)− ∂y(ky∂yϕ) = f , (C.1)

and ϕ ful�ls both
ϕ = φ on ∂A1 ,

and
(k∇ϕ) · n̂+ α(s)ϕ = γ(x) on ∂A2 ,

where
∂A = ∂A1 + ∂A2 .

To see that this is indeed the case, we note that for ϕ to be the minimum, the �rst variation of I with
respect to ϕ must be zero, i.e.

δϕI = 0

The variation of I with respect to ϕ is

δϕI =

∫
A
(gϕ δϕ+ kx∂xϕ∂xδϕ+ kyϕy ∂yδϕ− f δϕ) dA (C.2)

+

∮
∂A

(α(s)ϕ δϕ− γ(s) δϕ) ds (C.3)

We now use partial integration to get rid of the ∂xδϕ and ∂yδϕ terms as follows∫
A
(kx∂xϕ∂xδϕ+ kyϕy ∂yδϕ) dA = −

∫
A
(∂x(kx∂xϕ) δϕ+ ∂y(kyϕy) δϕ) dA +

∫
∂A

(kx∂xϕnx + kyϕyny) δϕds
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Hence

δϕI = −
∫
A
(gϕ+ ∂x(kx∂xϕ) + ∂y(ky∂yϕy)− f) δϕdA

+

∮
∂A

(kx∂xϕnx + kyϕyny + αϕ− γ ) δϕds (C.4)

For the �rst variation to be zero, i.e.
δϕI = 0 (C.5)

for any δϕ we conclude that
gϕ− ∂x(kx∂xϕ)− ∂y(ky∂yϕ) = f , (C.1)

at any location (x, y) within the domain A, and

kx∂xϕnx + kyϕyny + αϕ− γ = 0 ,

along the boundary, except for ∂A1 where we have

ϕ = φ on ∂A1 ,

where we must add the condition
δϕ = 0 on ∂A1 .

From (C.2) and (C.3) we see that Eq. (C.5) can be written on the form

⟨gϕ|δϕ⟩+ ⟨kx∂xϕ|∂xδϕ⟩+ ⟨ky∂yϕy|∂yδϕ⟩ − ⟨f |δϕ⟩ = 0 , (C.6)

where the inner product is de�ned as

⟨f |g⟩ =
∫
A
f(x, y) g(x, y) dA (C.7)

with the natural boundary condition being

kx∂xϕnx + kyϕyny + αϕ− γ = 0 .

The FE equations are exactly Eq. (C.6) with the basis functions being ϕ. The FE-equations are, thus,
derived directly from a minimisation problem.

In the �nite element method, functions are expanded with respect to a set of basis functions ϕp(x)
with p = 1 . . . N as

f(x) =

N∑
i=1

aiϕi(x)

Here ai are the coe�cients in the expansion, and in a given basis the function f(x) can be considered
to be a function of those set of coe�cients {ai}, where the curly bracket indicates that the whole set of
coe�cients is included

f = f(ai)

Df({ai})[aq] = lim
ϵ→0

d

dϵ
f(a1, a2, . . . , aq + ϵ, . . . , aN )

= lim
ϵ→0

d

dϵ

(
N∑
i=1

aiϕi(x) + ϵϕq(x)

)
= ϕq(x)



Appendix D

De�nition of gradients in terms of
directional derivatives and inner
products

The directional derivative of the scalar function J(p) in the direction ϕ is denoted by Df(p)[ϕ] and de�ned
as

Df(p)[ϕ] = lim
ϵ→0

d

dϵ
f(p+ ϵϕ)

= lim
ϵ→0

f(p+ ϵϕ)− f(p)
ϵ

The directional derivative is sometimes written as δf(p, ϕ) or as f ′(p, ϕ) i.e.

Df(p)[ϕ] = f ′(p, ϕ) = δf(p, ϕ)

are di�erent ways of writing the directional derivative, all commonly found in the literature.
We de�ne the gradient through

Df(p)[ϕ] = ⟨∇f(p)|ϕ⟩H (D.1)

where H is a Hilbert space and f : H → R. Here ∇f(p) is the gradient of f , and the expression above
de�nes the gradient in terms of the (directional) derivative for a given inner product. In other words,
for a function f : H → R the gradient is de�ned as the Riez-representation for the directional derivative
Df(p)[ϕ] through (D.1). The directional derivative depends on the inner product ⟨, ⟩H and the gradient
is not de�ned without specifying the inner product.

Example: Consider the case H = Rn with the inner product

⟨x|y⟩ = xTMy

where M is symmetric and positive de�nite (for example the mass matrix or any covariance matrix.)
The directional derivative is

Df(p)[ϕ] =
∂f

∂pq
ϕq =

〈
M−1∂f/∂pq

∣∣ϕq〉
and therefore

[∇f ]p = [M−1]pq ∂f/∂ϕq

Had we instead used the Euclidean inner product as ⟨x|y⟩ = xTy the elements of the corresponding
(Euclidean) gradient are

[∇Ef ]p = ∂f/∂ϕp (D.2)

or
∇f =M−1∇Ef (D.3)
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where the subscript E denotes the Euclidean gradient. This distinction becomes important in the ap-
plication of the adjoint method where we obtain a gradient that is dependent on the natural FE inner
product

⟨f |g⟩ =
∫
f g dA

=

∫
fp ϕp gq ϕqdA

= fMg

Hence in FE the dual pairing is
⟨f |g⟩ = fTMg .

The adjoint L∗ of a given operator L is de�ned as

⟨L∗f |g⟩ = ⟨f |Lg⟩

for any f and g.
If we are working in H1 = Rd1 and the dual space is H2 = Rd2 and

⟨f |g⟩H1,H2
= fTg

and
⟨L∗f |g⟩H1,H2

= ⟨f |Lg⟩H1,H2

and we denote by L and L∗the matrix representations of the continuous linear operators L and L∗,
respectively, then

L∗ = LT .

But if the dual pairing is
⟨f |g⟩H1,H2

= fTMg

where M is a positive de�nite matrix, then

L∗ = M−TLTMT

as can be seen as follows

⟨M∗f |g⟩H1,H2
= ⟨f |Lg⟩H1,H2

= fTM(Lg)

= fTMLM−1Mg

= (M−TLTMTf)TMg

=
〈
M−TLTMTf

∣∣g〉
H1,H2

We can generalise this a bit further and consider the case where the dual space has a di�erent dimension
with

⟨f |f⟩H1H1
= fTM1 f

⟨g|g⟩H2H2
= gTM2 g

and �nd that
L∗ = M−T

1 LTMT
2
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