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Introduction

Uais a finite-element ice flow model. This document provides some theoretical background information
to Ua. It is not a manual. This is a ‘life’ document, i.e. it is constantly being modified and changed
and the current from of the document is in no means final. It contains some general material on glacier
mechanics, a bit on the FE method, and lots of some very specific Uarelated stuff. Most of the material
related to glacier mechanics is from a glaciology lectures given at Caltech in 2014, and ETH Zurich prior
to that.
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Notation and definitions

Typical problem geometry is depicted in Fig. 1 and the main geometrical variables listed in Table 2.
Upper and lower glacier surfaces are denoted by s and b, respectively, while the ocean surface and the
bedrock are denoted by S and B, respectively. The ice thickness is

h=s—-b,

and is always positive. The ocean depth, or vertical distance from bedrock (B) to the ocean surface (5),
is
H=S-1B,

and this quantity can be either positive or negative, depending on location.
The three components of the velocity vector are

u
v = v
w

but frequently we will just refer to the horizontal velocity components and write

()

and which form is being used should be clear from context.
The maximal ice thickness possible without grounding is denoted by h; and is

hy = (S —=B)po/p (1)

where p and p, are the ice and the ocean densities, respectively. The ice grounds if the ice thickness
exceeds hy, that is whenever i > hy. Note that hy becomes negative for B > S, i.e. whenever the bedrock
(B) is located above sea level (S). In that case we always have h > hy for any positive ice thickness h
and the ice is always grounded. We also define the positive flotation thickness, h;f, as

h;{ =hyH(hy), (2)
where H is the Heaviside function, defined as

0 for <0
H(z)=<1/2 for =0
1 for >0

The function H(h — hy) (equal to one if grounded, zero if afloat), is needed frequently and we define
the grounding/flotation mask G as

G =H(h—hy)
Hence
0 over floating areas
G=H(h—hs)=141/2 at the grounding line (3)
1 over grounded areas

The variable G can the thought of as a ‘grounding’ parameter.

iii
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b(x), B(x)

Figure 1: Geometrical variables: Glacier surface (s)), glacier bed (b), ocean surface (S), ocean floor
(Basals), glacier thickness (h = s — b)), ocean depth (H = S — B), glacier draft, d = S — b, glacier
freeboard f=s— 5.
The freeboard f, which at the calving front we can also refer to as the subaerial cliff height, is
fi=s—25,

and the draft d, i.e. the submarine ice thickness, is defined as

S—0b, it S>0
di= B (4)
0, otherwise
which can also be written as
d=H(H)(S—b), (5)
The ‘positive’ ocean depth H™ is defined as
HY :=H(H)H, (6)

ie. H* = H if H > 0 and zero otherwise.
To distinguish between continuous quantities and discrete quantities we use bold face for the latter.
In a finite-element context we might write

f(z) = fq (bq(x) .

Here f is a continuous function, f, the nodal variables, and ¢, the shape/form functions. We sometimes
group the nodal variables together into a vector writing

f: [flaflv"‘va]Tv

and then
fl@)=f"-¢(z).
Note that f(x) and f; very are different quantities: f(x) is a function, whereas f; is a scalar and can be

thought of as the gth component of the function f(x) in the basis {¢}.
If, for a vector f, we need to refer to the ¢ element of the vector, we write [f],, i.e.

The matrix representation of a continuous operator L : H; — Hs is written in bold as L. The elements
of the matrix are L,q = [L]pq.
The L? inner product is

<ﬁmp=/}ummMm



Table 1: List of variables

s elevation of upper glacier surface
3 measurements of the elevation of upper glacier surface
b elevation of lower glacier surface
b measurements of the elevation of lower glacier surface
S ocean surface
B bedrock / ocean floor
h:=s-—0> glacier thickness
H:=5S-B ocean depth (pos. or neg. depending on location)
HT =H(H)H  (positive) ocean depth
d:=H(H)(S—b) glacier draft, i.e. submarine ice thickness (positive by definition)
fi=s-S58 freeboard (always positive)
G :=H(h—hy) grounding/flotation mask, 1 if ice grounded, 0 otherwise.
hy = p,H/p flotation thickness (maximal ice thickness without grounding)
h} == poH"/p  positive flotation thickness
« tilt of coordinate system
P ice density
Po ocean density
o=p(L=p/po)
(up, vy, wp) zyz components of basal velocity
(s, Vs, Ws) xyz components of surface velocity

Twxy Tyy, Tay €LC.
Oz, Oyys Oy €tC.

deviatoric stress components
Cauchy stress components

€xa,s €yy, €zy €tc.  strain rates
g gravitational acceleration

where f and g are square integrable functions and the ? inner product is

(f.9e=f"g.

where f and g are vectors. The inner products define corresponding L? and [? norms.

The notation used for inner products is currently a bit inconsistent in this compendium, as I use both
the round bracket and the angle bracket (bra/ket) notations. Hence, for inner product from V' — R all
these notations are used

(f.9)=

(Lo ={f19,

and they all have the same meaning.
From the definition of an inner product we have the induced norm

1= (f | 1)

1l = VT Pz = 4/ / f(z) f(z) da

We often need to linearise various quantities, which we do by calculating directional derivatives. The
directional derivative D f of a function f of the variable z in the direction v is defined as

Hence

Duf(e) = im L fa +ev). @)

Often we think of v being a small perturbation to = in which case we write
. d
Dasf(z) = lim — f(z + eAx) ,
e—0 de

and may then write D f(x) or just f. In this document I use D, f(z), Df(z)[v], and &, f to denote the
directional derivative.
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Table 2: List of main geometrical variables.

symbol definition
S upper glacier surface
b lower glacier surface
S ocean surface
B bedrock / ocean floor
h:=s—10 glacier thickness
H:=S-B ocean depth (pos. or neg. depending on location)
d:=H(H)(S—b) glacier, i.e. submarine ice thickness (positive by definition)
f=s-S8 freeboard (always positive)
hy = puH/p maximum ice thickness without grounding

As explained in more detail in Appendix D the gradient is defined in terms of the directional derivative
for a given inner product as

Df(p)lo] = (VJ(p) | ¢)m (8)

where H is a Hilbert space and f: H — R.
Consider the scalar function J of the function f(x)

J=J(f(x)) .

The functional J might, for example, be some cost function that we are interested in minimising with
respect to the function f(z). In a typical FE context the function f expanded in a basis ¢;(z), that is

f(z) = fp¢p(x)
e

where f, can the thought of as the nodal values. The directional derivative of J with respect to f, i.e.
with respect to one of the coefficients (nodal values) in the expansion for f(x), is then

571y = DI @)fa) = i T (b (2) + e (@)

= lim di]((fp + €0pq) Pp())

e—0 de

We express the vector f of the nodal values in a basis {e;} and write f = f;e, and refer to this as the
Euclidean representation. For a given FE mesh and element type i.e. for some given basis {¢;}, we can
now think of J either as a function of the vector of nodal values f, i.e.

J=J(f)

or

J=J(f(x))
and we can express the gradient of f with respect to either the Euclidean basis {e;} or with respect to
the basis {¢;(x)}.

Taking the viewpoint that f is a function of nodal values, the directional derivative shown above can
be written as

The directional derivative can be estimated numerically in a FE model through first-order forward finite
differences by perturbing the corresponding nodal value as

J(f +eeq) —J(f)

€

DJ(f(2))[fq] =

(9)
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Generally, however, the directional gradient will be calculated more efficiently using the adjoint method,
but the above finite-difference approximation can be used to test the correctness of the adjoint imple-
mentation.

Using the definition (8) of a gradient, we now give examples of several different gradients g, h(x),
j(x), and k(z) defined as

DJ(f(x))[fa] = (9,€q)i2

= (h, ¢q) >
< 7¢q>H1
= (VE,Vog) L2

Note that the inner-product induced norm of the last inner product, ({(V -,V -)r2) is a semi-norm. We
are interested in knowing the relationship between these gradients to each other in a typical FE setting.

We refer to the vector g = gpe, in the basis {e;} as the [ gradient, and the function h(z) = h,¢,(x)
in the basis {¢;(z)} as the L? gradient. The elements of the [? and L? gradients in the respective basis
e, and ¢4(z) are the coefficients h; and g; the in the expansions

h(@,y) = hqq(2,y)
9 = Y9q€q
J(@,y) = jebg(z,y)
k(z,y) = qu&q(*% Y)

where we have set ) = (z,y).

The 2 gradient relates to the directional derivative in a simple way. Each element ¢ of the [? gradient
vector g is simply the directional derivative of J(f) in the direction e,. This follows from the definition
of the {2 inner product

DI(F())If] = lim S I(F + ce,)
= (g, eq)
= (9p€p, €q)
= gp (ep, €q)
=9p €p - €q
= 9p Opq
=g, -

For the L? gradient we find, using the definition of the corresponding L? inner product, that

DI(F())Ifo) = lim S (f + ce,)

= (h(z), ¢q(x))) L2
= (hpop(), ¢g(2)) L2
= hyp (¢p(2), 9q()) L2
= hpMp,

where M,,, are the elements of the mass matrix

Mg = (6y/(x), dg(2)) 12 = /A bp(2) by (z) dA

also referred to as the Gramian matrix elements of the basis ¢; in the inner product space L?. Hence the
elements g; and h; of the [ gradient g and the L? gradient h(x), respectively, are related by

gi = Mijhj

or in matrix notation
g=Mh
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where again [h]; = h; and the L? gradient is h(z) = h,¢,(x). Since the mass matrix is always invertible
we can calculate the L? gradient vector h as

h=M"1g

where the elements of the [? gradient g are the directional derivatives with respect to the nodal values.
Same calculations using the H! inner product lead to

g=(M+ D, + Dyy)j

where

i(@) =3 - (x)
is the H! gradient. For the [V-||z, semi-norm we can define the H' semi-norm gradient k as before
through

DJ(f(x))[fq]

2 (k(2), dq(2)) 1

= (VEk(z), Voq(2)) L2
kp<v¢pv v¢’q>L2
kD

And in two dimensions the elements of the [? and the H! semi-norm gradients are related as
9 = (Daz + Dyy)k
Sobolev space of order 1 on € denoted by H! and defined by
HY(Q) = {f,0.f,0,f € L*(Q)}

The inner product is

gV = /Q (fg + B fOog + 0, 10,9) A

and the resulting inner-product induced norm

1 = [ (4 (1) do
= 1£17= + IV£I7-

where f is a real valued function.'
Alternatively to the finite-differences test given by (9), the correctness of the gradient calculation can
be verified

J(f(x) + ed(x)) = J(f(2)) + (VJ,d(2)) + O(e?)
by calculating the limit

o )+ edla)) — (@)
e—0 e(VJ,d(x))

1A common Sobolev-norm notation is

1/p
Wl = | 2 ID%ul
|| <k

and the Sobolev spaces defined as
WE@) = {f € L1 : Ifllwy (oo}
And another common notational simplification is to define
HY(Q) = W (Q)
We have
2 2 2
1A = Ifllz, + IV,

and || V||, is a semi-norm.



ix

which must be equal to 1 for the gradient estimate to be correct.
For a scalar function f using the [2 inner product, the first-order Taylor expansion of a scalar function
f is here written as
fl+h)=f(@)+ (V)" h,

and similarly for a vector function f as
flx+h)=f(z)+(VH" h,

which implies that the gradient of a scalar function f is a column vector and the gradient of a vector
function f the matrix?

aaclfl 89c1f2 8x1f7n
a:EQfl a:rzf? aIQfm
Vf= . . :
axnfl 8x2f2 o axnfm
=V&f
and also of
Vf(x)= awjei Qe;.

Using index notation and the summation and comma conventions we can write the Taylor expansion as

fo(x +h) = fp(@) + fpqhg

and
[v.ﬂpq = fq,p :

The Jakobian matrix K for a vector function f = (f1, fa,- -+, fm)? of the vector € = (z1, 22, ,2,,)
is commonly defined as the m x n matrix having the elements [K];; = 8f;/0,,. Therefore K = (Vf)"
and the first-order Taylor expansion can be written as

T

fx+h)=f(x)+Kh.

2Sometimes an outer product between two (column) vectors a and b is defined as
ab’ =a®b.

If we think of the operator V as a (column) vector, then one could argue that a correct notation for the operation of V on
f is, written using the outer product, V7.
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Figure 2: Distribution of integration points with the unit reference triangle and the degree of precision.
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Chapter 1

Key governing equations

1.1 Equations of ice flow

For reference, we start by recapping the key governing equations of glacier flow which are

é=Ar""1 (constitutive law) (1.1)
t, = f(v)HL”H (sliding law) (1.2)
vy
V-o+b=0 (momentum) (1.3)
V-v=0 (mass) 1.4)
where the effective stress is
T =/TpqTpa/2 »
and f:R? — R, is a given scalar function (the sliding law).
The constitutive law can also be written in terms of strain rates as
T=A"Ynd-m/neg (1.5)
where
€= \/ €paépa/2
is the effective strain rate, or in an implicit form as
T=A"trlTe. (1.6)
Sometimes the constitutive law is written on the form
Tij = 277 Ez] (17)
where 7 is the effective viscosity given by
1
n= 5Afl/n c(—n)/n (1.8)
Tlfn
= . 1.9
A (1.9)

The relationship between the elements, o,4, of the Cauchy stress tensor and the deviatoric stress
components, T,q, and the pressure, p, is

o=1-—-pl
that is
Oxx Oxy Ogzxz Tex — P Try Txz
Ozy Oyy Oyz | = Ty Tyy — P Tyz , (1.10)
Ogz Uyz Ozz Taz Tyz Tzz — P
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and the elements of the strain-rate tensor are related to the velocity components as follow:

ou 1 [ 9du v 1 (0u ow
e e e oz 2 (aT, + %) 2 (FE+5)
e J;y v 6] o] o] 1 (0v ow
. . . . _ 1 u v v
€ = fxy Eﬂy €yz = 5 (87.1/ + E) % 3\ a2 + Ty . (1.11)
€xz  €yz €zz 1 (0u | dw 1 (v | dw dw
s (GE+am) z(a2+5 £

Written out, the three components of the momentum equation, (1.3), are

a:camx + ayTa:y + aszz =0, (112)
OpTay + 0yoyy + 0.7y, =0, (1.13)
OpTaz + ayTyz + 0.0, = Py (1‘14)
or equally as
OxTow + amiy + 0,7y = D (115)
OxTay + OyTyy + 0.7y = Oyp , (1.16)
OrTez + ay7—yz + 0,7, = 0.p+ g (1'17)

where we have assumed a coordinate system where the z axis is oriented upwards, that is against the
direction of the gravity vector.

1.2 Shallow Ice-Stream Approximation (SSTREAM/SSA)

The shallow ice-stream (SSTREAM/SSA /Shelfy) equations are

1

Oz (h(2Tpq + Tyy)) + Oy(hTay) — toe = (pghdys + §h29 Ozp) cos a — pgh sin « (1.18)
1

Oy (R(2Tyy + Tuz)) + On(hTuy) — toy = (pghOys + ihzg Oy p) cos o (1.19)

were « is the tilt of the coordinate system with respect to the gravity vector, and the shallow ice-stream
approximation for the effective stress, 7, is

These equations can also be written in terms of velocities as

1
O (4hn0yu + 200y v) + 9y (hn(0yv + Oyu)) — B> u = (pghdys + §h29 0zp) cos a — pgsin (1.21)

1
Dy (4hndyv + 2hn0,u) + 0, (hn(dyu + 9,v)) — B*v = (pghdys + §h29 Ozp) coOs v . (1.22)

where we have written the sliding law as

the = B2 u, (1.23)
tyy = B0, (1.24)
and used the constitutive law on the form
1
€ij 27 (%] (125)

where

n = %A—l/n f=m)/n.

and where in the SSA the effective strain rate, ¢, is given by

¢ = ¢SSA _ \/ (D)2 + (8y0)2 + Byudyv + (D + yu)?/4 .
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Defining the resistive stress tensor as

2Tpe + T T,
R = e vy ry 1.26
( Tay 27yy + T$x> ( )
and
Vay = (92, 0y)

the SSA field equations can be written in a compact form as

1
Vg (WR) =ty = pghVy s + 5gh2vzy o, (1.27)

_ tba:
bon = ( thy )

is the horizontal part of the basal stress vector (basal traction)

for a = 0, where

t,=on— (n-on)n,

with 7o being a unit normal vector to the bed pointing into the ice.
As shown in section 1.17 we have

1
9phdys + Sgh*Dap = g@m(th — pod?) + g(ph — pod)dyb, (1.28)

and also
9(ph — pod)d:b = G g(ph — poH )0, B. (1.29)

We can therefore also write the field equations as
va ’ (h R) —top, = gvzy(phZ - pod2) + g(ph - pod)vaba (1'30)

or

ng(pfﬁ — pod®) + G g(ph — poH*)V 4, B. (1.31)

again for o = 0. Note that where the ice is afloat the right hand sides of Eqgs. (1.30) and (1.31) are equal
to zero.

We will also show (see section 1.16) that the stress boundary condition at both grounded and floating
ice edges can be written as

Vay - (hR) —ty, =

hR- g, = g(phz — pod®)itay. (1.32)

where
ﬁxy = (nxa Ty, O)Ta

is a unit normal pointing horizontally outward from the ice front.
Note that it is the horizontal component of the basal traction that enters the field equations. We will
sometimes just write ¢, instead of ¢;;, which is a slight abuse of notation, and strictly speaking incorrect.
In Ua the form of the SSTREAM equations is therefore (written for non-tilted coordinate system):

0z (h(2Tpe + Tyy)) + Oy (hTwy) — toy = %g@x(phz — pod?) + gH(h — hy)(ph — poH)0, B (1.224)
Oy (h(27yy + Tuw)) + Oz (ATay) — toy = %gay(ph2 — pod?) + gH(h — hy)(ph — poH)0,B (1.225)
And written in terms of the velocity components:
D (h(40,u + 20,0)) + 0y (hn(Dyu + Dpv)) — the =
200 (oh* — pod®) + g H(h — hy)(oh — p,H)0, B (1.226)
Oy (hn(40yv + 20,u)) + 0z (An(0gv + Oyu) — tpy =
S99 (01 — o) + g H(h — hg)(ph — po H*)3, B (1.227)
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Here the draft d, is
d=H(hy —h)ph/po+H(h —hg)HT (1.203)

and the positive ocean ’thickness’ H7 is
HY :=H(H)H, (1.33)

ie. H" = H if H > 0 and zero otherwise. The variable hy is the flotation thickness (maximal ice
thickness without grounding)

hy = Hpo/p (1)
where p and p, are the ice and the ocean densities, respectively. The function H(z) is the Heaviside step
function, i.e. H(z) = 1 for x > 0 and H(x) = 0 for z < 0 and H(0) = 1/2. The ice thickness his h =s—b
where s is the upper and b the lower ice surfaces. The ocean ’thickness’ H is H =S — B where S is the
ocean surface and B the ocean floor.

1.3 Shallow Ice Shelf (SSHELF /SSA)

The shallow ice shelf approximation is simply the shallow ice stress approximation with the drag term
dropped. Since
s=S+h(1-p/po)

we have over a floating ice shelf

1
PIhV ay 5 = 509V ay h*
where
o=p1=p/po), (1.34)
and the momentum equations have the form

1 1
Vry : (h R) = itggvzy h2 + §Qh2vzyp7 (135)

or if we skip the spatial density gradient

T (- a4 0)) -0 a0

1.4 Shallow Ice-Sheet (SSHEET /SIA)

In the shallow ice-sheet approximation, the stress balance is
t, = t31h = —pghV,ys (1.37)
and the pressure and the stresses are
—p(z) = UZZ<Z) = —pPg (S - Z) ;
T:rz(z) =—pP9 (S - Z) Ops
Tyz(z) = —pPg (S - Z) 8y5 )

and the effective stress therefore

7(2) = Ts1a = \/72.(2) + 77.(2)
= pg(s — 2) 1/ (0:8)% + (0ys)? .

The flow law
¢ij = AT) " iy, (17.5)

implies

O.u=2A1"""1,,

=24 (pa(s =)\ +0,57)  pals — 025
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Integrating, and assuming A does not vary with depth, we find

v =—2A(pg)" ((awS)Q + (ays)2>)(n71)/2 Vays / (s — z/)n dz + v,
b

2A

= =) Vs (0 = (5= 2 Vs
2A " n—1 /3 n+1 n+1
= —m(ﬂgh) [ Vaysll (""" = (5= 2)""") Vays + vy
2A " n—1 /3 n+1 n+1
= =G PO Vsl (0 = (5 = 2 Vs v,
2A n n n-l
= G T A [ERTT M
that is 24
n n n—1
val) = Gy B = (o= 2 I
where

”VryS” = (8m5)2 + (3y5)2 .

and ™ is given by Eq. (1.37). For a sliding law on the form
v = C A" 51

the basal velocity, vy, is
-1
vy = —C(pgh)™ |[Vays|" ™ Vays.

or

V=v4+ vV
_ 2A
 (n+1)hn

The deformational velocity, vy, can also be written as

va(2) = —F [ Vays|" ™" (" — (s — 2)"*1) Vs,

where 5A
E= n
— 7(p9)
The vertically integrated flux
q= / pvdz,
b
is then
5 2pA _
9a = / pvadz = 2 (pgh | Vaysl)" ™" (pgh Vays) b
b n -+ 2
2p0A n—
_ i2 ||t§IA|| 1t§IA h?
n
and
@ = /b pvy dz = —Cph(pgh)™ [V ays| ™ Vays
m—1
= Oph " g5
hence
d=4q4+ @
2pA

HtEIAH”*1 t%IA n2 + Cph HtEIAHm*I t%IA

:n—|—2

(R — (s — 2)" D) HtEIAH"_ltEIA +C HtSIAHm_l t%IA _

(1.38)

(1.39)

(1.40)

(1.41)

(1.42)

(1.43)

(1.44)

(1.45)
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where t;, is given by Eq. (1.37), and where we have assumed that A and p are independent of depth.
We can also write gq as

qa = —Dp||Vays|" ™" W2 Vs, (1.46)

where 94
D= n 1.47
n+2mm (1.47)

The flux can also be written in terms of the deformational and basal velocities as

q=qq+q
= ph(Fvg(z =s)+v) ,
with
n+1
n+2°
In the STA/SSTREAM approximation the driving stress, —pghd, s, is always equal to the basal traction.
This is because the impact of horizontal stress gradients on the force balance is not included.

The ice-thickness evolution is then calculated by solving the vertically integrated mass-conservation
equation, derived in section 1.8, or

pOth+Vay-q=pa. (1.121)

Because g can be written explicitly in terms of h as given by (1.46), we simply solve for the thickness
evolution h directly and then calculate the velocities, should those be required, afterwards using (1.40).

1.5 Recap of typically SIA and SSA scalings

The shallow ice-sheet (SIA /SSHEET) and the shallow ice-stream (SSA /SSTREAM) equations are derived
in Chapters 16 and 17, respectively. ( ) provides a useful overview over asymptotic theories of
large-scale glacier flow. Here, we give a short overview over the main assumptions.

Both the shallow ice-sheet (SIA/SSHEET) and the shallow ice-stream (SSA/SSTREAM) are shallow-

ice approximations, that is they assume [z]/[zr] = ¢ < 1. For the mass conservation, v,, = 0, to be
invariant, we then must have [w]/[u] = . For the kinematic boundary conditions to be invariant, we
must scale time as [t] = [z]/[u].
In both STA and SSA the strain-rate tensor is, in terms of velocities, given by
d 1(a d 1(19 d
G 5(7Z+7§> 1 (255 +e5)
. _ 1 (0o o o 1 (10 o)

FRg e $(igeely)

Although shallow ice-stream (SSA) stresses are usually scaled using the shallowness ratio €, there is
no reason to expect the deviatoric stresses to, for example, go to zero as € — 0 (e.g. horizontal deviatoric
stresses in an ice shelf do not become smaller as the ice shelf gets longer and wider).

SSA stress scalings:

Tow  Toy  OTaz
TesA = (0] | Twy  Tyy 0Ty (1.49)
5sz 57—yz Tzz

On the other hand, the deviatoric STA stresses should go to zero as e — 0, and the horizontal deviatoric
stresses to be smaller than the vertical shear stresses. One way of expressing this is to write

ETwz ETwy Taz
ToIA = €[] | €Ty ETyy Ty (1.50)
Txz Tyz E€Tzz

In both STA and SSA, [p] = [0] = pg[z]. Note that since [p] = [0] = pg[z], we have [pg] = [p]/[z] =
[p]/(g[x]). The effective stress, 7, is zeroth-order in in SSA, but of first order, O(e), in SIA. It is actu-
ally not very usefully to discuss these orders without referring to the balances that the SSTREAM and
SSHEET assume, and, as discussed below, SSTREAM balances horizontal deviatoric stresses and hori-
zontal velocity gradients, while SSHEET balances vertical shear deformation and vertical shear stresses.
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The scaled shallow ice-stream (SSTREAM/SSA) momentum equations are

OxToax + ayT:cy + 0,7z = oy L) (151)
DTy + OyTyy + 020y = Oyp , (1.52)
52am7—m’z + 528@/7—3;2 + 0.7, = 0.p+ Py - (153)

Note that the vertical shear stresses enter the momentum balance at leading order, and that the SSA
pressure, p, is not hydrostatic.
The scaled shallow ice-sheet (SSHEET /SIA) momentum equations are

EgamTa:w + EZ@yTwy + E827-:102 = 0zP, (154)
9
2 2 &
€ 0Ty + €70y Tyy + =020y = Oyp (1.55)
c !
g2 1 1
€0, Ty + anTyz + —0.T, = 7azp +=pg . (156)
9 9 3

Note that the vertical shear stresses are the only leading order terms in the horizontal momentum balance,
and that the STA pressure, p, is hydrostatic.
In the shallow ice stream approximation (SSTREAM/SSA) we balance horizontal deviatoric stresses
and horizontal strain rates, were
[u] Ou

[ 0z = Alo]" 7oz (SSA zz-term)

and we get the balance we aim at for

u = Alo]™ (SSA balance)

(7]
Physically, this implies horizontal velocity gradients, [u]/[z], are controlled by horizontal deviatoric
stresses, noticing that in the SSA scalings above [r] = [o]. For the zz term in the constitutive rela-
tionship we then obtain

U% (181‘ +€6:up)) = Alo]"d 1. (SSA zz-term)

or
1 /0u 50w
2 (5‘2; te Oz
Traditionally, in the SSA approximation we set § = ¢, in which case we must conclude that du/dz = O(g?),
and the horizontal velocity therefore independent of depth.
In the shallow ice-sheet approximation (SIA) we aim at balancing the vertical shearing of the ice with
vertical shear stresses, were

) =¢e07y, (SSA zz-term)

[ (Lou  dw\ . .,
[z] \ & 0z +€8I = Alo]"e"7,. (SIA zz-term)

and the SIA balance therefore is

u = Alo]"e™™!  (SIA balance)

or

The physical picture here is that of thin-film flow controlled by shearing across the thickness of the layer.
For the SIA xx term of the constitutive relationships, we find that

Mi = Ae" [g]"sszz (SIA zz-term)

o [u] ou

Alz]jo]ren+ oz~ O



10 CHAPTER 1. KEY GOVERNING EQUATIONS

and therefore du/dz = O(e).
The effective SSA and SIA strain rates are

€ssA = \/(éhub)? + (Oyvp)? + Opup Oyvp + (0rvp + Oyup)? /4 (1.57)

and

ésia = V/(0:ua)? + (9:vq)? (1.58)

The SIA velocities are calculated by first observing that p = pg(s — 2), using Eq. (1.56), and therefore
Tz = pg(s — 2)0ys from Eq. (1.54), and then use the flow law together with Eq. (1.58) to calculate the
deformational velocity components (uq and vg) as a function of depth. This is a reasonable approximation
if the horizontal deviatoric stresses are small.

1.5.1 BCs for small slopes

Typically, ice-flow approximations assume small slopes and/or small aspect ratios, i.e. € = [2]/[z] < 1.
As shown in Chapter 17 the stress conditions at the surface on = 0 are to second order in ¢

—Ozx 8935 — Txy 8ys + Ty = 07 (1738)
—Tzy 815 — Oyy ays + Tyz = 07 (1739)
0.2 =0, (17.40)
for z = s(z,y). Using
Ogxx = 27—931: + Tyy +0.., (1754)
together with (17.40), and therefore
Ope = 2Tpy + Tyy (at z = s(x,y)) .

We can also write the upper-surface stress conditions, Eqs. (17.38) and (17.39), as

*(27%1 + Tyy) Ops — Txy ays + Tz =0, (159)
~Tzy 0zs — (27'yy + Ta) ays + 7y. =0, (1.60)

for z = s(x,y), or in terms of velocities, as

0 = 05 (40,u + 20yv) + Oys (Ozv + Oyu) — O,u , (1.61)
0 = 0ys (40yv + 20,u) + Oy s (Ozu + Oyv) — O,v . (1.62)
for z = b(x,y), where we have used 7,, = 2n(vp 4 + vq,p) and Jdyw and Jdyw being of second order, or

smaller.
At the lower surface, z = b(x, y), we have the sliding law

up = C [[t]|™ ™ toa, (17.44)
vy = C [[to]|™ " ty, (17.45)
where, to second order
tb;c = 61b (Uzz - O-JJJJ) - 6yb7—1,y + Tuz, (1741)
thy = Oyb (022 — Oyy) — Oxb Tay + 7y, (17.42)
for z = b(z,y). Again using
Oze = 2Tgz + Tyy + 022, (17.54)

we can also write the basal boundary conditions, Egs. (17.41) and (17.42), as

the = —0zb (2Taz + Tyy) — Oyb Ty + Tuz (1.63)
tyy = —O0yb (27yy + Taz) — Oxb Tay + 7o (1.64)
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for z = b(z,y), or in terms of the velocities as

toe = —1 (020 (40u + 20yv) — Oyb (0yv + Oyu) + O.u) (1.65)
toy = —1 (Oyb (40yv + 20,u) — 0xb (Ozu + Oyv) + 0,v) (1.66)
for z = b(x,y), where we have used 7,, = 2né,, and d,w and Jyw being of second order, or smaller.
These small-slope BCs are used in both SIA and SSA, but in the case of SIA where horizontal
deviatoric stresses are small, they simplify to
Txz = 07
Tyz = 0,
Ozz = 07

for z = s(x,y), and

tbe = Tzz »

tby = Tyz »

at z = b(z,y).

1.6 Three dimensional formulation, assuming cryostatic vertical
stresses

Alternatively to vertically integrated formulations, and as a possible path towards a hybrid formulation,
we can include the effect of horizontal stresses on the vertical shear stresses using the full form of the
z and y momentum balance, while assuming that 0,7,, + 0,7,. are small compared to 9,0,, (i.e. the
second-order ¢ terms in Eq. (1.53) dropped), that is

O0p0rz + ayTwy +0.7T5. =0 s (112)
aszy + 8yo'yy + azTyz =0 ) (113)
aza'zz = pg . (167)
and therefore

Hence, the pressure is non-hydrostatic and the vertical stresses, o, are lithostatic/cryostatic. Note that
using
Opz = 2Taz + Tyy + 022 (17.54)

and (1.68), the system (1.12) and (1.13) can be written as

0 (2T + Tyy) + OyTay + 02Tz = pg0ys , (1.69)
ay(27_yy + Tex) + O Ty + 02Ty = pgoys , (1.70)
or equivalently using
Tij = 277 ezy 5 (17)
as
0z (21(20,u 4 0yv)) + Oy (N(Oxv + Dyu)) + 0. (n.u) = pgdys , (1.71)
0y (21(20yv + Ozu)) + Ox(N(Pxv + Ouu)) + 05 (NO,v) = pgdys . (1.72)

where we have also simplified the strain-rate tensor by dropping 0,w and d,w (see 1.48). The resulting
system, which is fully three-dimensional, is usually referred to as the Blatter-Pattyn model ( ,
; , ), and is sometimes used together with the stress boundary conditions for small slopes
(Eqs. 17.38, 17.39 ,17.40, 17.44 and 17.45). The original derivation of the Blatter-Pattyn system by
( ), is arguably somewhat inconsistent as the terms 9,7,, and 0,7, appear to be dropped
without a full justification, however ( , ) shows that this is required for the
dissipation rate to be positive.
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1.7 Vertical integration, assuming cryostatic vertical stress state

Integrating the « component of the momentum equations, Eq. (1.12), over the depth from z = b to z = s,
and changing the order of differentiation and integration gives

0 :31/ Oua dZJray/ TaydZ (1.73)
b b

— 042(8)038 — Tay(8)0ys + T2 (S)
+ O-xw(b)awb + Tm,(b)ﬁyb — Txz (b)

The second line is identically zero due to the small-amplitude boundary condition Eq. (17.38), and the
third line can be written as —tp, + 9:b o, (D), giving

ozam/ amdz+ay/ Taydz — tyg + Opb ooz (D) . (1.74)
b b

Using (17.54)
Opx = 2Tgg + Tyy + 022 (17.54)

the (1.73) term, involving vertical integration over o,,, can be written (see also page 269) as

/ oo ds = / (2720 + 7yy) dz + 02 (b) (Dus — D)
b b

and Eq. (1.74), hence, becomes

Oy / (2Tpp + Tyy) dz + 8y/ Tyydz — tpy = pgh0ys (1.75)

b b
8y/ (27Tyy + Tuz) dz + Oy / Tyydz — tpy = pghdys (1.76)

b b
where we have used 0,,(z = b) = —pgh, and where have added the corresponding equation for the y

direction.

Equations (1.75) and (1.76) have a long history in glaciology. These same equations are, for example,
Egs. (14) and (15) in ( )! and these equations, or simple variants thereof,
can be found in ( ); ( ) and various other papers and

books before that.? Egs. (1.75) and (1.76) are usually solved as functions of velocities, with velocities
and pressure being the primitive variables, and, generally, solving Eqs. (1.75) and (1.76) will involve a
vertical integration.? Similar ideas, but arguably more general as the 9,7, terms are included, are found
in ( ) and ( ), see for example Eq. 20 in ( ) and Eq. 10 in ( ).

Evaluating the integrals in Eqgs. (1.75) and (1.76) for non-Newtonian media such as ice, requires
knowing the effective viscosity (or the effective strain rates) as a function of depth, and that in turns
requires knowledge of the vertical shear stresses (or the vertical shear strain rates). Hence, although 7,
and Ty, (or €. é,.) do not appear explicitly in Eqgs. (1.75) and (1.76), these equations can not be solved
without knowing the vertical shear stresses. Here we can use an iterative procedure where, once we have
solved Egs. (1.75) and (1.76) using an initial guess for 7., and 7., we re-calculate the vertical shear
stresses, T, and 7,, using again the the momentum equations, that is

0202 + OyTay + 0:Tpz =0, (17.49)

T Although ( ) appear to be wrong to state that this equation is exact and can be arrived
at without any approximations. The approximations are: a) 9;7y> and Oy7y. small compared to d.7.. and therefore
022 = pg(s — z), and b) small-slopes in the kinematic boundary conditions.

2In the shallow ice-stream approximation, where 7, Tyy and T4y are all independent of depth, equation (1.75) simplifies
to

0z (2hTrz + hyy) + Oy (hTay) — toe = pghlzs ,

Oy (2hTyy + h7aa) + 0z (hTey) — toy = pghOys ,
which is Eq. (1.18) for & = 0 and 8zp = 0. In the case of the shallow ice-sheet approximation, Eqgs. (1.75) and (1.76) simply
become

ty = —pghVays,
which is Eq. (1.37).
3For the SSTREAM, the integration can be done analytically, and is in fact trivial, as all terms are independent of depth,

and in the SSHEET approximation, no integration is required because all related terms are identically zero.
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giving
aszz = _azo—xaz - aysz (fI'OHl ].749)
= —pg0ys — 05270y + Tyy) — OyTay (1.77)

and then integrating

Tez(2) = —pg(s — 2)0ps — / (02 (2Tpq + Tyy) + OyTay) dz+ K (1.78)
b

where K needs to be determined from the boundary conditions. We find a similar equation for 7,,. The
vertical velocity profile is then obtained by integrating

u(z) = 2/ A" dz 4wy, (1.79)
b

where

7(z) = \/T%x + T2, TeaTyy + T2, +72.(2) + 75(2) (1.80)

Again, while this procedure has here been described in terms of the stresses, this system would typically
be written down, and solved, in terms of the velocities using the flow law on the form

Ty = ATYned-m/ng (1.188)

where

¢ =/ (Bsu)? + (B,0)2 + BuByv + (0,0 + Dyu)2 /A + (Du)? /4 + (D-0)2/4 . (1.81)

To my knowledge the above procedure of exactly solving Eq. (1.75) and (1.76) is almost never used.
Rather, typically some additional simplifications are made to make the vertical integration involved less
onerous (examples provided below).

1.7.1 Simplifications of the vertically-integrated system

Various suggestions have been made on how best to simplify, or get rid of altogether, the vertical inte-
gration in Eq. (1.75) and (1.76), and/or the additional vertical integration of the vertical shear stress,
(1.78), and velocity, (1.79). To simplify the notation I here just write out the equations for the flow-line
case, where 7, = 7, = 0, and Eq (1.75) reduces to

26&5 / Tox 2 — thy = pghaxs (182)
b

This equation is generally solved in terms of the velocity and we can assume that we have a sliding law
relating the basal traction to basal velocity, that is

tpr = f(ub)

where f is some given function (the sliding law). The most logical approach would then presumably be
to use the constitutive law, Eq. (1.5), to write 7., in terms of the velocities as

Tow = A—l/n €(1—77,)/n Era
1 —n n
_ §A—1/’ﬂ ((azu)Q + (azu)2/4)(1 )/ (2n) 8zu

insert this expression into Eq. (1.82) and evaluate the integral in terms of the unknown wu(z,z). This
would give a value for ¢y,
However, several papers in the past have here used the implicit form of the flow law

Tex = A_l Tn_léa:a: y (16)
i.e. with the elements of the deviatoric stress tensor on both sides, and where here the effective stress is
r= V)

that is

xTrz

Tow = A7 (72 +72) T 00 (1.83)

resulting in an implicit equation for 7., in terms of u and 7.
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1.7.2 Budd simplification

One simplification, which I believe might originally be due to ( ), is simply to assume that
T22(2) = pg(h — 2)0zs, in which case Eq. (1.83) reads
Taw(2) = AN (70, + (pg(h — 2)0,8)%) /20,0 (1.84)

which can solved for 7,,(z) for a given 0,u. Knowing 7, as a function of depth, then allows us to solve
(1.82) for tp,. If we use a sliding law on the form ¢4, = f(up)up, we would solve for uy in this step. There
is now no need to do the integration in (1.78) as we have already assumed 7, is known as a function of
depth, and we then calculate the velocities through vertical integration using (1.79) and w; we calculated
previously when solving (1.82). This could be solved using an iterative procedure where, once we have
(re) calculated wu(z, z) using (1.79), then re-solve Eq. (1.84) for 7., using our new estimate of u(z, z).

1.7.3 L1L2
Another approach, which most likely was originally presented by ( ) and then further
explored by ( ), is to approximate (1.83) as

Taw = A7" (T2, + 7'9?2(1)))(1771)/2 Oy (1.85)
where, similar to ( ), it is assumed that

Tuz(z = b) = 758 (2 = b) = pghdys .

Thus, when calculating the effective stress, 7, the vertical shear stress, 7., is evaluated at the base
assuming STA force balance, and the horizontal velocity gradient is similarly approximated by its value
at the base. This assumption greatly (over) simplifies the solution procedure as 7, is now independent
of depth. To summarise, using this approximation, we solve Eq. (1.82), which we write on on the form

46@,/ 1 Ozup dz — f(up)up = pghdys , (1.86)
b

for the basal velocity, u;, where have used
Tex = 27’]893’“1; ;
where the effective viscosity, 7, is now a solution to the implicit equation
_ 1-n)/2
2 = A1 (402 (Baws)’ + (pghdss)®) "% | (1.87)

which follows from (1.85). Note that if A is independent of depth, 7 is independent of depth as well and
the vertical integration in (1.86) is trivial and we have

49, (hndyup) — f(up) up = pghdys , (1.88)

which is formally identical to the SSA/SSTREAM equations, the only difference being that the effective
viscosity is now determined by solving Eq. (1.87), rather than as 7 = 2 A=Y/"|9,u,|' =/
We then determine 7, as a function of depth, using (1.78), which now reads

TCbZ(Z) = _pg(s - Z)axs - 2/ a:rT:cz dz 5
b

= —pg(s — 2)0z5 — 2(2 — b)0rTas

because we have assumed that 7. (z = b) = pghd, s, and therefore the integration constant K in Eq. (1.78)
equal to zero, and because all horizontal stresses are independent of depth, or rather, where we simply
chose to use the values at the bed. We then calculate the deformational velocity using (1.79), which here
has the form

u(z) = 2/ A" Y dz 4wy (1.89)
b
where, as in Eq. (1.80), the effective stress is given by
T(2) =72, +72.(2) . (1.90)

It appears that at least in some implementations of the L1L2 method, the deformational velocity, u4(z) =
u(z) — up, is however not included ( , ).



1.7. VERTICAL INTEGRATION, ASSUMING CRYOSTATIC VERTICAL STRESS STATE 15

1.7.4 The Goldberg Variation

( ) suggested another variation, where we solve directly for the mean vertically averaged
horizontal velocities, @ and ©. He writes (Egs. 20 and 21 in ( )

h™10,(27h (20,4 + 0,0)) + h™ 10, (Fh(9,0 + 0yt)) + 0, (nd,u) = pgdss , (1.91)

h=10,(20h(20, + 0, 1)) + b~ 0, (Th(ps© + Oy@1)) + 0.(nd,v) = pgdys , (1.92)

which he derives from a variational principle, where 7 is the vertical average

i=7 | s,
of

1 B _ Cn B _ in
= i ((&Eu)2 + (8yv)2 + 0,1 0y0 + (0,0 + ayu)2/4 + (0.uq)? /4 + (azvd)2/4) 2
Note that in Eqgs. (1.91) and (1.92) all variables in all terms, except 9,(nd.u) and 9,(nd.v), have been
replaced by the vertically-integrated counterparts. The advantage of this formulation/ansatz is that it
can now easily be vertically integrated, and using the same manipulations of the 0,7,. and 0,7,. terms

as above in section 1.7 we arrive at
0 (2hi) (0t + 0yD)) + Oy (hn(9,0 + 0,4)) — B2 up = pghdys , (1.93)
0y (2h7 (00 + 0,10)) + O (h(9yt + 0,0)) — 5% vy = pghdys . (1.94)

One of the consequences of this formulation is that from comparing Eq. (1.93) with Eq. (1.91), we must

conclude that
*ﬂzub = haz(nazu) » (1'95)

that is
_62“’1) = aszz y (196)

using 7., = nd,u. The left-hand side of (1.96) is independent of z, so the implication must be that nd,u
is too and that 7,, is therefore a linear function of depth. This is plausible and strictly true in both the
SSA and the STA limits.

Integrating (1.95)

—/ B2up dz’ = h/ 9. (nd,u)dz"
gives
—B2up (s — 2) = hn(s)0,uls — hn(2)0,ul.
= h7p.(8) — h7ez(2)

If 75.(s) = 0, then
ndu = [uy (s —2)/h, (1.97)

giving a very simple expression for the vertical shear stress, 7,., where 7., varies linearly with depth,
and is equal to zero at the upper surface and equal to 3%u; at the lower surface.*

Integrating (1.97)
z 2 z !
/ 8zudz’:6ub 5 IZ dz',
b h )y n(2)

gives
ﬁ2 Up z g ZI
ho Sy n(z)

4However, the stress conditions at the surface, of = 0, are (to second order in €)

dz,

w(z) —up =

—Ozz 0zS — Toy Oys + Tzz = 0, (17.38)

—Try OzS — Oyy Oys + Ty = 0, (17.39)

Pa— (17.40)

for z = s(z,y), and therefore it is incorrect to assume 74.(s) = 0 as ( ) appears to do in his Eq. (31). However,

( ) writes the upper stress BCs as 0.u = 0 and 0,v = 0, i.e. assumes that 75.(s) = 7y-(s) = 0 (his Eq. (22)).
So in his derivation everything is consistent, but the questions remains why he assumes 7,.(s) = 7y-(s) = 0. He also
appears to make a similar simplification for the basal stress BCs (his Eq. (23)).
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u(z) = up <1 + %2 /bz sn(—z/z; dz') . (1.98)

We can integrate both sides once again to determine the mean velocity

1 S
U= E/b u(z') dz’

B ﬂ2 /b /Z s — Z/ ,
= 1+ — dz' d .
U= up ( + 2 ) 77(2') 2 az

This provides us with a relationship between the mean vertically average velocity, u, and the basal
velocity, up, and we can now replace u, and v, in Egs. (1.93) and (1.94) with @ and 9, respectively, by
simply redefining 32 accordingly. We therefore solve exactly the same equations as we would solve in
the SSA, the only change being that the effective viscosity is calculated somewhat differently. In the
Goldberg Variation, the effect of 7, and 7,, terms on the effective stress and the effective viscosity are
included, whereas in the SSA these terms are dropped.

From (1.98) it might appear that u(z) will be zero for u, = 0. However, this is not correct as in
that limit the basal boundary condition must be modified. We can do this easily by simply replacing
the product B%u;, with 7,.(b). Note, however, that it appears strictly speaking incorrect, or at least
somewhat inaccurate, to do so as this implies ¢4, = 7,.(b), which while generally correct in the STA limit,
is only correct in the SSA limit for almost flat lower surfaces. But that would imply variations in basal
topography slopes to be smaller than [z]/[z], which seems unnecessarily restrictive.

or

and arrive at

Alternative approach #1

When deriving Eq. (1.75) and (1.76), no assumptions were made about the vertical shear stresses 7,
and 7,.. We can see from (1.51)and (1.52), that in the shallow ice-stream approximation 7, and 7, are
linear functions of depth, and the same holds of course for the shallow ice-sheet approximation where
they are identically equal to zero.

We solve the SSA equations, without any modifications,

Op (W(2T3z + Tyy)) + Oy(ATay) — toe = pghOys (1.99)
Oy (h(2Tyy + Tuz)) + Ou(PTay) — toy = pghdys (1.100)
with
tye = f('u)ub (1.101)
tby = f(’U)’Ub (1102)

where f: R? — R, is a given scalar function. Solving the SSA equations gives the basal sliding velocity,
vp. We then determine the vertical shear stress distribution by assuming a linear variation with depth,
and where the upper and lower surface shear stresses are given by the SSA solution, that is

8) = (27Tgy + Tyy) OnS + Tuy Oy s, (1.103)
8) = Tay 028 + (27yy + Taa) Oys, (1.104)

Taz(

Ty (

at z = s(x,y), (see 1.59 and 1.60), and (see 1.63 and 1.64)

z =
z =

Toz(2 = b) = tpg + 02b (2700 + Tyy) + OybTay (1.105)

for z = b(x,y).
Linear vertical shear stress variation with depth

TzZ(Z) = T;z + (T:lcjz - T’fz)(s - Z)/h
Tyz(z) = T;z + (Tgl;z - T;z)(s - Z)/h

and
7(2) = Ts1a = /72 (2) + 77.(2)
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Ou=2A1""1r1,. .

u= 2A/ ()" 1y (2 d2 +
b

q:2p/ / Ar(N 1 () d2 dz + phuy
b Jo

Alternative approach #2

We solve the SSA equations, without any modifications,

Op (W(2T3z + Tyy)) + Oy(hTay) — tow = pghOys (1.107)
Oy (R(2Tyy + Tuz)) + Oz (hTay) — toy = pghOys (1.108)

and the SSA expression for the effective stress,

T =TssA = T\/Tay + T2y + TuaTyy + T2, - (1.109)

with
b = F(0)un (1.110)
tby = f(’l))Ub (].].].].)

where f : R? — R, is a given scalar function (mapping into the scalar field of real numbers), and where
This gives us the basal velocity, vy.
The small amplitude boundary conditions give

Tox(2 =8) = 025 (2T + Tyy) + Oy Tay , (1.112)
Tyz(2 = 8) = Oys (2Tyy + Tuz) + 0uS Ty , (1.113)
Tez(2 = 0) = toy + 0xb (2700 + Tyy) + OybTay (1.114)
Tyz(2 = b) =ty + Oyb (27 + Tuy) + Opb Toy (1.115)
We now make the approximation,
Tez(2) = toe (s — 2) /1, (1.116)
Tyz(2) = toy (s — 2)/h (1.117)

i.e. we make the approximations, both correct in the STA limit, that 7,,(z = s) =0 and 7., (2 = b) = tps,
and that the variation in vertical shear stresses with depth is linear, correct in both the SIA and the SSA
limits. We then further consider the SIA limit where

7(2) = Tssa(2) = /75 + 72, (1.118)
TsIA = \[th, + 15, (s —2)/h

éij = A(T) Ténlgl Tij 5 (175)

which we can also write as

In this limit, the flow law

implies
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Integrating, and assuming A does not vary with depth, we then arrive at

2A _ 2
YT () + (Tz?z)2)(n VI g /b (s —2)"dz' + vy
2A n—1)/2
= e (27 + )R =)
2A _
" () HtESAH(n DIZESSA (Wt — (s — 2)" ) 4o,

that is

vV =v4+ vy

2A
— hn+1 _ _ \n+1 t n—1 t SSA
= ) "
To summarise, the velocity and the vertically integrated flux are, hence,
2A _
= (A" (s — )Y 16" 1.119
v (n—l—l)h"( (s=2)"") 6]l "t + vy (1.119)
2pA n—1 2

=—— ||t ty, h h 1.120
a= L5l by b porh (1120)

where basal drag, t,, and the basal velocity, vy, are determined by solving the unmodified SSA system
(1.107) and (1.108), and where the effective stress is given by Eq. (1.109). Anticipating that in the SIA
limit the shear stresses dominate horizontal deviatoric stresses, we have approximated the effective stress
by Eq. (1.118) when calculating the STA contribution, allowing for an analytical vertical integration.
The resulting velocities and fluxes are correct in both the STA and the SSA limits. In the SSA limit
— where horizontal deviatoric stresses are large compared to vertical shear stresses but the vertical shear
stresses appear in the stress balance at leading order — we have the limit ||¢,|| — 0, and therefore the SSA
solutions for the velocity v = v, and the ice flux, ¢ = pvh. In the SIA limit, where horizontal deviatoric
stresses can be ignored, Egs. (1.99) and (1.100) imply ¢, = pghVs which agrees with the STA expression
(1.37) and the velocity and vertically integrated flux is identical to (1.38) and (1.42), respectively.

1.8 Equation of mass conservation

The prognostic equation
pOth+ V- q=pa, (1.121)

where
a=as+ap, (1.122)

is a vertically-integrated expression of mass conservation. The mass balance term, a, has the units
distance per time, and the mass flux, pa, the SI units kg/(m?sec), i.e. mass per area per time. If the
mass balance, a, is available as water equivalent per time, then a will need to be multiplied by the ratio
between the density of water and the density of the ice at a given location. That is, the a provided needs
to be multiplied by the dimensionless ratio 1000/ p, assuming p is in ST units.

We will now derive Eq. (1.121) using the local form of the mass-conservation equation® and the
kinematic boundary conditions at the upper and lower surfaces. The local form of the mass-conservation
equation is

V- (pv) + 0p =0, (1.123)
5 Assuming
Dol v
Dt| SV
we have

Dp
. p=V- =r
V- (pv)+0tp=V-v+ Dt

~V-v

and the local from is
V-v=0.
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and the kinematic boundary conditions at the upper and lower surface are

O0rs + Us0ys + Vs0ys —ws =as at z=s, (1.124)
Ob + up0:b + vp0yb —wy, = —ap  at  z =b. (1.125)

Note the sign convention for a, and ap used in (1.124) and (1.125). Mass fluz into the ice is defined
positive irrespective over which surface it takes place. Surface accumulation is positive, melting always

negative.
S
qzy :/ PUzy
b

The horizontal ice flux is defined as
although we will not always write the subscripts zy and frequently simply write instead

S
qz//w-
b

Focusing on the flow-line case for the moment we find that
ar‘]rc = ar/ (pu) dz
b
= / Oz (pu) dz + pusQyps — pupOyb
b

=~ [ @(pw) + 0ip) =+ s — pun 0,
b

= —pws + pwy — hOp + pusOys — pup Ozb
—h0Oip — pws + pusOys + pwy — pup Oxb
—hOip + pas — pdys + pay + poib
—hdip + pa — porh

or
002Gz = —0(ph) + pa . (1.126)

where again
a=as+ap, (1.122)

and therefore, once the y component has been added
Ou(ph) +Vuy -q=pa. (1.127)

In deriving (1.127) we used
9z (pu) + 9y(pv) = =02 (pw) + Oup

which follows from the general form of the local mass conservation equation, Eq. (1.123). However, when
inserting the integration limits, we we assumed same value for p at both the upper and lower boundaries.
If p varies vertically, we must use the corresponding density values at the upper and lower surface when
evaluating the limits of the integral.

In most modelling work of large ice masses it is assumed that the density p is uniform in space and
does not vary with time. In Uawe relax this condition somewhat and only assume that the density at a
given location does not change with time, i.e.

6tp:07

but allow the density to vary in the horizontal (0,p and 9,p are not assumed to be equal to zero, but
0.p = 0) and (1.127) therefore reads
pOth+V -q=pa (1.121)

or
p O¢th + Oz (phu) + 0y (phv) = pa (1.128)

for a velocity and density fields that only vary horizontally and not with depth.

Eq. (1.121) is the form of the mass continuity equation used in Ua. The effect of horizontal gradients
in (vertically integrated) density are also included in the momentum equations (1.27). The implications
horizontal density gradients on ice flow are explored in ( ).
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1.9 Vertically averaged density and firn density corrections

Ua uses for the density the vertically averaged value, that is

_ 1/
PUa ::p:E/ p(z)dz .
b

Sometimes a two layer model consisting of an ice layer and a firn layer, is used for the thickness h = s —b.
Let F' be the thickness of the firn layer and p; the density of that firn layer, then the vertically averaged
ice density can be calculated as

1 s—F s
== / pidz + / prdz
h b s—F

=5 (= P+ )

= Lph—(pF - 1)) (1.129)

h
1 ::/ prdz.
s—F

The “firn air content”, §, is sometimes defined as

where I denotes the integral

1 S
o=— (pi = py) dz
Pi Js—F
——(pF 1)
;i
(note that ¢ has the units distance), or
piF—1=p;6. (1.130)

Inserting (1.130) into (1.129) shows that the vertically averaged density (p) is related to ice thickness (h),
ice density (p;) and air content () through

p= % (hpi — dps)
=(1-0/h)p; . (1.131)
In some other numerical models the density is kept constant, often set equal to the density of ice, and
instead the ice thickness modified by subtracting the firn air content, d, from the ice thickness h. Hence,
those models would then use for the ice thickness A = h — 6. This is, for example, the assumption made
in the BedMachine data compilation ( , ). In BedMachine the flotation condition
can be thought of as being

((8_6) _b)pi+6pair = (S_b)po ) (1132)
but as the air density, p.i, is small compared to ice and ocean densities, the approximation p,; = 0 is

made, and the flotation condition then reads

(s—0—"0b)p;=(S—0b)p, (BedMachine), (1.133)

whereas in Uait is

(s=b)p=(S~b)p, (Ua), (1.134)

with p given by Eq. (1.131). Both formulations result in an identical flotation condition, that is both
Eqgs. (1.133) and (1.134)

(S=b)po=(s—b)p (Ua)
=h(1—6/h)p;
= (h—=d)pi
=h'po (BedMachine)

= (S - b)po
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so at the grounding line where b = B, )
hp=hp;=Hp,

but the ice thicknesses used different, i.e. h and h =h-3.

1.10 Vertical velocities

Note that ) 5
Ws = Us OpS + Wy — Up Ozb — —0pqe — —0sp
p p
or
1 h
W = Us 08 + Orb + ap — ; Qe — ;&p

which can be used to calculate vertical velocities. If the bed elevation does not change with time and if
furthermore 0;p = 0, we have the special case

1
ws:usaw3+ab_; xzx

1.11 Sliding laws

Basal drag is often assumed to be a function of velocity, i.e. Robin type boundary condition, and written
as

Uy
tb = f(uavah)i )
[[vg
where f is some given function, v, is the tangential basal velocity, i.e. the basal sliding velocity
v, =v— (AT -v)n, (1.135)
=T, (1.136)

and t; is the tangential component of the basal traction
t,=—-T(on), (1.137)

where

is the tangential operator®. We refer to t, as basal shear traction. Note that the shear traction is, in

general, not equal to basal shear stress. The basal drag caused by ice flow only acts over the grounded
parts, a fact which we can express as

t=Gf(v),
where G is the grounding/flotation mask defined as
Q = H(h - hf) .

All formulations in use assume that the tangential component of the basal drag vector points in the
same direction as the basal component of the basal velocity, that is

vy

6This can be seen as follows:
vy =v— (v AR

=1-nln)v

=Tv
where v, it the bed tangential component of v and we have used the identity (7 ® #)v = (v - R)f. One can also define
the normal operator N as

N=n®mn,
and we have

o=No+To.

In general, given a unit vector n, the orthogonal projection onto the subspace spanned by 7 is 1 ® n.
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Table 1.1: Sliding laws and definitions.

Name Abbreviation  Definition Parameters
Weertman W t, =G B, C m
Coulomb C ty, = up N ﬁ L
Budd W-N tb:qu)m B2 vy C m q
Tsai minCW t, = min(G B2 ||vp|| vp, prN) H:’]:H C m g
_ G B8 |lvsll e N vy
Cornford rCWm  t = Qo 516 ol T ¢ m
Umbi rCW ty, = 4%N+Qbﬂ2l“2b” Hzil;\l C m p
Zeroth-order hydrology NO N = Ggp(h — h})
When combined with the zeroth-order hydrology the abbreviations are: W, C, W-
NO, minCW-NO, rCWm-NO , and rCW-NO. The variable 32 is defined as
B2 =0
and hence, depends on the parameters C' and m.
1.11.1 Weertman sliding law (W)
The power-law type Weertman sliding law is
Ton+C Y™ || To|"™ " Tv =0, for z = B(z,y)
where the tangential operator is
T=1-a®n, (1.138)

with n being a unit vector normal to the bed profile. The tangential basal sliding velocity, vy, is
v, = T, (1.136)
and the tangential component of the basal traction
t,=—-T(omn). (1.137)

Different formulations of the Weertman sliding law are

ty =G C7™ w7 vy, (1.140)
“1/m m U

ty =G C V™ |y m (1.141)
t, =G %, (1.142)
[toll = G B2 [lvell, (1.143)

where 32 is defined as,
B2 =M oy || (1.144)

and”

v, =G"C [t t, (1.145)
los]| = G™ Cllts]™ (1.146)

In Uathe power-law sliding law is given as
tow\ o [ Up
()=o)

G=gm,
for any power m we do not strictly need to include the stress exponent m in any equations involving G. However if we
use an approximation to Heaviside function H in the definition of G given by Eq. (3), then this stress exponent should be
included.

7Since
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with
B2 = (C+Co) V™ (uf + v} +ul)tt=m/2m

and where Cy and ug are some (small) regularisation parameters.
The basal slipperiness C' has the physical dimensions of velocity divided by stress to the power m. It

can be useful to think of C' as the ratio o

cr
where C, has the dimensions of velocity and C- the dimensions of stress. We can then write (1.140) and
(1.145) as

C:

||vb||)”m o

t, =G C, ( _— 1.147

v c ) Twl (1.147)
tb”)m ty

vy = C, b 1.148

' (ga ol (1.148)

Weertman sliding law limits

If we now consider the limit m — 400 we see from Eq. (1.145) that ||¢y|| — C, over the grounded
areas (where G = 1) for the velocity to remain finite. With increasing m, the basal velocity v, becomes
increasingly sensitive to basal shear traction, and in the limit m — 400 the velocity can be considered
to become infinitely sensitive to basal shear traction. For m — 400, 1/m — 0 and inserting 1/m = 0
into Eq. (1.147) gives

t, = C'Ti for m — 4o0.
[[vs |

Hence, the basal shear traction is in this limit equal to C;, and C; can be considered to be a yield stress.
In this particular limit it therefore arguably better to recast the ’sliding’ law as

ty =71" D for m— ~+00,
[os

where 7 = C; is a yield stress, and the ‘sliding law’ is now simply a stress condition for the basal shear
traction and 7* a property of the bed (e.g. till) that is determined by some other physical principle.
Using this viewpoint, in the limit m — +o0o the parameter C,, has no effect on the solution, but can be
calculated afterwards from the velocity. The basal sliding law does not impose any direct constraints on
the basal sliding velocity, i.e. for given basal shear traction, the basal velocity can have any value. The
basal velocity can still be calculated by solving the SSTREAM /SSA equations provided the velocity is set
to a value somewhere along the boundary by the boundary conditions (In this limit the SSTREAM field
equations only provide constraints on the gradients of velocities). In the SIA equations the velocity can
not be determined using the momentum equation (as by definition there is no direct functional relationship
between velocity and basal shear traction), and must be determined from other consideration (such as
mass conservation).

Considering the opposite limit where m — 0, we see from Eq. (1.147) that now it is the basal shear
traction that becomes infinitely sensitive to basal velocity, or conversely, the basal velocity becomes in
this limit independent of basal shear traction. From Eq. (1.145), we find

ty

— for m —0.
s |]

Vp = CU
This is a limit which is (I find) difficult to understand in physical terms. The basal velocity is now no
longer a function of the stress state and must be determined by some other physical principle. What
physical conditions at the bed would force the basal sliding velocity to obtain some particular value
independently of the state of stress?

Note that the limits m — +o0o and m — 0 are fundamentally different. In the former the basal shear
traction is fixed, in the latter the basal velocity.

1.11.2 Budd sliding law (Generalised Weertman sliding law, W-N)

The Budd sliding law is
t, =G NU™ CVm oy |V ™ vy (1.149)
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where N = p — p,,, is the effective pressure. This sliding relationship can also be written as

t, =G NY/™ 32y, (1.150)
vy = % sl t, (1.151)
loul = gy sl (1.152)
Ita]l =G (ﬁf)”m o™ (1153)
where 32 is again defined by
B2 = O [y ||V (7.28)

If one assumes perfect hydrological connection with the ocean (see section 1.13.1), Budd sliding law
takes the form

a/m —
=G (pgh=1f)) " CTV oy w, (1.154)
q/m
= (pg(h - h})) 5 vy, (1.155)

It follows that N = 0 where h = hy = Hp,/p and therefore ¢, = 0 at the grounding line.

1.11.3 Coulomb (C)

The Coulomb friction law is v
t, = N m . (Coulomb) (1.156)
b

where N is the effective pressure the and coefficient of kinetic friction, g, an empirical property. The
effective pressure, N, has the same units as the basal drag, ¢,, or Pascal per square-meter, and py is
dimensionless.?

1.11.4 Combining Weertman (W) with Coulomb (C)

Budd sliding law ensures that basal drag goes to zero as the grounding line is approached. But there are
many other ways of ensuring that ||¢,|| — 0 as N — 0, for example by combining Weertman sliding and
the Coulomb friction laws:

t,=G vy, (Weertman) (1.147)
ty = N HZ—bH , (Coulomb) (1.156)
b
with
B2 = C7Ym ||y /M (7.28)
and of regularising the Coulomb friction law, see for example ( ). Two of those various

approaches of combining Weertman and Coulomb type sliding laws, are the Minimum Value and the
Reciprocal Sum approaches.

8Weertman sliding law is
ty =G CY/M [l |1/ 20
l[vpll
and therefore
peN =G C™Y™ oM

and, if C' has been determined, it is tempting to calculate N using
N =G O™ w1

However, there is no guarantee that this will produce a physically plausible effective pressure distribution. For example, for
any finite-valued inverted C distribution, IV calculated in this manner will not go to zero as the grounding line is approached
from above.
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Minimum Value (Tsai, minCW)

Here the idea is that basal drag is limited by these two processes acting independently, and the process

giving the lower value at a given location is the one to use at that location ( , ). So calculate
both
[to]l = G B vl (Weertman) (1.157)
Its]l = pN (Coulomb) (1.158)

and at each location use the law producing the lower value of the two. Hence,
Vp

[[os

Again, assuming perfect hydrological connection, the effective pressure can be approximated close to the
grounding line using Eq. (1.187).

t, = min(G B2 ||vp|| vp, 1 N) (Tsai) (1.159)

Reciprocal Sum (rCW, rCWm)
Another option of combining Weertman and Coulomb drag laws is to use a reciprocal sum of the two, i.e.

L1 1
(L g (I

)

or
b 1 1
+
||tb || ||tbC||

)

where again

18] =G 5% llvell, (1.143)
[£5]] = peV (1.158)

giving?:

1

T T+ 17T

MR

e {1+ [[£57]

N B2 ||o|

_ . 1.160
G N TG il (1.160)

[to] =

By looking at the limits where either the Coulomb or Weertman drag becomes small compared to the
other, we see that this idea is similar to the minimum value idea above, i.e. that these two processes act
independently, and the basal drag is at each location effectively determined by the process giving the
lower drag of the two.

Note that the grounding/floating mask G in the numerator is arguably redundant as GN = N, but
we keep it here to get the right limits as N — +o0o0. The basal drag vector is then calculated as

Uy
to = [[to]| 7
v
_ N GF |wl] v, (1.161)
N +GB2 [lvp]| [[vy
piN 2
=g By . 1.162
Wi+ G B o] (1162
9Formally this appears similar to Schoof’s suggestion which, apart from some stress exponents, is
N vl
Itoll = o7
AAN + ||vp|

and we get BEq. (1.160) if we set AA = u /B2, but the physical interpretation is very different.
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Figure 1.1: MismipPlus: Grounded area as function of time for different sliding laws. Description of the
experimental setup is given in Asay-Davis et al. (2016) and recent inter-comparison results are presented
in Cornford et al. (2020).

This gives the limits

o]l = G B* ||| for N — 400 (Weertman)
[tol| = pxe N for N —0 (Coulomb)
[o]] = pe N for  [lwp|| = +o0 (Coulomb)
[ts] = GB% [lvp]|  for [up|l =0 (Weertman)

Cornford’s reciprocal power weighting (rCWm)

In Asay-Davis et al. (2016), Cornford suggests combining the Weertman and Coulomb sliding laws using
the reciprocal sum with each term raised to the power m, or as

giving

Thus

(N S|
L N 0 [
1
th” = W™ cmy/m
/1" 1 + 1/ 1#51™)
R (7R
m my 1/
(g™ + ™™
N G B v |

(e N)™ + (G B2 o)™ ™

1N G 2 [Jvy | vy

ty = .
" Ny + G B o)™ Tl

(1.163)

(1.164)
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While expression (1.164) is not identical to Eq. (1.161) it clearly reflects the same idea, i.e. to combine
Weertman and Coulomb laws in a gradual and continuous manner, and it gives the same limits, i.e.

[to]l = G B* ||| for N — 400 (Weertman)
Ito|| = pe N for N — 0 (Coulomb)
[toll = pux N for  [lupl| = +o0 (Coulomb)

)

Its]] = Gp2 lvs||  for |lvp|| — O (Weertman

Different notations for the rCWm sliding law in the literature

In ( ), Eq. 11, the sliding law (1.164) is written as

B2 oy ||/ a2 N

= —wvp,  (Eq. 11 in Assay-Davis, 2016)
(82" o) + (a2 N)m™)"

where
ad = (1.165)
B2 llos] " =G 82 (1.166)
and therefore
B2 ool a2

f— 'U
(BZ [|vp ]| + (a2 Ny /™
N G B2 ||vp|| vy

= i7m (1.167)
()™ +(G B2 [fon )™ lovl

showing that (1.164) and Eq. 11 in ( ) are identical once we have made the notational
substitutions (1.165) and (1.166). Note that the 32 in (2016) is not the same as /3?
used here, and for that reason I have used 8% where ( ) use 2.
Joughin’s regularised Coulomb-Weertman sliding (rCWm)
In ( ), Joughin suggest using

t, = gC~L/m ( oo )Um ki (1.168)

[[os]| + vo [[vs

where vg is a new parameters. In ( ), the value of vg = 300ma~! and m = 3 was used.

This law includes both Weertman and Coulomb laws as separate limits. For vy > ||vp|| we can write
(Jlup|| + vo) = vo and (1.168) can now be approximated as

ty ~ G(Cog) ™™ [l | /™ 22 (1.169)
[os
which is Weertman sliding law (1.141) where
Cweertman = Cvgo .
For vy < ||vp|| we can write (||vp|| + vo) = ||vp|| and (1.168) can now be approximated as
t, ~ GO~ 1/m b (1.170)
[[os
which is Coulomb friction law (1.156) where
N =gCc=m.

However, since C is here a constant, or some spatially variable field determined through model inversion,
the basal drag will not automatically go to zero as the grounding line is approached and N — 0. In fact,
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it appears somewhat questionable to equate this limit with the Coulomb friction law, as the basal drag
is not limited, or in any manner affected, by the effective basal pressure. Rather, the limit is reached
whenever the basal speed is significantly larger than v, irrespective of the state of normal stresses between
the basal ice and the substrate.

To obtain the same C' field in the limit vy — 400 as for the Weertman sliding law, write

1/m
¢, = gO—1/myl/m ( vyl ) v 1.171
b=g Yo lvp|| + vo ool ( )

1.12 Ocean and atmospheric drag terms
To simulate the drag exerted on the ice by the ocean and the atmosphere, corresponding drag terms can
be added. For ocean drag term we add

t) = (1-G) ;™ oy — o] /™7 (v — wo)

where vy is the velocity of the ocean current, and G is the floating/grounding mask (see Table 1).
The sea-ice literature suggest mg = 1/2, i.e.

ty=(1-G)C% |lvp — vo|| (vy —w0),

and defines

where

1 1 1 . o
C, = N = o ~ 0.4 (units:y/(m/s)/Pa) .

The total drag is a sum of that due to basal sliding and ocean currents, or
t,=GBv,+ (1—G) B2 (vp — v,) .
where apparently the literature seems to suggest
B2 = Poco |lvs — vol| -

Ocean current can have speeds on the order of 0.05ms™! = 1500 km/yr, or at least three orders of
magnitudes greater than typical ice flow speeds. The ocean drag, |[t7]|, is then about

1£2]| = pocov? = 1000 x 0.0055 x 0.05% = 107° Pa .
In comparison the driving stress term for an ice shelf with slope 1075 is
%ggazm = 1000 x 10 x 100 x 107> = 10 Pa .
This term however, can be even smaller if the thickness gradient is sufficiently small.

By applying ocean drag detached ice shelves (tabular ice bergs) can be included in the computational
domain as otherwise the system would be singular.

1.12.1 Note on icebergs and detached ice shelves.

Following ( ) the momentum equation for an (undeformable, point-like) ice berg can
be written on the form J
)
pa—&-pkz xv=t,+ty +1j (1.172)

where t,, is the ocean pressure gradient, and pk x v is due to Coriolis force.
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Assuming geostrophic flow, the ocean pressure gradient, which will be closely related to the ocean
surface slopes, can be approximated from ocean velocity as

tp = pfk X Vo 9
and the ocean pressure term can be combined with the Coriolis term to give

dv
Pt
The movement of a deformable ice berg can be described using the SSA equations, with the drag

being produced by the action of winds and ocean currents, by adding the Coriolis force to Eq. (1.18) and
(1.19) giving

+pkx (v—1v,) =t +1tj . (1.173)

1

—pfhv + 0y (h(2Tus + Tyy)) + Oy (hTiy) — tow = 5ggfw (1.174)
1

pfhu+ 0y (h(27yy + Tog)) + On (RTay) — toy = iggayfﬂ (1.175)

where f is the Coriolis parameter (units per time),
f = 20sing (1.176)

where ¢ is the latitude, and ) the rotational rate of the Earth, i.e. QT = 27 where T = 24hr =
7.2921 x 10~ °rads~! = 2301 rad yr—'.

At a latitude of 70 degrees south, f = 2Qsin ¢ ~ 6.8 x 10~°rad/s, and for an ice-berg, drifting with
the velocity 0.05m/s = 1500 km/yr, the term pfhv is on the order of

pfhv = 1000 x 6.8 x 107° x 100 x 0.05 ~ 0.3 Pa

To gain some insight into the solutions of Eq. (1.174) and (1.175), consider a one-dimensional flat ice
berg, ignoring the Coriolis terms for the time being. We arrive at (see also Eq. (1.229))

20, (A—l/" h (awu)l/n) — pocolt — uo|(u — up) = 0 (1.177)

or
2

ZATY B (0,u) Y 02w — pocolu — uo|(u — ug) = 0 (1.178)
n
We see that the velocity of ice must now vary spatially because © = up is not a solution to (1.178).
Nevertheless, we can expect the velocity of the ice berg to be close to that of the ocean.

If the balance is between Coriolis and ocean-induced drag, and we ignore all internal ice deformation
of the ice berg, the Eq. (1.174) and (1.175) read

—pfh(v—15) = poto ||V — Vol (u — ug) (1.179)
pfh(u = o) = poco ||V — vol| (v — o) (1.180)
and the solution is simply
V=", .

Hence, the ice berg moves at the at the same speed and in the same direction as the ocean current. If the
balance is between Coriolis and wind-induced drag, on the other hand, and we again ignore all internal
ice deformation of the ice berg, the Eq. (1.174) and (1.175) reduce to

=pfh(v = Vo) = paca [V — va (v — ua) (1.181)
pfh(u— o) = paca [|v — va| (v —va) (1.182)

Assuming that wind speeds are much larger than the speed of the ice berg we then have

v =0 + Y ||Va]| Ua (1.183)
U=, — ||Va| va (1.184)
where
PaCa
v= :
pfh

The effect of the wind is, hence, to cause the ice berg to move with a velocity at 90 degrees to the wind
direction.
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1.13 Effective basal water pressure

1.13.1 Hydrology

The First Law of Observational Subglacial Hydrology is that if you drill a hole in a warm-based glacier
and measure the subglacial water pressure, that pressure will tend to be at or close to the ice overburden
pressure. This observation can be expressed as either relative or absolute terms as (relative)

= < 1.185
ogh Yw ( )
where 7,, is small compared to unity, e.g.
Y S 0.1
or (absolute)
N <Ty

where Iy, is a dimensional number based on observations, e.g. I",, < 1 kPa.

Perfect hydrological connection

It is sometimes assumed that the sub-glacial pressure in the vicinity of the grounding line equals the
ocean pressure, in which case

N = g(ph — p,H") (1.186)
=gp(h —h7). (1.187)

where H7 is the positive ocean depth and h}“ the positive flotation thickness defined by Egs. (1.33) and
(2), respectively. It follows that

AN fpg it h>hg
dh )0 if h<hy

when h > hy, and this might seem rather unrealistic if h >> hy.
Note that the assumption of perfect hydrological implies

- pg(h —h¥)
b pgh
=1-hi/h

clearly violating the relative formulation of the first law of observational subglacial hydrology (Eq. 1.185)
whenever h;{ < (1 — 7yy)h.

Rosier hydrology

The Rosier hydrology, defined as

N = min (pg(h —h}), vagh)

where
Y = (em) ™! = 0.117

is one approach to satisfy the first law in its relative from.'® For the Rosier hydrology
w if hYhe/(1— vy
av | ees Yy /(1= 7)

T Y if hp<h<hg/(1="w)
0 if h<hy

10The exact mathematical expression for 7, is based on unpublished work by S. Rosier.
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Passive hydrology

31

The passive hydrology model is motivated by the absolute formulation of the first law. It does not predict
the exact value of N at all, but states that the effective pressure is independent of ice thickness, i.e.

ON

%—O.

It can be argued that currently many (most?) ice-sheet models implicitly assume the hydrology to be

passive in this sense.

1.14 Flow law

Glen’s flow law is

. n—1
eij :AT Tij>

T = \/TijTij/2

Tij = A—l/n 6(l—n)/n éij7

€= 1/6'1']‘6'1‘3‘/2

which in the Shallow Ice Stream Approximation takes the form

where

The flow law can also be written as

where

E= () + (E40)? o éun by + (E2)?
= ((0pu)? + (3yv)? + Dpudyv + (Opv + Dyu)? /4)1/?

If we write
Tij = 27761]
then 7 is the effective viscosity given by

n= %A_l/” é(l—n)/n

or
1

n= iA_l/” ((&Du)2 + (8yv)2 + 0,u 0yv + (90 + 8yu)2/4)(1_")/2"

1.15 Floating relationships

For a given bedrock geometry B and ocean surface S the ice is floating provided h < h; where

hy := poH/p,

and for A > hy the glacier is grounded.
Where the ice is afloat, we have the floating condition

pg (s —b) = pog (S —),
pgh = pogd.

Following relations are obtained by rearranging this floating condition,

s—8 Po
h:podpziz—s—b’
/ L—p/po p( )
b= PSP g Py
Po — P Po

s =8+ (1= p/po)h = (1= po/p)b+ %s,

f=s-8=(1-p/po)h

(1.188)

(1.189)
(1.190)

(1.8)

(1.191)

(1.192)

(1.193)

(1.194)

(1.195)

(1.196)
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Furthermore, if 9,5 = 0, and p is spatially constant, then the slopes of the upper and the lower
boundary are related through
bOys — s0,b=S0,h, (1.197)

and also
0x8 = (1 — p/po)0zh.
At the grounding line we have
h = hy,
d=H,

where hy is defined by Eq. (1.192).

1.15.1 Expressing geometrical variables in terms of ice thickness

For a fully implicit treatment, i.e. implicit with respect both velocity and geometry, is advantageous to
be able to express geometrical variables such as s, b, and d in terms of ice thickness h.
It is easy to see that

s=MH(h—hg) (h+B)+H(hf —h) (S+ (1 —p/po) h), (1.198)
b="H(h—hs) B+H(hy —h) (S—ph/po), (1.199)
and that
d:=H(H)(S—-D) (1.200)
—H(H) [H(hs — h)ph/po +H(h — hy)H), (1.201)
ie.
H, if h>hyand H>0
d= < ph/p,, if h<hyand H>0
0, if H<O0

The draft is always 0 < d < ph/p,.

Eq. (1.201) can be simplified a bit further by noticing that if H > 0 then H(H)H(hy—h) = H(hy—h).
On the other hand if H < 0 then H(H) = 0 but so is H(hy — h) because if H = S — B < 0 then
hy = %"(S — B) < 0 and since h is always positive we have H(hy —h) =0, i.e.

H(H)H(hy —h) = H(hs = h),

and d can therefore be written as a function of h as

d=H(hy —h)ph/po +H(H)H(h — hy)H. (1.202)
or as
d=H(hy —h)ph/po+H(h —hp)HT. (1.203)
using
H" :=H(H)H.

1.15.2 Calculating b and s given h, S and B
If we think of S, B, and h as independent variables, i.e.

s=s(h, S, B,p, po)
b="b(h,S, B, p,po)

then s and b are given by
s =G(B+h)+(1=G)((1=po/p)b+ poS/p),
_ _ Porg
=G(B+h)+(1-0) <b+ P (S b)) 7

b=GB+ (1—G)(S— ph/po),
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valid both over the grounded and the floating sections. where again the grounding/flotation mask G is
defined as

g = H(h — hf),
with
hy = po(S — B)/p.

Here s and b are explicit functions of h because for h and S and B given, the flotation/grounding mask
G is already determined.

In numerical calculations, it may sometimes be desired to use a smooth and continuous approximation
of the Heaviside step function.!! However, any smooth approximation of the Heaviside step function will
inescapably imply that the upper and lower surfaces are not in a perfect point-wise agreement with

flotation/grounding conditions. In particular, we can have the situation where the lower ice surface b is
lower than the bedrock B. To see this note that the condition b > B implies

b—B=B(G—1)+(1-G)(S—ph/po)
=(5-=B)1—-G)—(1-G)ph/po
=H(1-G)—(1-G)ph/po
= (H = ph/po) (1 = G)
>0

or
(poH/p —h) H(poH/p—h) =0

or simply
xH(z)>0.

Whenever #H(x) is an exact step function, this inequality is clearly fulfilled for any x. If, however, H(z) is
approximated by some smooth function this is no longer the case. For example, if H(—¢) = ¢ > 0 where €
and § are some arbitrarily small positive numbers, then 2 (z) < 0 for = —e and therefore b < B. One
can argue that for any sensible approximation of the Heaviside step function, we must have H(xz) > 1/2
for > 0. Assuming this, then at the grounding line where h = hy, we have G = 1/2 and therefore

b=B/2+ (S~ phy/p.)/2
= B/2+(S—(S—B))/2
=B

and downstream of the grounding line b > B. However, upstream of the grounding line any approxi-
mation of the Heaviside step function unavoidably implies that the we may encounter a situation where
numerically b < B. This can be seen to be a consequence of b being partly determined by flotation
conditions upstream of the grounding line despite i there being greater than flotation thickness hy.

1.15.3 Calculating b and h given s, S and B

The lower glacier surface (b) and the ice thickness (h) can be calculated from the upper glacier surface
(s), the ocean surface (S) and the bedrock (B) as

b= maX{B, 'Os_p"s} : (1.204)
P = Po
h=s—b. (1.205)

Hence, b should never be lower than the bedrock, B, or the flotation limit for the lower surface. Again
as discussed above, this is potentially violated if flotation mask is calculated using a (slightly) smoothed
step function (as is done in Ua). For that reason this problem is a bit more complicated, and in Uait is
solved implicitly as follows. We write

b="0(s,S,B,p,po) ,
h = h(s,S,B,p,po) ,

H'This is, for example, needed to achieve second-order convergence in the NR iteration.
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Calculating b and h from s, S, and B by minimizing
J=[(b-GB~(1-G)(ps — poS/(p— po)) dz dy

s with respect to b
T T T

10

10°

10°

10—10

Cost function, J

10-15

10—20

1025 I I I I I I I
1 15 2 25 3 35 4 4.5 5
iterations

Figure 1.2: Calculating b and h from s, S, and B by minimising J as given in Eq. (1.209) with respect
to b.

as
pPS — PoS
b=G B+ (1-G)—=—r 1.206
g (1-9) p— ( )
s— S
h = ~-B)+(1-¢)—2—, 1.207
G (s—B)+( g)]_—p/Po ( )
where
G =H(h — polS — B)/p) (1.208)

The system (1.206) to (1.208) is non-linear because G depends on h. Finding b given s, S and B is
equivalent to solving the equation

where the function Fj is defined as

ps = poS
Fy(b):=b—GB—(1—G)—"=
b(b) GgB-(1-9) o

and G and h are defined in terms of b through Eqs. (1.206) and (1.207).
We can calculate b from s, S and B given p and p, by minimising the cost function J defined as

1 1
J =5 |Bl: =5 F - F (1.209)

with respect to b using the NR method as follows: For given s, S, B, p and p,, and an initial guess for b
and h repeat:

G =H(h — po(S—B)/p)
Fy=b-GB—(1-G)(ps — poS)/(p — po)
OFy/0b =1+ 6(h —hy) (B = (ps = poS)/(p = po))
(8F,/Ob)Ab = —F,
b="b+Ab
h=s-—5b

until ||J|| < e. An initial guess for b and h is provided by Egs. (1.204) and (1.205).

1.16 Stress boundary conditions at an ice front

We consider the case of an ice front in contact with water of a given depth. The treatment is general

and includes the cases of zero water depth, i.e. glacier terminating on land, and a floating ice front, i.e.
a glacier terminating in an ocean.
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At the calving front the jump condition is
g - 'f’/xy = —DoTy.
where p, is the hydrostatic ocean pressure, and

'ﬁxy = (nxany70)T7
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is a unit normal pointing horizontally outward from the ice front. The vertically integrated form of this

stress condition is

s S
/ (Ozang + Ozyny) dz = —/ Pongzdz on I’y
b b

s S
/b (Ozynag + oyyny) dz = —/b Pontydz on Ty

(1.210)

(1.211)

If the draft d at the ice front is zero, i.e. if the ice front is fully grounded, then S < b, the right hand

sides of (1.210) and (1.211) are to be set to zero.
Using
Ogx = szw + Tyy + 02z,
and with
Oz = —pg(s - Z)v

(where we have set o = 0), if follows that

/Umdz = /(Qwa—FTyy)dz—/ pg(s — z)dx
b b b

= h(27ps + Tyy) — %hg.

The & component of the vertically integrated ocean pressure acting on the calving front is

s
—/ Pog(S — z)ng dz
b

— 1 2
= —3r0(8 D)
1

= ——pogd’.
5 P00

s
—/ PoNg dz
b

Boundary conditions (1.210) and (1.211) can therefore be written as

h(2Tea + Tyy)ta + hTeyny = %(th — pod®) 1,
h(2Tyy + Tzz)ny + hTry”z = %(th - p0d2) ny,
or more compactly as
- g R
R- gy = = (ph® — pod®) Nayy.

2h

where the resistive stress tensor, R, is

R— (27’w + Tyy Tay )

Tay 2Tyy + T

Boundary condition (1.214) is valid for both grounded and floating ice edges.

(1.212)

(1.213)

(1.214)

(1.26)
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1.16.1 Floating

In the particular case where the calving front is afloat, ph = p,d boundary conditions (1.212) and (1.213)
simplify to

1

h(2Tpe 4 Tyy)Na 4+ W7y ny = §ggh2nm (1.215)
1

h(2Tyy + Toz)Ny + hTyy gy = 5Qgh2ny (1.216)

where
0:=p(1—p/po),

Written in terms of the velocity components the boundary conditions along a floating ice front are:

h2
(40,1 + 20,0)ng + nh(Dpv + dyu)n, = "92 N, (1.217)
ogh?
Nh(0zv + Oyu)ng + nh(40yv + 20u)n, = 5 " (1.218)
1.16.2 Grounded
On the other hand if the ice terminates on land then d = 0 and
h(2Tsg + Tyy)Nw + BTay ny = gphz T, (1.219)
h(2Tyy + Toa)Ny + ATey Ny = gph2 Ty (1.220)

1.17 Boundary condition at a glacier terminus as a natural bound-
ary condition

For solving (1.18) and (1.19) it is advantageous to modify the equations in such a way that the boundary
conditions (1.212) and (1.213) become the ‘natural’ boundary conditions. Furthermore, for an implicit
time integration with respect to both velocities, grounding-line position, and ice thickness, it is of advan-
tage to write all evolving geometrical variables (s, b) in terms of the ice thickness h.

The key idea is to rewrite (assuming o = 0) the Eqs. (1.18) and (1.19) as

1

02 (W(2702 + Tyy)) + Oy (hTay) — tow = igﬁx(PhQ - Pod2) + g(ph — pod)0:b, (1.221)
1

Oy(h(27yy + Taz)) + 02 (hTay) — toy = igﬁy(phz — pod®) + g(ph — Pod)Oyb, (1.222)

(note the d term is not missing a H(H) because d is automatically zero whenever H(H) = 0.) where it
has been used that 0,p, = 0yp, = 0 and 9,5 = 9,5 = 0. Note that in Eqgs. (1.221) and (1.222) the second
terms on the right hand sides are automatically zero where the ice is afloat and that this formulation can
also be used if the ice density varies in the horizontal.

The equality of the right-hand terms in (1.18) and (1.221) (for oo = 0) follows from

1 1
igaw(ph? - pod2) + g(ph - pod)awb = Eghzazp +9 (phamh - pod azd) + g(ph - pod)axb

1
= Sgh*0.p + g (phdu(s — b) — pod Dpd) + g(ph — pod)d.b

2
1
= 5907 0up + g (PhOss = pod D) = gpoddyb
1
= 5907 02p + g (PhDss — pod 0:(H(H)(S = b)) — gpoddyb

1
= 5907 0up + gphdys — gpod (S — b)0, H(H)
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and the last term is (in an integrated sense) zero
/gpod(S —b)0, H(H) dx = /gpod (S —b)OuMH(H) 0, H dx

_ / pod (S — b) 5(H) 0, H da
=gpod (S —b) (for = where H =0)
-0

where the last step follows from the fact that where H = 0, we have S = b, because if H = 0, then
hy = pH/p, = 0, and hence h > h; because h is never negative. Where H = 0 the ice is therefore
grounded, and B = b and therefore S —b=S5S—-B=H =0,s0 S =b.

Hence

1 1
9phdrs + 59h*0up = 5902 (ph* = pod®) + g(ph — pod) 0. (1.223)

Because p,d < ph, with the equality sign fulfilled where the ice is afloat, the second terms on the
right-hand sides of Egs. (1.221) and (1.222) are positive where the ice is both partly and fully grounded,
and zero where it is afloat. Therefore

g(ph — pod)0yb = H(h — hy)g(ph — pod)Oyb
= H(h — hy)g(ph — pod)0, B
= H(h —hys)g(ph — p,H" )0, B

where we used
d=H(hy —h)ph/po+H(h —hs)HT, (1.203)

and hence
H(h —hy)d =H>*(h—hy)HT,

again in an integrated sense (i.e. when evaluated under an integral).
The basal drag terms are also zero where the ice is afloat and the system can therefore be written as

1
0u (1270 + 7)) + Oy (WTay) = tow = 590 (Ph* = pod®) + g H(h — hy)(ph — poH )0 B (1.224)

1
0y (h(2ryy + Tue)) + O (h7ay) — tay = 590y (P2 — pod®) + g H(h — hy)(ph = po,H)O, B (1.225)

This suggests how the boundary condition (1.214) can form the natural boundary condition of our FE
formulation. This can be achieved by including in the corresponding boundary integral the first terms
on the left and right-hand sides of (1.224) and (1.225). The details are given in Section 2.2.

Written in terms of the velocity components:

Oz (hn(40;u 4 20,v)) + Oy (hn(Oyu + 02v)) — toy =

1

590:(ph* = pod®) + g H(h — hy)(ph = poH )0, B (1.226)
9y (hn(40yv + 20,u)) + Oy (AN (020 + Oyu) — tyy =

1
5gay(,oh? — pod®) + gH(h — hy)(ph — po,HT)0, B (1.227)

1.18 SSTREAM in 1HD
In one horizontal dimension (1HD), i.e. in the flow-line case, the SSTREAM equation becomes
1
40, (hndzu) — tpe = igﬁx(th — pod®) + gH(h — hy)(ph — poH')0, B

with ) )
n= §A*1/"é(1*")/” — 5A*l/n Haru”(l—n)/n
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Figure 1.3: Comparison between analytical and nu-
merical solutions for a one-dimensional ice shelf.
Parameters: A = 1.14 x 107 8kPa"3a"!, n = 3,
hg = 1000m, uy = 300ma~', p = 910kgm™3,
po = 1030kgm™3. The value for A corresponds to
an ice temperature of about -10 degrees Celsius.
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Figure 1.4: Close up of velocity and surface profiles.
The analytical solutions are derived in section 11.5,
see for example Eq. (11.43). This numerical solution
was obtained using linear elements and automated
mesh refinement based on the gradient of the effec-
tive strain rate.

the = H(h — hp) CY™|uV/m=1y

if we use Weertman sliding law, where d is the draft

d=HH)S—b).

Inserting Glen’s flow law we get

1
205 (A" b |0u| /MO u) — by = §gt9w(ph2 — pod®) + gH(h — hy)(ph — poH )0, B

(1.228)

and if we can assume that v > 0 and d,u > 0 then the SSTREAM equation is

1
20, (A*l/n h (&cu)l/”) = H(h = hp)CT ™ = pghdes + 5 gh*Dap

(1.229)

Eq. (1.229) is a common way of writing down the SSTREAM /SSA equation in 1HD.
If the ice is afloat, in which case #(h — hy) = 1, and basal drag can be ignored we have

1
205 (A" b (9pu) A~/ u) = §gaw(ph2 — pod?)

which we can integrate to

1
ATV R (0u) 1T 0pu = g (ph? = pod?) |

where we have used the boundary condition at the calving front to show the integration constant is zero.

2 24\ ™
ém=A<g(ph pod)> 7

This can be rearranged to

and

1
hTpe = Zg(th — pod?) .



Chapter 2

Finite-element implementation

The general idea behind finite elements is to expand all functions in a given basis, {¢,| p = 1...n}, insert
those into the equations, £(x) = 0, to be solved, and then form the algebraic system

(L(x)]dg) =0

forg=1...n.

2.1 Function expansions in the FE basis

Generally, when solving for example the non-linear system

L =0y (alx, f(2)) 0u f(x)) + b(z, f(2)) f(2) = g(=, f(x))

for the unknown f(z) and the given functions g(z, f(x)), a(z, f(z)) and b(z, f(x)), we expand f(z) as

f(@) = fp dp(x)
and solve
(L(z, f(x))|pg) =0 for g=1...n
for fp, where p =1...n. The basis functions, ¢4(x), have the property that

Bp(Tq) = dpq

where x4 are the nodal coordinates. Hence,

f(zq) = fodp(zg) = f4

so fy is the values of f(z) at the nodal point ¢ with the coordinate z,,.

There are several different options of expanding the functions a, b and g, which in general can be
expected to be functions of f for non-linear problems. One approach is to evaluate the functions on the
nodal points

ap ==a(zp, f(zp))
by :=b(xp, f(zp))
9p =9(xp, f(7p))

and then expand as, for example.
a(x) = apdp(w)

Another approach would be to evaluate a(z, f(x)) at the integration points. This approach must be used
if the functions a, b and g depend on the derivative of f(z), which can only be evaluated within the
element, for example at the integration points.

For example, assume we have the two functions f(z) and h(x), and the function g(z) where
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< ',—;‘f‘/ ————— h(z) = h1 ¢1(x) + ho pa(x)
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Figure 2.1: Comparison between nodal and integration-point evaluations.

What are the values of g(z) at the integration points zin? Assuming f(z) and h(z) are expanded in
terms of their know nodal values as

flz) = fp@bp(x)
h(z) = hpop(x)

then we have two options for expanding g(x), i.e. the nodal-point and the integration-point approach.
Using the nodal-point approach, we write

9(x) = gp ¢p(2)
= g(f(hp)) ¢p(x)

i.e. we evaluate g(z) = f(h(z)) at the nodes, giving us the nodal values of g(z) as

9p = f(hp)

and then we expand g(x) as g(z) = gp ¢p(x). This gives us the integration-point values for g(zx) as

9(ine) = 9(f (hp)) dp(Tine)

Alternatively, using the integration-point approach, we evaluate the function g(z) at the integration
as

g(xint) = g(f(hlnt))

Generally, those two modes of evaluation integration-point values of a composite function do not agree,
that is

g(f(hp)) ¢p(xint) 7é g(f(hmt))
(O — ——

nodal integration-point

As an example, assume ¢ (z) = x and ¢o(x) = 1 — z, over the interval 0 < z < 1, and we expand the
functions p(x) and h(x) as

p191(2) + p2ga(w)
h(z) = h1¢1(z) + haoa(z)
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We would like to select d(x) such that

p(x)h(z) = pod(z) = 0
for p(x), h(z) and po, given, i.e. we must have

d(x) = p(x)h(z)/po

Using the nodal-point evaluation for d(z) we first write

dnode () = d1¢1(x) + dag2(x)

and solve for d; and dy by writing the residual
r(@) = p(a)h(z) — pod(z)

and setting r(z;) = 0 at nodal points, which here are 1 = 0 and =2 = 1. Since

bi(zj) = dij
we find that

dy = ,Dlhl/Po

dy = p2h2/ﬂo

The residual r, using the nodal evaluation for d(z), is therefore

Tnode(Z) = (p101(x) + p2o2(x))(h1¢1(x) + hada(x)) — po dnode
= (p191(x) + p2da(x))(h1d1(x) + hada(x)) — po (di1d1 () + dag2(x))

This residual will be zero at the nodal points where z = x,,, but not necessarily zero for all values of x.
Alternatively, we can calculate d(z) at any given location as d(z) = p(z)h(x)/po., i.e.

L (0161(2) + p26a(@)) (a1 (2) + hatha(x))

o

dint (ﬂf)
Now the residual function, using the integration-point evaluation for d(x), becomes

Ting (7) = (p161(x) + p2d2(x))(h1d1 () + had2(x)) — po ding ()
= (p191(z) + p2d2(x))(hid1(z) + haga()) — (p1d1(2) + p2d2(x))(h1d1(z) + haga(T))

which clearly is zero for all values of x. This situation is depicted in Fig. (2.1), for p1 = 0.9, p2 = 0,
hy = 1.1, hy = 0, and p, = 1. As can be seen, the nodal residual is zero at the nodes, but not at all
values within the element.

As a further example consider the basal drag term in 1HD written as

the = H(h — hy)B?(u) u
where
hf = PoH/P

or
bz, u(w)) = H(h(z) — hy(2))B(u(@), )
or, when evaluated at nodes,
b(x) = bydp(x)
where
by = H(h(xp) — hy(zp)) B (up, zp)
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2.2 FE formulation of the diagnostic equations

In the FE method the inner product of the field equations with a test function is formed. The inner

product is
@10~ [[ ovaray

where ¢ and 6 are some functions. One form of Green’s theorem states that

//¢8x9dxdy=—// 81¢9dxdy+}{¢9nwdl“
Q Q r

As shown above, the SSA/SSTREAM momentum equations are

1
0u (1270 + 7)) + Oy (WTay) = tow = 590 (Ph* = pod®) + g H(h — hy)(ph — poH )0 B (1.224)

1
0y (h(2ryy + 7o) + Ou () — tay = 590y (Ph2 — pod®) + g H(h — hy)(ph — poH)O, B (1.225)

where the (positive) ocean depth is

H* :=H(H)H (1.33)
—H(H)(S — B)

i.e. HT = H if H > 0 and zero otherwise, and the draft is
d=H(H)(S —b). (5)

Applying the Green’s theorem on the stress terms and the first term on the right-hand side of
Eq. (1.224), i.e. z direction, leads to

0= // (27 + 7)006 + ey 06+ 0 6
Q

1
- ig(th - pod2) O0r®

+ 6 g H(h = hy)(ph — p,H )0, B) da dy
1
— f(h(mm + Tyy) PNy + hTyy Py — 5g(ph2 — pod?) ¢ny) ,dl’
N

Performing the same calculation of the y direction results in boundary terms that are identically equal
to zero for the boundary condition (1.214). The natural boundary condition is therefore exactly (1.214)
and covers not only the case of a fully floating ice front, but that of a grounded and partially grounded
ice fronts as well. Using Eq. (1.201) the draft (d) appearing the equations above can be written in terms
of the ice thickness (h). This formulation is therefore well suited as a starting point for a linearisation
around h required for a fully implicit solution of transient flow.

Expressing the SSA (SSTREAM) momentum equation ins terms of the velocity components v and v
leads to

0= //Q(hn(élazu 1 20,0)0,6 + hn(yu + 0:0)dyd + H(h — hp)B2u g

- %g(ph2 — po@*)00d + ¢ g H(h — hy)(ph — poH )0, B) da: dy

— (A0, +20,0) 6 s+ @y + 050) by = ool = o) Nyl (21)
0= / /Q (h(40,0 + 20,1)0, 6 + (Do + Dyu)Ducd + H(h — hy) 0 &
— 2 9(ph® = pud®)0y6 + 6 g Hlh — hy)(ph — p, ), B) da dy

2

— ]{(hn(llﬁyv +20,u) pny + hn(Ozv + Oyu) pny — %g(th — pod?) N)n,, dl’ (2.2)
r

where the corresponding expression in y direction has been added.
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2.3 FE formulation of the transient problem

Uaallows for implicit time integration with respect to both geometry, grounding-line migration, and
velocity. This approach is not limited by the CFL condition and is unconditionally stable allowing for
arbitrarily large times steps irrespective of spatial discretisation. The time step is only limited by the
convergence radius of the Newton-Raphson method'.

The recommended option in a transient run is to use an implicit fractional-step 6 scheme combined
with the consistent streamline-upwind Petrov-Galerkin method (SUPG). This is the default option.

In Uaa semi-implicit approach (implicit with respect to geometry, explicit with respect to velocity)
is also implemented. Unless memory is a limiting factor, the fully implicit approach is always preferable
to the semi-implicit (staggered) approach.

Experience shows the § method to give good results when used in a combination with a fully implicit
forward time integration. For a semi-implicit approach a third-order Taylor Galerkin (TG3) is a better
approach.

In 2HD both ¢ and TG3 have been implemented for both staggered and implicit approach. (The
1HD fully implicit was only done using the § method and not using TG3.) Using TG3 in 1HD staggered
approach resulted in a great improvement over the # method. It appears that in the implicit approach
there is no great advantage of using TG3 over the § method.

There is no separate diffusion term added to the prognostic equations in Ua, and no shock-stabilisation
term either. Even just using the fully implicit approach without SUPG generally gives good results. But
using SUPG is nevertheless recommended, especially for problems involving grounding line migration.

2.3.1 Time integration algorithms

Consider the transient problem

dy
E_f(y)

where f is a known function, and y = y(¢). A large number of time-discretisation methods have been
proposed.

The 0§ method
The (generalised) trapezoidal method, often referred to as the § method, is
1 0

4 A‘ty =0f(y") +(1—-0)f(°) 6e[0,1] (2.3)

where y° = y(t9) and y' = y(¢;) with t; = to + At. For § = 0 we have the explicit forward Euler method,
for 6 = 1 the implicit backward Euler method, and for § = 1/2 the implicit Crank-Nicolson method.

Selection of method and parameters is problem dependent. Forward Euler should, for example, never
be used for hyperbolic equations as it is unconditionally unstable for all wave-numbers. To see this
consider the linear hyperbolic equation

Yt = —VYx

for v > 0, and the finite-difference discretisation on a regular grid for f(y) = —vy, and § = 0 in Eq. (2.3)
gives

1 0
Yi —Y;
= f(w)

At
dyy]
= —vV—
dx
_ CU?H - yﬁll
2 Az
or
1.0 _&,0 0
Y =Y; — *(yj-i-l - yj—l)

2

1Joseph Raphson published his method 50 years earlier than Newton in his book Analysis Aequationum Universalis,

(1702)
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where £ := v At/Az is the Courant number (or the Courant-Friedrichs-Lewy number). Von Neumann
stability analysis with

1 1 ikz;
yj =Y, et
0 0 jikx;
y) = Y etk

0 _ vO0 ik(z;+Ax
Yjir1 =Yg e (=5+42)

0 _ vO0 jik(z;j—Ax)
Yyj1 =Y, e

gives for the forward Euler method

Ykl 6ik:c_,» — Yko eik:cj _ g(YkO eik(mj+Am) _ Yko eik(xijx))

_ Ykoeikacj (1 _ g(eikAac _ e—ikA:c))

= Y2e™*%i (1 — i€ sin(kAx))

or the amplification factor r as
|5

ri=
0
Y

=1 — i sin(kAx)

and since |r| > 0 for all wave-numbers k and all time steps At, the method is always unconditionally
unstable.

For backward Euler, where § = 1, with

we find
v 1

YY) 1+ i¢sin(kAz)

which is unconditionally stable.
In the generalised trapezoidal method, or the § method, we write

L0 1t 0 0
yz yz = _q eyj-‘rl y_]—l + (1 o 0) yj+1 y_]—l
At 2 Ax 2 Ax

that is

13
vi =y =5 (0 W —y5-0) + (1= 0) (41 — 55-0))

And stability analysis gives

Ykl eikzj _ Ykoeikmj _ _g(e (Ykl eik(xj+Am) _ Ykl eik(zijr)) + (1 _ 0)(Yk0 eik(mj+Am) _ Yko eik(mijm)))
Ykl _ Yko _ _§(9 (Ykl eikAm _ Ykl efikAac) + (1 _ 0)(Yk0 eikAm _ Yko efikAac))
Ykl —_yb — _7(9 Ykl (eikAm _ efikAm) 4 (1 _ 0) Yko (eikAac _ efikAz))
Vi — VP = —ig(0 Yy (sin(kAx)) + (1 — 0) Y sin(kAx)))

or
YiH (1 +4€(0 (sin(kAz)) = V(1 — i&(1 — 0) sin(kAx)))

that is
YD 1-ig(1 - 0) sin(kAx)
Tk _

CYY 1+4€0 sin(kAx)

For § = 1/2 the method is A stable but not L stable. For § = 1 the methods is A and L stable, but
somewhat dissipative.
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Explicit Euler with upwinding

Apparently, some ice-flow model use forward Euler with upwinding. For the test equation

Yt = —VYx
for a > 0, finite-difference discretisation with upwinding on a regular grid gives

1 0
Yi —Yi _ 400
A7 fi)
oy
= —q
dx
ay? - y?—l
Ax

or
yi =) — &) —y)_1)
where £ := a At/Az is the Courant number (or the Courant-Friedrichs-Lewy number). Von Neumann
stability analysis with
y]1 = Y;! etk
y;) = Y0 eikes
y;_)il _ Yko eik(a:j—A:c)
y? = YD eikes
gives for the forward Euler method gives for the forward Euler method
Ykl eikxj _ Yko 6ikx]~ _ g(YkO eikmj _ Yko 6ik (azijz)))

— Y]geikmj (1 4 §(€ZkAx o 1))

or the complex amplification factor r as

1

Y, 7 x
T:zy—zozlJrg(ekA —1)

where again
 vAt
R
The method is stable for £ < 1, but causes severe damping of amplitudes with time for even relatively
small £ values (see Fig. 2.2) as compared to the other stable methods.

TR-BDR2

The TR-BDF2 method ( , ) is a two stage method consisting of a fractional trapezoidal
(TR) stage followed by a second order backward difference formula (BDF2) stage, i.e.

.0
YL )+ 316
1 (1-9)? o 1-7v
y' - R LA o 0 = 2_7Atf(y1)
where v € (0,1), or as
A
y =y + %t (F(y") + F(°) (2.4)
N2
v =g (B S a e s (25

While this method involves two stages, it is a one-step method as only the solution at the previous time
step is required. Note that if we set v = 1 we obtain the trapezoidal method, i.e. the § method for
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Figure 2.2: Amplification factors for different time discretisation methods, for the dy/dt = —vdy/dx
equation.

6 = 1/2. Often the TR-BDF2 method is used with v = 1/2 or v = 2 — /2. The v = 2 — /2 gives the
largest stability region and a proportional Jacobian, as we have

for v = 2 — /2. The TR-BDF2 method is both A and L stable (Bank et al., 1985; Hosea and Shampine,
1996; Carciopolo, 2015), whereas the trapezoidal method for § = 1/2 is only A stable, and this is
sometimes reflected in oscillations not being damped over time (Dharmaraja, 2007). The TR-BDF2 is a
popular time-discretisation methods and used in various FE codes (e.g. Bathe, 2007).

For

Yt = f(y) )
the first phase, i.e. the TR part of the TR-BDF2 methods Eq. (2.4) is

v =+ 2 )+ 16))

Using Newton-Raphson method we write
Yl =y + Ay,

and

fl) = fly] +Ay)
= f(y)) + 0y f(y]) Ay

where the Jacobian is
J;Y = ayf(y;y> )
leading to

A
y7+Ay=y°+77t (fu?) +J7 Dy + £(4°)) - (2.6)
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The Newton-Raphson iterations, thus, consist in repeatedly solving

1 1
(1 - 27AtJ?) Ay=y’—y] + 3V AL (f) + f")
y) vy +Ay

until either ||Ay|| < € or
1
ly” =i + 57 A (F) + f") | < 6

where € and § are some prescribed tolerances.
The second phase, i.e. the BDF2 part of the TR-BDF2 methods Eq. (2.5) is

Y
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2.7)

(2.8)

Here 3! is the unknown and y° and y” are known. Again using the Newton-Raphson method we write

Yl =y + Ay

and
1 1 1— )2
£-+Ay==2(y”+-( )y°+(1—v)Atf@3+wﬁw)
—v \v v
1 (1 1—7)?
%-%Ay=32(y”+( >y0+(1—v)AtU@#)+J3AyO
—v \v v
or

1— 1 /1 1—7)2
(1_27AtJi1>Ay:_y}+M<y7+( 7) y0+(1—7)Atf(y¢1)>

yr —yi 4+ Ay

As mentioned above, we get identical left-hand sides of Eqs. (2.7) and (2.9) for v = 2 — /2.

Third order implicit Taylor Galerkin (TG3)

This method is also referred to as fourth-order Crank-Nicolson time-stepping.
First expand h at time step 1 and O using third order Taylor expansion as

(2.9)

(2.10)

(2.11)

At)? At)3
hi1 = hg + At Othy + %aftho + %(’fﬁho,
(At)? (At)® s
ho = h1 — At Oshy + 5 Ofhi — 6 Opyiha,
adding and simplifying gives
1 1 At At)?
~g (= ho) = 5(Otho + 0uhn) + —-(9ho — Thn) + %(aﬁttho + 0y n)
Note that including only the first term of the Taylor expansion is equal to using the # method with
0=1/2.)
Then replace the third-order derivative is expressed through finite differences giving
1 1 At At)?
g —ho) = S(@ho+ i) + - (0iho — ) + ﬁ(&i(hl — ho) + 87, (h1 — ho))

1 At At
= 5(@ho+0iha) + = (9iho — 9ha) + = Dy (ha = ho)

i.e.
At At)?
?((Zho + 8th1) + %

hy —ho = (0%,ho — Ofha)

(2.12)
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At this stage we can use the differential equation, i.e.
dy
a f(y)
to express time derivatives in terms of f(y).
For example if we have and equation on the form

dh
D = a V- qh(e), v()
we find
pOZh = pdia — Vuy - O1q
= pOa — Vgy - (Onq Oth + (Vuuq) - O4v)
= pata' - vxy : (8hQ(Pa - va : Q)/p + (vuvq) . atv)
or

pih = pdha = Vyy - (ha(pa — Vay - @)/p+ (Vuuq) - Oiv) (2.13)
where V,, := (Oy, 0y) is the horizontal velocity gradient operator.
Third-order Taylor-Galerkin (TG3) for SSHEET /SSA
Using (2.13) in the SSHEET/SIA approximation where
qg =v(h),
we find that
patch = Pata - sz : (ahQ(l)a - vLy : q))
TG3 for SSTREAM/SSA
Using (2.13) in the SSTREAM /SSA approximation where g = phv we find?

pdfh = pdha — Vay - (v(pa = Vay - @) + ph Oyv) (2.15)

The Third-Order-Taylor-Galerkin (TG3) method is obtained by inserting Eqs. (1.128) and (2.15) into
Eq. (2.12) leading to

At
{p(h1 = ho), N} = == ({pao = Vauy - qo | N) + (par = Vay - q1 [ N)) (2.16)
1 At?
+ 276 ({(pao — Vauy - qo | vo - VuyN) — (par — Viuy - q1 [ 01 - Vi N))

(where a few terms involving O,u and d¢a have been omitted as well as the boundary terms, see below).
This from is suitable as a starting point of a fully implicit approach, i.e. where both thickness and velocity
is solved for implicitly. Note that the higher-order terms (i.e. those of second and third order) in the
implicit TG3 method for ¢t =ty and ¢; = tg + At have opposite signs. In steady-state they will therefore
cancel each other out.

In more detail the TG3 system is as follows (missing p in a number of places):

1
0= <7 (h — ho) (2.17)
1
- 5((10 - 8x(qw0) - ay(qoy) +a — aw(qxl) - ay(‘lyl))
At
- E(atao — Oz (hoOyuo + uo(ao — 02(gz0) — 9y(qoy))) — Oy (hoOrvo + vo(ao — 0z (qzo) — Oy(qoy))))
At
+ 15 Orar = 8z (Bur +ur(ar — Bu(gar) — 9y (gy1))) = Oy (hadpvr +vilar = 0u(da1) — Oy(91))))
2This expression can also be derived operating on each component as follows
Zh = Oa— 02, (hu) — 8t2y(hv)
= 8ta - 8w(h8tu + uath) — 8y (hatv + ’Uath)
leading to

2 h = dra — 85 (hdsu + u(a — 85 (hu) — 8y (hv))) — By (hd:v + v(a — 8y (hu) — 9y (hv))) (2.14)
which is identical to Eq. (2.15).
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For (2.17) corresponding Galerkin system is

0= /(h1 — o= 21 (a0 — 02 (a20) - 9y (qoy) + a1 = 02(qe1) — Oy(q1))) N dA (2.18)

2
At?
— — [ (OraoN + (hoOsuo + uo(ao — 9x(qz0) — 9y(qoy))) 0N

12
+ (hoOrvo + vo(ag — 0z (gw0) — 6y(Q0y)))ayN) dA
At?
+ — /(81‘,(11N + (h10suy +uq(ay — az(qm) - 8y(‘1y1)))awN

12
—+ (hlat’Ul + 'Ul(al - 81:((]11) - ay(le)))ayN) dA

At?
+ ETE ((hoOsug + ug(ao — 0x(qz0) — Oy(qoy)))1a
+ (hoatvo + UO(GO - 81(Qx0) - 8y(q0y)))ny) Nd’}/
At?
STy ((h10yur +u1(ar — 92(ge1) — Oy(qy1)))na

+ (h10pv1 + vi(ar — 0x(qo1) — 9y (qy1)))ny) N dy

where the second order spatial derivatives have be eliminated through partial integration.
The boundary term can be written as

At?
E0) ((hoOsuo + uo(ao — 0x(gz0) — 9y(qoy)))1s
+ (ho0rvo + vo(ao — 0x(gw0) — Oy(qoy)))ny) N dry
At?
BTy ((h10ru1 + ur(ar — Ox(ge1) — Oy(gy1)))na
+ (h10pv1 +v1(a1 — 02(qe1) — Oy(gy1)))ny) N dy
At?
= ﬁ ((hoat’d() + UQatho)nx + (hoat’UQ + antho)ny) Nd’}/
At?
— 15 P((mdur +wdha)ng + (hdyor + v18ha)ny) N dy
At? At?
= 12 (at(qw)nx + at(qu)ny) Ndy - 12 (at(%l)nx + at(hlvl)ny) N dvy
At?
= H%at(ho’vo - hl’Ul) -nN d’}/

showing that it disappears if 0;q = 0 over the boundary. Experience suggests that this boundary term
can be ignored.

2.4 Consistent Streamline-Upwind Petrov-Galerkin (SUPG)
The standard SUPG is on the form
(pOth+Vq—pa| N+ M)=0 (2.19)

where M is a perturbation to the test-function space. In the literature various forms for M have been
suggested. One such form is
M=1v-VN

where 7 is a parameter with the dimension of time ( ). Note that in (2.19) the added
term is applied to all terms, including time derivative . This is sometimes referred to as a ’consistent’
weighting. The extra terms are interpreted element-wise, as

(pOth +Vq —pa | N)+ B> (pdih+Vq—pa|rv-VN)=0
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The extra term, which is considered as a correction term, is zero for an exact solution in the classical
sense. There is no one single accepted/optimal way of selecting 7, and in the literature various definition
has been proposed, e.g. ( ).

The SUPG was initially introduced for equations on the form

Oth+v-Vh—V - -kVh+g=0

and in this case, and for linear elements and regular grids, the optimal value for 7 is

l 1
= — thPe — — | . 2.2
= 37ep (0P~ 5 (2.20)
where the Péclet number is
Pe = ||v[|1/(2k)

with k the diffusivity and [ is a measure of the (local) element size. In the limiting case where k — 0,
the equation becomes hyperbolic, Pe — 400, and 7 simply becomes

l

T: —_—
2|Jv]|

and perturbation term to the test function has the form

If on the other hand Pe — 0 then (2.20) leads to

[ Pe ool 2

TT o3 T 200 6k 12k

in which case )

l

It is somewhat unclear how best to estimate the Péclet number for the mass conservation equation
pOth + w0 h + hO,u = pa
But if we consider the problem of grounded ice with flow mainly due to Weertman type sliding, where
u = —C(pgh)™9h|"™ " duh
assuming flat bed. Inserting gives a diffusion term on the form
—hC(pgh)™m(d;h)™ 07, h

or
k =mCh(pgh)™ (0:h)™ "

which has the units of velocity times distance. Using the sliding law, we write

muh

"= o]

suggesting that the element Péclet number is

_ vl
2k
VAl
2mh

107

~ 1000

Pe
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coth(x)-1/x

Figure 2.3: SUPG

where [ is in the units meters. So for almost all element sizes Pe < 1. This suggests using

l2

T ok
VA
12mh |[v]]

The value of 7 given by (2.20) does not depend on At. For transient problems with high Péclet
number it has been suggested using

T =Tt
where
T = At/2 (2.21)
as well as
T =T,
where ;
P p— (2.22)
2|l

The first definition (7) is a temporal criterion while the second (7) is a spatial criterion. The first form
is often used in transient situations where diffusion is small and the problem either hyperbolic or close to
being hyperbolic. The second form is often used for convection diffusion problems involving temperature
such as v - VI' — V(kVT) + f = 0 (no time dependency).

A guidance as to how to select 7 is looking at some specific limits. The SUPG correction term should
vanish if At — 0, if [ — 0, and also if ||v|| — 0. A smart choice could then be

T=T1
where
T I=Ts K (2.23)
l
=——=K (2.24)
2 |
with 1
Kk = coth& — ¢ (2.25)
and where
§= ”%H At (2.26)
1y (2.27)
T 27, Tt )
. (2.28)
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is the element Courant number and [ is a characteristic local element size. We can also write 71 as

l
T =/ KR
2 v

At1l 1
e (o)

(o (Il Ay
2 o] ! o]l At/

For £ <« 1 we have k ~ £/3, and

I o] At
= = At/6
N PTREY /
hence At

showing that for 7 = 71 the SUPG correction term does indeed go to zero as either At — 0 and ||v|| — 0.
Furthermore, if [ — 0 then xk — 1 and 7, — 0, so all the above listed limits are obtained with 7 = 7
given by (2.24).

In summary, for 7 = 7y given by (2.24) the SUPG perturbation term is

_k
2|l

v-VN

and the following limits are obtained

M —0 when At—0
M —0 when [v]]—0
M —-0 when [—0

[l v

l
M — 5“"’7” VN when |v| — oo (2.30)
v
At
M — -V VN when [— o0 (2.31)

In the literature it is shown that (2.29) and (2.30) is the optimal choice in the convective limit, i.e.
for large element Courant numbers. Limit (2.31) can be justified using Taylor-Galerkin approach (see
below). The local element size, [, can be defined in a number of similar ways leading to different numerical
pre-factors to 7 and £. The exact functional relationship between k and £ is also not uniquely defined.

Another option of creating a smooth transition between the temporal and spatial criteria 2.21 and
2.22 is to select T as

T =T2
where )
1 1\
ﬁ::<+> (2.32)
Tt Ts
which can also be written as
1 At (2.33)
2791y '
Expression (2.33) gives the limits
M —0 when At—0
M —0 when |v||—=0
M —0 when [—0
Mo LY UN when Af— oo
2 vl
[ v
M— -— VN when |v|—
2o
At
M — —v-VN when [— oo (2.34)
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Table 2.1: SUPG form function (M) limits for different definitions of 7

| At—=0 |fv]—=0] =0 | At—woo | v =200 | 500 |&—00
M=7v-VN 0 0 0 ST VN | Syop - VN | 2o VN 0
M=mv-VN 0 0 0 ST VN | Syop - VN | Slv- VN 0
M=7v-VN 0 0 &ty VN 0o 00 Stv- VN
M=7,v-VN | gigrv-VN 0 0 s VN | a7y VN 00

Apart from a different numerical factor in the last limit, all limits are the same as obtained using definition

(2.24).
These two above listed options for 7 can also be written as
At 1
At 1
_ =2t 2.
2T 11¢ (2:36)

and they are shown in Fig. 2.3b as functions of & for At/2 = 1. Ounly for ||v|| At < 2[ is there any
significant difference, and the difference in newer larger than a factor 3 obtained in the limit & — 0. It
appears unlikely that there will be any significant resulting differences between selecting 7 =7 or 7 = 7
(see (2.35) and (2.36)). Currently the SUPG implementation in Uauses 7 = 7.

Implementing SUPG implicitly using the § method leads to

0 =(p(h1 = ho)/At + (1 = 0)(Vay - g0 — a0) + 0(Vay - g1 —a1) | N)
+B{p(h1 = ho)/At + (1 = 0)(Vay - go — a0) + 0(Vay - g1 — a1) [ 7 ((1 = O)vg + Ov1) - Vi N)
Here the correction/perturbation to the test-function space is a weighted average over the values at
the beginning and the end of the time step. This adds another source of non-linearity to the problem.
Experience showed this to reduce the radius of convergence considerably and to increase grumpiness on

a personal level. Former can be avoided by using the value of perturbation term at the beginning of the
time step, i.e.

0 =(p(h1 — ho)/At + (1 = 0)(Vay - @0 — ao) + 0(Vay - g1 — a1) | N)
+6<p(h1 - ho)/At—i—me *qo — Qo | T Vg - VacyN>
In summary, these options for 7 are

l

Ts

T2
Tt = At/2
l
T I=Tskh= ——K,
2|
(1 N 1)‘1 At
Ty = — 4+ — = ,
2 T T 2(1+¢)
with
1
Kk =coth& — —
13
g = MAt y
l
where the SUPG term is
M=71v-VN.

These stabilisation methods are usually motivated by considering the convection-diffusion-reaction

equation
Oh+wu-Vh—eV2h+ch=f
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with the weak form

a(h, ) = (f, ®)
The SUPG stabilisation term is then
7(u-Vh,u-V¢)

. { l l2}
T=Tymin{ ——, —
[v]|” €

pOth + ud,h + hozu = pa

where, for example,

The mass conservation equation

If we consider the problem of grounded ice with flow mainly due to Weertman type sliding, where
u=—C(pgh)™|0zh|"™ " 8,h

assuming flat bed. Inserting gives a diffusion term on the form
—hC(pgh)™m(D,h)™ 92, h

or
e = mCh(pgh)™(0,h)™

which has the units of velocity times distance. Using the sliding law, we write

and as expected the diffusion term goes to infinity for zero surface slopes. We therefore have

. { ! 12}
T =Tpmin{ —-, —
[v]|” €
. { l 12||Vh|}
= To min

o] (o] mh
=T Lmin 1 LIVA]
v " hm

2.5 SIA-motivated diffusion

a=q"+4q"
where
q" = vh
and
g = p D" |[Vays|" Vs
where 5 A
D=_—pg)"

s=(h+B)H(h—hp)+ (1 =H(h=hs)(S+ (1= p/po) h)
and therefore (almost)
O0ps = (0zh + 0, B)YH(h —hy) + (1 — H(h — hy))(S+ (1 — p/po) Ozh)
This motivates adding a STA based diffusion term
—D(|[Vays|" ! B T2Vs | V4 N)

However, this is (currently) not done in Ua.
In 1HD the STA form of the continuity equation can be written as

pOs + 0, (kDys) = pa

with 9 .
ko= 4 (pg) ||azs||n71 hn+2
n 4+ 2
suggesting a Peclet number
P ul
e = —

k
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2.6 Connection between third order Taylor-Galerkin (TG3) and
streamline-upwind Petrov-Galerkin (SUPG)

In the context of SUPG, the TG3 system given by (2.16) can be thought of as also introducing extra
weighting term beside the standard N term. But those additional weighting terms are only applied to the
source term (a) and the spatial term, and not to the time-derivative term. Furthermore, as mentioned
above in a steady-state these extra weighting terms cancel each other out.

It is instructive to consider as well the case where a second-order forward Taylor expansion

(A1)?

hi1 = hg + At 0shg + Taftho (237)

is used instead of the centred expansion given by Eq. (2.12). Inserting (1.128) and (2.15) into (2.37) gives

At)?
O:hl—hO—At(a—meoq)—( 2) (Ora — Vay - (v(a— Vgy - q) + h 0, v))

The Galerkin system is

<p(h1 - hO)aN> = At (pa _vmy ’ Q7N>

+@(p8ta,N> — @(ph@w,N}
(At

A 2
+ 2) (pa—Vay - q|v-VgyN)

where a partial integration has been used to get rid of second order derivatives (not writing the boundary
terms). The last term is similar to what in some other ad-hoc methods is introduced as a stabilisation
term. This term only acts in the direction of flow and is zero transverse to the flow direction. In the
above expression all terms are to be evaluated at the beginning of the interval. This approach is usually
referred to as the second-order explicit Taylor-Galerkin (TG2e) method. If we evaluate all terms by
taking the mean value over the time interval, we get an implicit method, but now the second-order terms
do not cancel out in steady-state, and the resulting method is quite similar to the streamline-upwind
Petrov-Galerkin.

Dropping the time derivatives of a and v, we can rewrite the above system as
1
(p(h1 — ho)/At,N) = (pa — V4 - q, N + iAt v - VgyN)

showing that the TG2e results in an ‘inconsistent’ weighting with 7 = At and 5 =1/2.

Comparing 2.16 with (2.19), TG3 can be interpreted as a some sort of Petrov-Galerkin method where
only the spatial terms and the source terms are multiplied by a modified test function. In TG3 the
modified test function is

At
N + o v - VN, (2.38)
wheres in SUPG it has the form
N+ 81 v VgyN. (2.39)

The weighting is done inconsistently in TG3, i.e. not over the time-derivative. Apart for the inconsistent
weighting used in TG3, the SUPG is equal to TG3 provided the two adjustable parameters g and 7 are
selected as 5 =1/6 and 7 = At.

The TG3 methods follows automatically from a third-order Taylor expansion and involves no ad-
justable parameters. The SUPG is in essence a heuristic method.
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Initial thick distribution at t=0 (m) Change in ice thickness at t=10 compared to t=0 (m)
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Figure 2.4: Initial ice thickness distribution at ¢ = Figure 2.5: Changes in ice thickness distribution at

0. Parameters: A = 3 x 107°kPa—3a~!, n =3, t=10yr.
C =0.0125kPa3 m =3, a; =a, =0ma™', p =
900 kg m~3.

2.7 Implementing fully-implicit forward time integration with re-
spect to velocity and thickness

In a fully implicit approach using the Newton-Raphson iteration the unknowns at time-step 1 are written
in incremental form as

uith = Au+ i,

Vit = Av 40t

hith = Ah+ hi,

where uil+1 is the estimate for u; at Newton-Raphson iteration step i. (Note that Ah # hy — hg and that
Ah — 0 with increasing i.)

2.7.1 Mass conservation test

Figures (2.4) to (2.7) show the results of a mass-conservation test. The bedrock is flat with b = B = 0,
and the surface is a Gaussian peak on the form

s(z,y,t = 0) = Asg e~ @/ W/ 4 g

with Asy = 1000m, o = 10,000 m, and sy = 100 m. Using the SSA flow approximation the problem was
solved implicitly with respect to velocities and thickness using linear elements. As the Fig. (2.7) shows,
mass is conserved to a high degree of accuracy.

2.7.2 First-order fully implicit
Taking only the first-order Taylor terms from (2.18), and only considering the 2 components for the time

being, gives

0= Ah + hi — hg)

yot
At
— 5(plan + 1) = Du(puoho) — Du(p(AR -+ ) (A -+ uf)
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Figure 2.6: Boundary conditions for mass- Figure 2.7: Changes in ice volume over time. As
conservation test. there is no mass added or removed, and velocities

along boundaries are set to zero, mass conservation
implies that the volume must not change with time.

If the specific mass balance is a function of thickness, i.e.
a = a(h)

then an additional term must be added to the matrix on the left-hand side, and the right-hand side terms
must be evaluated within the NR loop every time that the thickness is updated. The first-order equation
is then

14 i
0= E(Ah+h1 — ho)

- % (p(ao(ho) + a1(h1) + Onar|n, Ah) = Du(gro) — Bx((Ah + h1))(Au + uj))

Ignoring second-order terms and taking the terms involving the unknown Ah to the left-hand side
leads to

Ah 1 . ) ) )
P AL + - ((’91(;)1111 Ah+ phl Au) + 0, (pv} Ah + ph' Av) — pdpaln, Ah)) (2.40)
P i 1 i, i
= g(ao +a1) - Kt(h’l — ho) — 5(595(%0) + O (phiui) + Oy(qoy) + ay(/’hlvl))

where the corresponding y terms have been added.

2.7.3 Fully implicit SSTREAM time integration with the § method

Fz=0 x Momentum
Fy=0 y Momentum
M=0 Mass

K“* Au := Dr,(ul, v}, h})[Au]
In a fully implicit NR iteration we arrive at a block system with the structure

KFzu KFzv KFzh Au rF,
KFve KFvv KFvh Av — TF,

KMy KMv KME || AR Tt

(2.41)
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We go from time step t = tg to t = ¢; and solve for the unknown values for u, v, and h, at t = t;
(u1, v1, and hq) given their respective values at t = to (uo, vo, and hy).

u = ul + Au

vitt = vl + Av

Note that the increment in velocity and thickness have different physical units. In a transient run it
might be better to solve for

Ah := AhJAt
and consider the system
K]—}u K]—"wv K]:l'hAt Au rF,
K7vt KFvv KFvhAt Av | = | 75, (2.42)
KMu  KMv KMhA Ah M

and 4 _ .
Rt = h! + Ah At
For notational simplicity we omit the ¢ superscript and it is to be understood that the values of 7,
B2, h, u, and v are the estimated values at iteration s.
At element level the matrices are

[Kfz“]pq = /Q {4nh8sz 0z Ny + hn0y Ny, Oy Ny + H(h — hf)ﬂQNqu
+hD ey (40,0 4 20,v) 8, N,y + Dy (050 + dyu) 9y N,
+Dyuu Ny Nq} dx dy

[Kfyv]pq = /Q {477h3pr OyNg + hnd.Np 0, Ny + H(h — hf)ﬁ2NPN‘1
+hDey (40yv + 20,u) Oy Ny + hDey (90 + yu) 0N,
+Dpvv Ny Nq} dz dy

K5,y = /Q {hn(20, N, 8,Ny + 0,N, 0, Ny)
+hDev (43Tu + 25'yv) aer + hDev (arv + 83}“) 8ZINP
+Dyuv N, Nq} dz dy

[K}'mv]pq — /Q {hn(Zapr 0Ny + 0N, Oy Ny)
+hD ey, (400 + 20,u) Oy Ny + hD oy (0,0 + Oyu) DN,
+Dyuv N, Nq} dx dy

(floating only (original version)

K™, = /Q [0(40,u + 20,0)0,N, Ny +1(Dyu + 8,0) 9, N, N,

+0(h — hy)B*uN, N,
+pg(H(h — hy) + hé(h — hy)) ((p/poOsh — Oy H) cos o — sin o) NNy

Py
—&—p—h?—[(h — hy) cosa N, 9, N,

—oghcosa 0, N, Nq} dx dy
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)

(floating only (corrected July 2011)

K", = /Q {n(40,u + 20,v)0, N, Ny + n(0yu + 9,v) Oy N, N,

+6(h — hy)B*uN, N,
+pgH(h — hy) ((p/ poOzh — 0 H) cos o — sin ) N, Ny

P’y
+—=hH(h — hy) cosa N, 0N,
Po

2

+Z—6(h — hy) cosa hd,h N, N,
—oghcosad,N, Ny} dz dy

)

(general case

K=", = /Q {n(40,u + 20,v)9, N, Ny + n(dyu + 0,v) 9y N, N,

+ 0(h — hy)B*uN, N,
+ pgH(h — hy) 03B cosa Np Ny — pgsin aN, N,

— pgh (1 - pﬁH(hf - h)) cosa 9, N, N,

)

( floating only version:

[Kf’yh]pq = /Q {77(48yv + 20,u)0y Ny Ny + 1(0zv + Oyu) 0, N, Ny

+0(h — hy)B*vN, N,
+pg(H(h — hy) + hé(h — hy)) (p/podyh — 8y H) cos a N, N,

P’y
+—=hH(h — hy) cosa N, 0yNy
—oghcos a OyN, Ny} dx dy
)
( general case
[KTvh),, = / {n(40yv + 20,u)0y N, Ny + 1(8v + dyu) 9, N, N,
Q

+3(h — hy)B*vN, N,
+pg(H(h — hy) + ho(h — hy)) (p/poOyh — 0y H) cosa Ny N,
2
PI 134 (h — hy) cosa N, 9,N,

Po

—oghcosadyN, Ny} dz dy

+

[KMu]pq = 9(8wth+haqu)Np

[KMU]pq = 0(8thq—|—h3qu) Ny

KMy = (Ng/At+ 0(0,u Ny + udp Ny + 8yv Ny + v0,Ny)) N,
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In the equations the quantities Dg,, D¢y, E, and Dy, which arise because of the linearisation of 7 and
(%, are given by

Dew = B((200u+ 8,0)0,N, + %(&vv +0,u)0,N,) (2.43)
Dev = E((20,0+ 8,u)d,N, + %(81.1) + 0,u)d,N,) (2.44)
(2.45)
1—-n  _1/m.a-
E = A /ne(l 3n)/n
4n

Dy = (1/m = 1) 7Y/ o2

Third-order Taylor-Galerkin fully implicit
The terms in

At?
—_ /(atalN + (hlatul + Ul(al - aﬂc(‘]ml) - ay(le)))aiEN

12
+ (M1 +vi(ar — 02(qe1) — 9y(gy1)))0yN) dA
(2.46)

from (2.18), need to be linearised. Starting with
h10yur + ui(ar — 92(gz1) — 9y(qy1))
and inserting h'T! = Ah + hi etc. gives
(AR + RO (Au+ul) + (Au+ uf) (a1 — O ((Ah + h))(Au+ ul)) — 9y ((Ah + hY)(Av +v}))
and first ignoring only some second-order terms
Ol Ah + b 0y Aut + hiodul + (a1 Au+ubay) — (Au+ ul) (05 (ul Ah + By Au+ hiul) + 0, (vi Ah + B} Av + hiv}))
and then ignoring the remaining second-order terms

((u} —ug) /AL (AR + b)) + ay Au + ulay
—ut (0, (ul Ah + hY Au + hiub) + 0y(v1 Ah + Rt Av + hiob))
— (8z(hiu}) + 8y (hiv])) Au

where dyul = (u} — up)/At and 9;Au has been set to zero. Now shifting the unknowns over to the
left-hand side

6tu’i Ah + a1 Au
— u} (0y(uf A + b Au) + 9y (vi Ah + hi Av))
— (Oa(Piuy) + 0y (hiv})) Au
= ui (Ox(hyuy) + 9y (hiv})) — wiay — Byui hy
and adding the y terms
(0yui 0, N + 04010, N)Ah + ay (9, N Au + 9, N Av)
— (U0, N + vi0,N) (0, (vl Ah + B Au) + 9, (vy Ah + hi Av))

— (0p(hiul) + 0y (hiv})) (0:N Au+ 9, N Av)
=(0x N ul + 9y N v}) (9 (Riul) + 0y (hiv})) — a1 (9N vl + 9y N v}) — (Qul0x N + 0vi0,N) b}
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Then adding the remaining higher-order Taylor terms in (2.18), involving fields from time-step zero, to
the right-hand side gives

(0yul0x N + 000, N) Ah
+ (0:N Au + 0y N Av) (a1 — 95 (hiul) + 0y (hiv}))
— (0Nl + 9y N v}) (0 (uj Ah + hY Au) + 9, (v1 Ah + b} Av))
=0i(ap — a1)N
— (a9, N + v} 0,N) @y — D, (W) + 0, (Wiw})) — b (B 9, N + Dy 0, N)
+ (ug Oz N + v9 Oy N ) (ap — 05(gz0) + Oy(qoy)) + ho (Orp Oz N + Opvg Oy N)

Now adding first-order Taylor terms from (2.40) to the expression above

A _ . _ .
ARN -+ S5 (D A+ 1 Au) + 0, (0} A+ b Av)) N

+ (8t 0N + 0pvi0,N) Ah
(0N B 9N A0) (a1 — D) + 0, (hiod))
— (9N ul + 9y N v}) (0, (u} Ah + hi Au) + 0, (v Ah + b Av))

2 2
+ 70 (ao — a1)N
— (0 N + v 9, (ar — () + By (i) — A1k (Do 0L + Dy 9, V)
+ Y(up Oy N + vo Oy N) (a0 — 05 (qz0) + Oy (qoy)) + vho (Oyo Oz N + Opvg Oy N)

) At At o o
:<%—%+(%+m%-(&@M+@M@ﬂ+%@@+%wwm>N

which can also be written as

ARN + (kN =7 (0:N uf 4+ 0y N v})) (95 (uf Ah + B Au) + 0, (v] Ah + b Av))
+ 7(8ul D N + 04050, N) Ah
(0N Au+ 8, N Av) (ar — By (iud) — B, (iwd)
=(ho — hi) N
+ (KN + 7(uo 9z N + vo 9y N)) (a0 — 0z(gz0) — Oy (qoy)))
+ (kN = y(uy 9N + v} OyN)) (a1 — O (hiuy) — By (hiv))))
+70¢(ap — a1)N
— b (@4 DN + Dy 9, N)
+ vho (O¢uo Ox N + Opvg Oy N )

where
~(Ar)?
7T
and
_A
F=5

2.7.4 Semi-implicit: uv explicit, and h implicit

In the semi-implicit approach h; is treated as the unknown while hg, u1, v1, hg, v9 are assumed to be
known.
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Taking the unknown h; in (2.18) to the left-hand side gives

[+ Sl 0@ + 0,0 N a4

At?
+t4 ((h10yuy — u1(02(qe1) + 9y(qy1))) 0z N + (h10v1 — v1(02(qa1) + 9y (qy1))) 0y N) dA
At?
BETY ((h10yur — u1(02(qe1) + 9y (qy1)))ne + (h10pv1 — v1(0x(gqu1) + 0y (gy1)))ny) N dy
At
= [ (o + 5 a0+ a1 = 0uaa0) ~ Bylan)) N
At?
+ ﬁ (8t(a0 — al)N + (hoatuo —uiay + UO(aO - ax(QxO) - ay(QOy)))axN
+ (hoatUO —v1a1 + vo(ap — 81(‘19:0) - 8y(q0y)))ayN) dA
At?
TR ((hoOruo — ura1 + uo(ag — 9z(gz0) — Oy(qoy)))na

+ (hoOrvo — via1 + vo(ao — 0x(gz0) — 5@/((103;)))%) N dy

2.8 Transient implicit SSHEET /SIA with the 0 method

In the STA/SSHEET approximation the ice-thickness evolution is found by solving

pOth+Vay-q=pa. (1.121)
where
q— — pD ||Vays|| "™ "2 Vs + puph (1.46)
with 94
D= n 1.47
— 5(P9)" (1.47)

and all parameters are listed in section 1.4, or using Weertman sliding law

qd=4q4+qp
2pA np2 n—1 m S
= =5 (pgh) " h2 [ Vaysl" ™ Vays — Cphlpgh)™ [Vays|™ " Vays (2.47)
20A _ B
= fi 5 B 651 52+ Cph [[514]™ 6514 (1.45)
where ¢ is
ty =t = —pghVays , (1.37)

and where we have assumed that A and p are independent of depth.
An implicit method is used where hy and hy are the ice thicknesses at the beginning and the end of
the time step, respectively. The non-linear system

F(h,t)=p0th+Vgy-q—pa=0, (2.48)
is solved implicitly with respect to ice thickness using NR, and we write
R =h'+ Ah
sl = 5"+ Ah

where 7 is the number of the non-linear iteration step. Provided the method converges, Ah goes to zero
with increasing ¢. In the following we simply write h instead of h*. Using the 6 method we arrive at

/ & (h+Ah—ho) dA = —(1—6)At/ ¢(V1y~qo—a0)dA—9At/ ¢ (Vay-qi(h+Ah) —ay) dA (2.49)
A A A

To solve the above equation for Ah using the NR method, where we repeatedly solve the system,

5nF Ah = —F(h)
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until Ah — 0, or within some prescribed tolerance (see section 4.5), and we need to know the perturbation
in F due to perturbation in thickness, i.e. 05 F. The only non-linear term is the flux term, and the simplest
way of perturbing g(h) with respect to h is to find

d
Onqg = lim —q(h + €dh) ,
e—0 de
where in FE context we would typically select
oh=2¢.

As using SSHEET for floating ice shelves is somewhat questionable we here only consider the case of
grounded ice>.

Deformational Flux Contribution:

Where grounded the deformational flux  component is

(ile(h) = —p D ((0h + 8, B)? + (9,h + 8,3)2) " hn+2 o,
and
As = Ah,
with
D= n2f2 (pg)" (1.47)
Therefore

.od
OnQde = 611_{% @%(h + eAh)

— lim dipD (ax(8+€Ah)2 _|_8y(8—|—€Ah)2)(n—1)/2 (h—|—6Ah)n+2 az(S-l-EAh)

e—0 de

—pD || Vays||" ™" B2 8,AR
—pD (n+2) [[Vays|" ™" b dus Ah
—pD (n = 1) |[Vays||" 2 h"*? (8,5 8, Ah + 9,5 9,Ah) 9,5

The first term of the final expression shown above is the perturbation in flux due to increase in slope,
the second one the perturbation due to increase in thickness. The third term is non-linear terms that
vanishes for n = 1. This third term represents changes flux caused by a change in effective viscosity due
to perturbations in slope. This third terms shows that a change in slope in y direction gives rise to an
increase in flux in x direction.

As expected, for a negative unperturbed surface slope (9,s < 0), both a positive perturbation in thick-
ness (Ah > 0), and an increase in (negative) surface slope (9,Ah < 0), result in a positive perturbation
in flux (g, > 0).

Basal Sliding Flux Contribution:

Similarly, linearising the the basal sliding flux contribution,

m—1)/2

(@)= (h) = —pD ((Bxh + 0. B) + (9yh + 8, B)?)" e

where
D =C(pg)™ (2.50)

3In general the surface is related tho the ice thickness and bed through

s=(h+ B)YH(h—hy) + (S+ (1 — p/po)h) H(hs — h).
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we arrive at

d
Onqdz = lim ——q,(h + eAh)
e—0 de

(m—1)/2

= — lim dipD (02(s + €AR)® + 9, (s + eAh)?) (h + eAh)™ 1 0,(s 4+ eAh)

e—0 de

= —pD ||[Vays|™ " B 0, AR
— pD (M4 1) |Vays| ™" h™ 8us Ah
— pD (m = 1) [|Vays||" > h™H (8,5 0uAh + Dys ,AR) Oys

2.8.1 SSHEET with no-flux natural boundary condition

Using a variant of Gauss theorem given by Eq. (B.3) we write (2.49) on the form

/Qqﬁvxy-qu:j{aﬂ¢q-ﬁdF—/S)me¢~qu (2.51)

Applying (2.51) on (linearised) (2.49) and assuming that g-n = 0 on 99, i.e. ice flux across the boundary
is zero (homogeneous Neumann boundary condition), gives

/(h+ Ah — ho) ¢ d =(1 — G)At/qo Vg dO
Q
+ 9At/g§ Vg dQ

+6’At/Aq~VIy¢ a0

or

/AhqﬁdQ—@At/AqvwaﬁdQ
Q Q
=—/<h—ho>¢d9
Q
+(1—9)At/qo-vxy¢5d9
Q

+0At/ q. - Viyo dQ
Q
where ¢*t! = q' + Aq is the NR iteration, with

Ange = !1_1}(1) %qw(h + eAh)
== D(n = 1) |Vays|" > (005 DxAh + dys 8,Ah) K2 8,5
— D(n+2) | Vays||" " "1 8,5 Ah
— D||[Vays|" " B"*2 8,AR
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Collecting terms, and writing s and h instead of s**! and h'*!, respectively, and sq and hg instead of s’
and h’, gives

/ N, N, Ah, dO
+0At/D(n ) Vs (9, N, Do + D, N, Dy5) N, Ay d€)
+9At/D [Vays)|" ™" 22 (8,N, 9. N, + 8,N, 8,N,) Ah, dQ
HOAL / D(n — D)™ [V (92Ny 0rs + 0, Ny ) (D DN, + Dy Dy N,) Ay d€2
:/(ho _ )N, 0
(1 - 0)At / (45002 N, + 400, N,) dS

+9At/(q$16$Np + qylapr) dQ)

where
Gz0 = D ||ny80||(n71) hot? 9,50
qyo = D [[Vaysol "™ h3*T2 0,50
Qo1 = D |[Vays1| "™ 1142 8,5,
g1 = D |[Vays1| ™7 742 8,5
and
_ 2A(pg)"
n -+ 2

2.8.2 Transient SSHEET /SIA with a free-flux natural boundary condition

To arrive at a formulation where free flux is the natural boundary condition we express the flux in terms
of the deformational velocity as‘
q=Fhuvy

For a ‘free-flux’ boundary condition this is the flux at the in and outflow boundaries.
We solve

/ uqp O = / E |Vays|"™ ' B 9,5 dQ (2.52)
Q Q
/ vag Q = / E |Vays" ™t B" T 9y s d (2.53)
Q Q
/(h1 —ho)p = —(1-10) At/ F¢V oy - hovao Q — 0At/ F¢V .y - hvgy dQ (2.54)
Q Q Q

for ug, vg, and h as unknowns. Writing this as a coupled system with ug4, v4, and h all as unknowns gives
a system of first order differential equations, rather than one second order equation. This eliminates the
need to get rid of a second spatial derivative and the natural boundary conditions now corresponds to a
‘free-flux’ condition.

NR with

W =4l + Au
vl =0t 4 Aw
R =Rt + Ah
sl =s'+ Ah
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and linearising gives
ut+Au=F ||V,cys|\n_1 " O, s
+ E(n—1) [Vays)|"™® " ys (0ys 0uAh + 8y 0, A)
+ E(n+1)|[Vays|" " h"0ps Ah
+ E||Vays|" " B8, A
Taking the A terms to one side
— Auy,
+ E(n—1)||Vays||" % h" 8,5 (8,5 0 Ah + 8,5 0,Ah)
+ E(n+1)|[Vays|" ™" h"0ps Ah
+ E||[Vays|" " B8, A
—u—E |[Vays||" ' k"1 0,s

Galerkin, u term:
— (Np, Ng) Aug
(n—=1)(N,, | E||Vays|" > h"*18,5(0ps 0.N, + dys 9y N,)) Ahy
(n+1)(N, | E||Vays||" " h"9,sN,) Ah,
<Np | E ||vxy5|‘n_1 hn+1aqu> Ahg
= (Np,u— E |[Vays|" ™" B"*1 ,5)

+
+
_|_

The corresponding v term is obtained by replacing u with v and derivatives with respect to x by derivatives
with respect to y,
Galerkin ¢ term:

(Np | Nj)Ahy + At OF(N, | dyu Ny + 10y Ny + 0,0 Ny + v, Ny)Ahg
+ At OF(N, | 9,0 N, + hdyN,) Au,
+ At OF (N, | 9,h N, + hd,N,)Av,
=At(N, | (1 —0)ag+0aq)
- <Np ‘ (h — h0)>
— At F(N,, (1 — 0)(0z(houo) + 0y (houo)) + 0(0z(hu) + 0y (hv))))

2.9 Method of characteristics

Think of
Oth + 0, (uh) = a

as
Dih+ hou=a

with
Dth = 6th + u@mh

Along the characteristics I have

. 1
Dy = Jlim = (h(z,t) = h(z — u At |t = At)

and if T just write
hz —uAt |t — At)) = h(z,t — At) — dgh(z, t — At)u At

and take the limit I (of course) just get
Oth + 0z (uh) = a
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again.
The question seem to me to be about how to approximate the variation along the characteristic. If I
write

1
h(z —ult |t — At)) = hg — dphou At + 5dfmho(u At)?
where h0 is evaluated at z and at ¢ — At, I get a ‘correction’ term and the discretised version is
L
At

It is a bit unclear in the above expression at what time to evaluate u. I could go for the average value
over the time step, but I will only know it at the previous time step anyhow.
One way of interpreting the above equation is

1
(hl — ho + dgphou At + Qdizho (u At)2) + hd,u=a

1 1
E(hl — hg) + dyhu+ §u2 Atd? h+hdyu=a

and then evaluate all terms at some time within the time step, i.e. the # method. The above equation
can be written as

1 At
In combination with the 8 method I get
L

1 1
Al (I’L1 — ho) =0 (a1 - 8m(qz1) - 511;1 At 8§$(U1h1)) + (1 — 9) <a0 - 895((110) - 5’(1,0 At 8233(”0]10))

(did not write the a correction term)

2.10 Taylor-Galerkin

We have
Oth + 0, (uh) = a
we write A2
t
hy = hg + At 0;hg + (T)aftho
which is a second-order accurate Euler method.
Inserting we get
A 2
hi = ho+ At(a — 0(hu)) + ( ;) Oi(a — Oy (uh))
A 2
= ho+ At(a— 0. (hu)) + ( ;) (Ora — 8§t(uh))
(At)?
= ho+ At(a— 0. (hu)) + 5 (Ora — Oy (On (uh)O:h))

[\~

At)
2

(At)
2

= ho+ At(a— 0, (hu)) + ( (Ora — Oy (u0Lh))

[\S]

= ho+ At(a — 9x(hu)) + (Ora — Oy (u(a — 05 (uh))))

or
1
At
All the therms of the right-hand side of (2.55) refer to time step 0. I get the implicit theta method if
I evaluate the right-hand side at both 1 and 0 and weight with 6.
After a partial integration we get a correction term

(h1 — ho) = a — Oy (hu) — %%(u(a — 0,(uh))) + %@a (2.55)

<%At Ozt | a — Oy (uh))
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2.11 Third order implicit Taylor Galerkin (1HD)

A better justification for evaluation at both time step 1 and 0 comes from writing

At)?
hi = ho+ At 0 ( 2) atchO»

At)?
ho = h1 — At Ohq + %(ﬁhl,
adding A2
t
2(hy — ho) = At (Otho + Othy) + (A1) 2) (97ho — Ojtha)

and simplifying gives

= o) = %(é)tho L) + %(aftho —02hy) (2.56)
Now use
Oth = a — 0y (hu)
and
O4h = O — 02 (hu)

= Oa — 0¢(hOyu + ud,h)

= Oia — (0,hOpu + hO?u + Ophdyu + ud?,h)

= Owa — (0.hOwu + hd?u + dyula — ( u)) + u0z(a — 9, (hu)))

= Oia — (0hdpu + hd?u + dyula — 0, (hu)) + ud,(a — 0y (hu)))

= Oa — yhdyu — hd2u — Oy (u(a — 0, (hu)))
or

O2h = Ora — Oy (hOyu + ua — udy(uh)) (2.57)
Inserting (2.57) into (2.11) gives

0 = Lh

= A (hl ho)
1

- 5(&0 - a;c(qgco) +a; — 6.’,8(Q3’:1))
At

—  —(0rap — Oy (hoOrug + uo(ap — 02(qw0))) — Orar + Oz (h10yur + u1 (a1 — 9x(¢x1))))
4

Galerkin

(Lhi|Np) =0

with u; = Ngug, etc. I used partial integration to get rid of second order spatial derivatives

0 = (LulN,)
1
- At (hl ho)Nq dx
1
-3 /(ao — 02(qz0) + a1 — 03(qa1)) Ng dz
A
- 4t (Orag — Opar) Ny dx
At
- T (hoOsuo + upag — uo0z(qz0)) — h10rur — urar + 1105(¢z1)))0 Ny dz
At
_ T(—hoaﬁm —uo(ao — 0z(qz0)) + h10pur +ui (a1 — 02(qz1))) Nylor

The unknown is hy
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+

(At)®

At)?
/(hlﬁtul — ulam(qm)) 3qu dx + ( 4) (Ulaz(Qzl) - hlatul)quT

_ /(ho + %(al + a0 — 02(¢z0))) Ny dx

+

+

(At)®

(At)?

/5}(&0 + al)Nq dx

/(uoao —u1aq + hodyug — w0z (gw0)) Ox Ny dz

(At)®

——(w1a1 — upag — hoOsug + 100:(qz0)) Nylor

Writing out the product terms

At
/(hl + ?(hlé‘xul + ulazhl))Nq dx

+

+

+

At)?
( 4) /(3tU1h1 —u1(h10;u1 + u10.hy)) 92Ny dz
At)?
( 4) (u1(h10zu1 + u10zh1) — h1Opur )Ny l3r
At
/(hO + 7((11 +ao = (horuo + uodsho))) Ny da
At)?
( 4) /3t(ao +a1)Ny dzx
(At
4 (uoao — uray + hodyug — ug(hodyuo + uodzho)) Oy Ny d
(At)? @
4 (uray — ugag — hoOsug + uo(hoOzuo + u00zho)) Nolzy

Taking this up to third order

L
At

1 At
(h1 = ho) = 5 (eho + Otha) + == (9Ftho — Ofyhi) +

(At)?

T(afttho + a?tthl)

is easy, if we simply approximate the time derivative in the third-order term through finite differences.

- (h1 — ho)

(At)®
12At

1 At At
5(8,5}7,0 + (9,5}7,1) + T(aftho — 8tzth1) + E a?t(hl — ho)

1 At
5(5th0 + Ophy) + I(aftho — 05 h1) + (07, (h1 — ho) + 07, (h1 — ho))

1 At At
5(atho + 0thy) + ﬁa,?th() — ﬁafthl

The only thing that changes is the numerical factor of the second-order term. However this is now correct

to third order.

2.12 Time discretisation of the tracer conservation equation

Consider the advection-diffusion equation

Oc
o +V(ev) = V- (kVec)=a

with the boundary conditions

Ve-n=0at Iy
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and
c=g at Ip

at different parts of the boundary. We will first consider the linear case where the velocity v and the
diffusivity, , are independent of ¢, but functions of space.
%)

Finite element formulation
ot
(Opc|NY 4+ (V - (cv)|N) + (kV|VN) — (a|N) — / Ve-nNdl'=0
r

<aC+V~(cv)Vo(/<;Vc)a

Greens theorem

The FE assembly of the terms, not including the time derivative, results in
(V- (cv)|N) = Ac
(kVc|VN) = De
(a|N) = B
Those matrices are evaluated at some time ¢, and they are in the general non-linear case, also functions

of c.
We can write the resulting system as

(Oi¢|N) = B(c) — (A(c) + D(c)) ¢



Chapter 3

Constraints

In Uaall essential boundary conditions, and various other constraints on the solution, are enforced using
the Lagrange multiplier method. Any multi-linear constraint can be written on the form

Lf—c=0,

where f € R™ is a nodal vector for the variable f(x), ¢ € R™ is a vector of m prescribed values, and
L € R™*™ is the multi-linear constraint (MLC) matrix on the form

1.1 ai2 -+ Ain

a1 az2 -+ A2n
L =

Am,1 am,2 e Am,n

where m is the number of constraints and n the number of nodal values.
If we, for example, want to enforce the ice thickness at node 1 to be equal to 1, the MLC matrix
L € RY*" has the form

and ¢ € R™*! is

These types of constraints are referred to as point constraints. When implemented using the method of
Lagrange multipliers, the Lagrange variable may not have a clear physical interpretation in a given FE
basis.

3.1 Nodal constraints assembly

Instead of applying point constraints as above, one can introduce the constraints
Single nodal constraint is

f(xq) = f(z4)
where z, is a nodal point location of node ¢ and f(xq) is the prescribed value.
(A fxg) = Jz(xq» = (Mp@p(@), ((fg — fq)d)q(x»
= Ni(¢(), bg(2)) (fy — fo)
= )\iMiq(fq - fq)

= \iM;;6;4(fq — fq)

for p=1, N and ¢ fixed. or
(A f(xg) — f(xq)> =AM, (fq — fq)
or also
(A fxg) = f(xq» = ATMLT(fq - fq)

71
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where L is n x 1. And more generally for m number of constraints

S (aa) = Fe) = AL M I L f - c)

IXn nXn nXm mxn p m

If we only solve for the active Lagrange multiplies, the number of which will be equal to the number m
of constraints, we can arrive at

N f(ag) = flzg)) = AT L M LT (

and the system to solve is then
LMLYLf=LML"c

or simply
Lf=c

which is the same system as the one we solve when applying point constraints. So these two approaches are
identical. However, the values of the Lagrange multipliers will not be identical for those two approaches.
See section 3.3 for further discussion.

3.2 Linear system with multi-linear constraints

Consider a quadratic minimisation problem

1
min I(x) = inAa: —bx ,

subject to the multi-linear set of constraints
Lr—c=0.

Using the method of Lagrange multipliers, we write

min J(x) := %mTAa: —bx+ AT (Lz —c¢) .

x
Taking the derivatives with respect to  and A and setting to zero gives the system
A LT T b
I o
Here A € R™*™ and L € RP*"™ where p are the number of constraints. There are various approaches
suggested in the literature to solving the system (3.1) such as the full-space, range-space, null-space

approaches.
The range-space approach is to use the first equation of (3.1) to arrive at

Lz + LA 'L"X=LA'b.
Then insert the second equation of (3.1) giving
LA 'L" X =LA 'b—¢,
which can be solved for A, and then solve for x using the first equation equation of (3.1) as
Az =b— L'\

The null-space approach is to find a matrix Z € R"*("~P) which columns for a basis for the null space
of L so that
LZ =0

Let & € R™ be a particular solution for the second equation such that

Lz =c
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After some manipulations we arrive at the null-space method for solving (3.1) which can be summarised
as:

Find Z so that LZ = 0.

Find & so that Lz = c.

Solve ZTAZz = ZT (b — A%)
Set x =Zz+x

Solve LTA =b — Ax

The matrix ZTAZ is (n —p) x n xn xn xnx (n—p) = (n—p) x (n — p). Therefore if the number
of constraints (p) is significantly large compared to n, n — p is small and this method becomes attractive.
However, the matrix Z7 AZ is usually dense.

3.2.1 Pre-eliminating point constraints

The system (3.1) has the size (n + p) x (n + p) where n is the total number of degrees of freedom and

p the number of (point) restraints. In some cases it is fairly easy to pre-eliminate the constraints and so
arrive at a reduced system of the size n x n.

The system (3.1) is

Az +L"X=b (3.2)

Lz =c (3.3)

Here the matrix A € R™*" and has rank n, while the matrix L € RP*"™ with p < n and has rank p. The

products LTL € R"*™ and LL” € RP*P both have rank p. The matrix LL” is invertible but LT L is

not.
We consider the particular, but in this context not uncommon, case when

LL" =1, . (3.4)

This assumption is not particularly restrictive! and allows us to determine A knowing x using Eq. (3.2)
as follows

L™\ = (b- Ax)
= LL" X =L(b— Ax)
— A=L(b— Azx) .
And furthermore again using Eq. (3.2)
Az =b—- LT\
— Az =b- L"L(b- Ax)
— Ax - L"LAx=b-L"Lb
— (I, — L"L)Ax = (I,, - L"L)b
or
QAx =Qb, (3.5)
where the matrix Q € R™*" defined as
Q=1,,—-L"L.

Multiplying with @ has the effect of ‘killing off’ the first p equations. Pre-multiply both sides of Eq. (3.3)
to obtain
L'L="L"¢c,

IProvided a node appears in one constraint only, L can always be scaled so that LLT equals I,. For example if

1 10 0 -2 0 0 O
L= 0o 0 2 0 0 0 O
0o 0 0 0o 5 0 O
0o 0 0 O 0 1 -1

Then scaling each line of L so that the square root of the sum of the squares of the elements of that line is equal to unity
results in LLT = I44.
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10°
Original system
With ilu(0) preconditioning
Equlibrated
Equlibrated and ilu(0) preconditioning
100 4
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Figure 3.1: Example of an iterative solution of A using the Generalised Minimum Residual Method
(gmres). The matrices A and B stem from a uvh solve of the WAIS, with 250,896 number of unknowns.
Computationally the solver for non-equilibrated matrix using the ilu(0), pre-conditioner is fastest and
reaches the prescribed reduction in relative residual, 1071°, in about 40 sec. However, on same machine,
a direct solver solves the same problem to in about 9 sec.

and adding to Eq. (3.5) gives
(QA+L"L)x =Qb+ L7 ¢,

and as ~
A=QA+L"L,

is clearly full rank, we can now solve for « as
z=A1Qb+ L), (3.6)

and then calculate A from
A=L(b- Ax). (3.7)

A drawback of this approach is that even when the original matrix A is symmetrical, A is generally
asymmetrical. While the system can be made symmetrical, in practice doing so in Uais of limited value as
most of the calculations tend to be done using implicit time stepping where A is already non-symmetrical.

Currently (August 2019) this is the approach” used in Uawhen matrix A is asymmetrical, i.e. the
system (3.1) is then solved using Eqs. (3.6) and (3.7) provided Eq. (3.4) holds.

3.3 Nodal reactions

I define effective nodal reactions, R, as
R=b-Azx=L").

The effective nodal reactions are defined for all degrees of freedom and for all nodes, i.e. not only for
the degrees of freedom and nodes for which BCs are applied to. Clearly the vector R does not represent
nodal values in the FE basis. To project R into the FE basis we need to solve

<[R*]prqu> = [R}q )
for components of what I refer to as the physical nodal reactions, R*. We see that
R*=M™'R,

or
R =M'LTX.

2Presumably this approach will have been derived earlier in the literature, but I have not seen this approach described
anywhere.
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10°
Original system
With ilupt preconditioning
Equlibrated
Equlibrated and ilupt preconditioning
10° :
=3 \
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10-15 I L
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Outer Iteration Number

Figure 3.2: Same example as shown in Fig. 3.1, but now using the ilupt conditioner with drop tolerance
of 107, The two iterative solvers using this pre-conditioner now arrive at the prescribed tolerance in
about 5 iterations. The non-equilibriated system solve with the ilupt pre-conditioner is fastest, and takes
about 14 sec, of which 8 are required for the incomplete LU factorisation, about 1 sec for the nested
dissection permutation, and about 5 sec for the gmres iteration.

Assuming
LL" =1,,. (34)
we now write the system
Az +L"X=b
Lz =c

as

Az + (LM)"X* =b
LMz =LML"c
in which case
(LM)T"X* = LT
or
L™ =M'L"X
hence
R* — LTA*
The above reformulation requires all links to be homogeneous. Dirichlet BCs can be non-homogeneous.
Alternatively, re-write this as
Az + (LMLTL)"X\* =b
LML"Lz = LML"c

where
L™\ = (LML"L)" X*,
hence )
A = (LY 'M Y LL")'LTX.
We find that

A =@L™) LR
Note that for m linear independent constraints, the matrix L € R™*™ has the rank m. The product
LLT is in R™*™ and
rank(LL") = rank(LT L) = rank(L) = m
and therefore the symmetric matrix (LLT) € R™*™ is full rank and its inverse exists. However, (LT L) €
R™ " ig not full rank and therefore not invertible.
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3.4 Non-linear system with non-linear constraints

If we have a non-linear minimisation problem

min I(x)

and non-linear set of constraints () = 0, we minimise the extended cost function
I(z) + (A(z) [ U(2)),

or once we have discretised the problem,
I(z) + AT,

A stable equilibrium point is a minimum with respect to x and a maximum with respect to A. Setting
the derivatives with respect to & and X to zero leads to

DI (z) + X105l (x) =
l(z) =

If this non-linear system is again solved using Newton-Raphson method then we use first-order Taylor
expansion and write

Ol (x) = Oply + Ad Oxlo + 02,10 Ax + Xo Opalo Az + 0,15 AN
I(x) =1l(xo) + Ozl Ax
and repeatedly solve

H+020 0,07 1[ Az ] [ —0u00 — 0217 Ao
Dyl 0 AN | T —lo

where again H = OgqI(z) is the Hessian matrix.
If the constraints are linear, we can write

l=Lx—c=0

in which case
Ozl=L and 02,1=0

and the system to be solved is
H LT T o —amlo — 8mlT AO
L 0 A —Lxg+c

3.5 FE formulation of the Newton-Raphson method with multi-
linear constraints

We solve
(f(u), Np) =0 subject to g4(u) =0 where ¢g=1...N

Assume there is a scalar I(u) such that (f(u), Np) is derivative of I with respect to u,, then minimising
I(uw) + (A, g(w))
gives, with u = Npu, and A = N\,
(f(w); Ng) + (A, 9g/0u Ny) =
(Ng» g(w)) =

In general, the (f(u),Ny) system can be expected to be non-linear. Assuming for the moment the
constraints g(u) = 0 are linear (g, = Agrur — by = 0), and the resulting system is solved using the
Newton-Raphson method, gives

(3.9)

0
0 (3.10)

(f(uo), Ng) + (Of JOu Au, Ny) + (X, 0g/0uNy) =0 (3.11)
(Ng,0g/0u (uo + Au) —b) =0 (3.12)
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Figure 3.3: Active set method, as described in section 3.6, used to ensure positive ice thicknesses. To
the left are the thickness reactions as calculated by Uafor a situation where ice thicknesses are zero
everywhere, and using the surface-mass balance distribution shown in the right-hand side panel. The
ice geometry is a simple horizontal slab. Hence, surface velocities are everywhere equal to zero. The
active set method is here used to ensure that despite non-zero melt being applied over an area where the
thickness is everywhere zero, the ice thickness does not become negative. Note that the (nodal) thickness
reactions need to be pre-multiplied by the mass matrix and divided by the ice density for them to become
‘'mesh independent’ and comparable to the surface mass balance. As is evident from comparing the two
panels, the active set method creates a fictitious mass balance distribution that exactly counteracts the
applied mass balance. Consequently, the ice thickness remains zero everywhere despite non-zero melt
being applied along the upper surface.

or
(f(ug), Ny) + (0 JouN, | Np)Au, + (N, dg/duN )\, = 0 (3.13)
(N,,8g/0uN,)uop + (N, | 9g/0uN,)Au, — (N, Ny)b, =0 (3.14)
L]
L 0 Sb — Luyg
where
fq = (f(uo), Ng)
and
Sgp = (Ng, Np)
and

or ifA:AA—l-)\o,

K LT Au _ —f(uo) — LTAO
L 0 AX | Sb — Lug

If the constraints can be written as Au — b = 0 then
Ly, = <Np’quNq>

(no summation implied). If the form functions are delta functions then, S =1 and L = A.
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3.6 Automated thickness-positivity constraints (active set method)
Assuming the existence of a potential P the problem can be written as a constraint minimisation problem

min P(h,v)

)

st h(z,y)>0 on
The Lagrangian

EP—|—/ Az, y)h(z,y) dQ

Q

Karush-Kuhn-Tucker conditions are

DrL(h,A) =0 (3.15)
Ay <0 (3.16)

hg >0 (3.17)

A h=0 (3.18)
(3.19)

The condition AT - h = 0 is the complementary condition, if thickness is positive then the corresponding
A nodal values must be zero, and where A is negative the thickness must be zero.

If the system of field equations can not be derived from a minimum energy principle, as is the case
here, the KKT conditions are introduced into the weak form.

Selecting the correct active set is a non-trivial problem and identifying it can be time consuming.

The thickness constraint is

h(.fl:,y) = hp¢p(x7y) Z 07

everywhere, of in the FE context
(h1&) =0 for i=1...n,
where n is the number of test functions (here equal to the number of nodes). We can also write this as
Mh>0

where [M;; = [, ¢i(z,y)&;(x,y) d2 and h the vector of nodal thickness values. In the Galerkin method
we use ¢, = &;. We solve the resulting inequality problem using a simple iterative procedure usually
referred to as the active-set method. The active set, A, is the set of nodes for which the equality constraint
hp, = 0 is applied at current iteration. These nodes are referred to as active, while the remaining nodes
where h, > 0 are considered inactive. At a given iteration we solve the resulting (equality) constrained
problem using the method of Lagrange multipliers and then update the active set as described below.
Over the active set we have the equality constraint

Ozéghq¢q(xay)£p(m7y) dQ

:/Lqrhﬂbqudﬂ for p=1...n,
Q

where r ranges from 1 to n and L, =1 if node r is active in the constraint ¢ € A, and zero otherwise.
We can also write the above equation as
LMh=0.

In addition to the active-set equality equations we have the field equations, which in in this particular
case are the conservation equations for momentum and mass, written in discretised form as

These are linearised as
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where K is the directional derivative of F', and solved using the Newton-Raphson method. We thus
arrive at the KKT system

LM 0 AN _LMbh, (3.20)

K MTLT } { Ah } - { —F(xo) — LM}

Physically, A* can the though of as the thickness, increment, or additional mass influx per time unit,
required to ensure positive thickness. At any given active-set iteration the active is therefore updated
based on the sign of A7 at node ¢. Those nodes for which A} is negative become inactive and are taken
out of the active set, nodes where A\jx is positive are kept in the active set, and previously inactive
nodes where hy becomes negative are added to the active set. The iteration is continued until no further
changes to the active set are required. Occasionally, the active set becomes cyclic, and the iteration the
then terminated with all cyclic nodes included in the active set.

As commonly done in numerical models, linear multi-points constrains are implemented in Uaas
Lx = ¢ where L is the where L € RP*"™ is an arbitrary MPCs matrix, where p is the number of linear
nodal constraints and n the total degrees of freedom. When combined with Newton-Raphson method,
this results in a KKT-type matrix system

HAIEIRRCRS)

Note that when solving implicitly for velocities and thickness, as done in Ua, Az stands for both velocity
components and thickness, i.e.
Au
Ax = Av
Ah

The key difference between systems (3.20) and (3.21) is the inclusion of the mass matrix M in the
former. Rather than modifying the commonly used framework (3.21) for implementing MPCs in finite
elements to include the mass matrix M, we now solve (3.21) and then calculate A* afterwards from the
solution of that system as

= (LL")'LM~TL" ). (3.22)

Both A* and A are in R? while M~TLTX is in R". Note that if each of the columns of L € RPX"
have exactly one non-zero entry and that entry is equal to unity, as will be the case if L is a thickness
constraint, then LLT is a p x p unity matrix irrespective of how the thickness constraints have been
labelled when constructing L. It is easy to see® that A* is indeed identical to solution for X of the KKT-
system including the mass matrix, i.e. Eq. (3.20). However, only A* obtained by solving Eq. (3.20) has
the physical interpretation mentioned above, i.e. it is the thickness increment required at a given node in
the active set A to enforce thickness positivity. Hence, updating the active set must be based on the sign
of A* and not on the sign of A. For linear elements all the entries of the mass matrix M are positive by
construction and therefore, in that particular case, the active set update can be based on either A, or A7.
However, for higher order elements, e.g. quadratic or cubic, using A instead of A* will, in general, results
in an incorrect active-set update.

The active-set is updated after each NR iteration, and the the active-set update continued until
convergence. In transient runs, only one or two updates are typically required. Updating the active set
within the Newton loop was tried but did not result in any computational gains.

3.6.1 Thickness barrier

T = e (B=hemin) /A1)

8hI — _fyhef(hfhmin)/)‘h

92,1 = %ef(hfhminwh

3Consider
Fz+L"Xx=0
Fx+MLTX* =0

from which (3.22) follows.



80 CHAPTER 3. CONSTRAINTS

If the problem were self-adjoint then this amounts to adding a term to the prognostic equations, i.e.
ath+va:y'qh +0ol =a

or
ath + va ‘Qry = a — ahl

which shows that the method is equivalent to adding a fictitious mass-balance term. For v, = 1, A = 1,
hmin = 0 and h = 100 the numerical value is about 10~** and about 10~° for h = 1.
Ifa=0and v, =0
Oh = -1 = ,yhe—(h—hmin)/kh

and ~ has the units length per time and can be thought of as the fictitious mass balance at h = hpmin-
Solving
O+ oy @ — e i) = g

implicitly using NR with respect to h where
Bni1 = hiyq + Ah
is h at time step n + 1 and 7 is the NR iteration number, gives

1

At

(Ah+ Ry = i) = % (Vhe(h;“h‘“‘“)/)"‘ - z—he*(h;“*hm‘")/)‘h Ah + Vhe(h"hm‘“)/)‘h) =0
h

where I have omitted writing the flux and the accumulation terms, i.e.

L 19 i — i)/ Lo Vo [ —(hi—hmin) /A —(hn—humin)/A
- _ n41 min h Ah —_ hl _ hn e ( ( n+1 mu\)/ h ( n mm)/ h)
(At TN © A Pner = hn) + 5 (€ +me



Chapter 4

The non-linear FE system its solution

4.1 Variational formulation
As shown in Appendix C, for an elliptic PDE
Lu=f (Ignoring BCs in this example)

the unique solution v minimises the functional

J(u):%/ﬂuﬁudﬁf/ﬂfudﬂ,

provided £ is linear, self-adjoint, i.e.

/vﬁudQ:/uﬁde,
Q Q

/uﬁuZO.
Q

1/EuéudQ—/féule:O,
2 Ja Q

and this is the system solved in the finite element method. The discrete from is

and positive definite:

The resulting system for u is

Au=f

where [A]” = Q5 and Fj = lj and Q5 = a(d%’,gk) y lj = Z(EJ) with

Qi = / (ﬁpﬁfj dS)
Q

Note that in the FE method tend to construct the system Au = f directly as a weighted residuals
problem, i.e.

/(Euff)gbidQ:O.
Q

If the PDE is self-adjoint and positive-definite, can we interpret the discrete system Au = f as resulting
from a minimisation problem. If A is positive-definite we can work backwards from the discretised
problem and interpret Au = f as the solution to

u

min{;uT~AufT~u} .

81
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4.2 Non-linear self-adjoint problem

If the operator is self-adjoint and positive definite the resulting non-linear problem is a convex optimisation

problem. We solve
min J(x) , (4.1)
x

where J : R™ — R. If, as we here assume, the problem is convex and differentiable we can in principle

solve
VJ(z)=0. (4.2)

For a convex function J, the two problems (4.1) and (4.2) are equivalent. The function J is convex on a
convex set if and only if the Hessian is positive semi-definite.

For either solving a non-linear problem, or a non-linear convex optimisation problem, the method of
choice is the Newton-Raphson method ( , ). We expand

J(@) = J(zo) + VI (x0) A + %AocT V2 (o) A + O(|[62°))
where Ax = x — xo, and solve for
mwin {VJ(:BO) Ax + %AwTsz(wo) A:c}
resulting in the Newton system

V2J(zo) Az = —VJ(xg) ,

and the Newton update
Tp+1 = T +di

where
dk = — (Hk)71 VJ(IBk) y

is the Newton step, and )
di = di/||di]|

is the Newton direction, and
Hy = V2 () ,

is the Hessian matrix

However, unless the function J(x) can be approximated reasonably well locally around x, as a
quadratic function there is no guarantee that J(axps1) < J(xg) where &1 = @ + di. Should this
happen, we solve the line-search sub-problem

min {J(xx +vd} ,
B!

with 0 < v < 1. This line-search sub-problem has a local minima for some v within the bounds 0 < v < 1
provided dj, is a direction of descent. For dj to be a direction of descent requires

VJ(a:k)T -di < 0. (4.3)

From
VJ(zp)" - dy, = —VJ(xp) TH ' V() ,

we see that
VJ(x)T - dy <0, (4.4)

is indeed fulfilled, provided H ! is positive definite.
At the minimum of its quadratic approximation J(x) has the value

J(z) = J(x) + VJ (1) Az + %AazT Hj Ax
= J(ay) — V() (Hp) ™' VI () + %((H@‘1 VJ ()" Hy, (Hy) ' VJ(21)

= ) SV ) (H) ™ V()
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This motivates the definition of the Newton decrement D;, as

Dy 1= [V (@) (Hi) ™ V(@)

and D,% /2 is an approximate bound on the sub-optimality gap at iteration k. Having solved the Newton
system, i.e. d, = — (Hy)™ ' VJ(x), we can calculate the Newton increment as

D} = —V.J(xy) - dy.

Positive definiteness of V2.J implies D > 0. We can also write the Newton decrement as

D= \/VJ(wk)T (Hy) " VJ(x)
=(VJTHTH"H V)
=(VH 'V ) THTH V)
= (d"Hd)'?
= |ldll

showing that the Newton decrement is the norm of the Newton step in the Hessian norm. The line search
problem is finding v so that

d

@J(a} +~d)=VJ(z)-d
= —VJ(z)(H) " VJ(x)
=-D?.

Again we see that if H is positive definite, the slope at v = 0 is negative.

For a self-adjoint problem the Newton’s increment is a natural candidate for a stopping criterion, i.e.
quit iteration if D?/2 < e, where € is some prescribed sub-optimality tolerance.

4.3 Non-linear non-self-adjoint problem

For a non-self-adjoint differential operator no (scalar) cost function can be defined in a similar way as for
the self-adjoint case.
Now the Newton-Raphson system is

Kd=-R,
where R
K= —
od’
is the Jakobian. We can also write this as
Ry, q,dg=—R,.

The vector R are the nodal residuals and d the increments during each NR iteration. Provided the
system converges, both approach zeros as the iteration progresses. In FE, common convergence criteria
are based on
IRl Force Residuals
|| Displacements
-R-d Work Residuals

For self-adjoint problem where R = VJ and K = H, the work and the Newton decrement criteria

D?’=-R-d
=R-K 'R
=VJ - H'VJ

>0
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are identical. However, for a non-self adjoint problem D? can be negative as well as positive. Instead
of minimising D? we find the solution where the increment, d is normal to the residual force R, i.e. we
minimise

D?*=|R-d|.
This corresponds to a minimum in the work function, for example because either force and/or displace-
ment increments are small, if the force increments are orthogonal to displacement increments.

4.4 Constrained self-adjoint problem

Again if the problem is self-adjoint there exist a scalar function J such that VJ = R and H = V2J.
Now consider the constraint optimisation problem

min J(x)

st. Lx=c¢c

where H € R"*" [ € RP*" g € R™ and ¢ € RP,
A solution x* is optimal if and only if there exist a A such that
VI(x)+L"A=0
Lz* =c

where R =VJ ( , ). Second-order expansion

VJ(z+Az) + LA~ VJ(x) + V2 J Az + LT A+ AX) =0
Lz + Azx) =c

and solving for the minimum of the quadratic term, gives the KKT system

R A »

where H = V2] is the Hessian matrix. The Az and A are referred to as the primal and the dual steps,
respectively. The quantity
[ R(w0) + L™ Ao

is sometimes referred to as first-order optimality measure.
The matrix on the left-hand side of (4.5) is the gradient of the right hand side with respect to  and
A. That is, if we define

~ H LT
A= (46)
and
&= [ f\ ] (4.7)
and .
o . R(.’I)o) + LY X\g
e (43)
then
H=V:R
We also have
H=V:R
The corresponding quadratic model
[P D
Q==x oR+§m~(Hm)
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is
Q(Ax, AX) =(Ro + LT Xo)T - Az + (Lxy — )T - AX (4.9)
1 1
+ §AwT (HAz + LTAX) + FANL Az (4.10)

Note that since the constraints are linear, they are fulfilled exactly at each iteration.! The second

equation, i.e. the condition LAx = ¢— Lx ensures that the Newton step Ax is always a feasible direction.
It follows that if x is a feasible point, i.e. if L(xg) = ¢, and if Az is in the null space of L, i.e. LAz = 0,
then every point xg + yAx for any + is also a feasible point because

L(xg + vAx) = L(xo) + LyAx

=c+vLAx

=c.
Hence, when conducting a line search the constraints are automatically fulfilled provided the starting point
for the NR iteration does so, and there is no need to re-solve the KKT system during the line search.
Also, even if the starting point does not fulfil the constraints, the constraints will still be fulfilled once a
full Newton step has been taken at least once during the iteration.

When the constraints are linear, we can ensure that they are fulfilled exactly at each iteration, and

therefore for the final solution, even if the initial starting point does not and we never take a full Newton
step, by simply not solving for the Lagrange multiplier, A, not in an incremental form as done in (4.5),

but rather as
2 5]%]--[ )

If the constraints are non-linear, the solution will, in general, not fulfil the constraints unless at least one
of the following is true: 1) the iteration converges, 2) a full Newton step is taken at least once during the
iteration, or 3) the starting point of the iteration fulfils the constraints, i.e. the initial iterate is a feasible
solution. In Uait is always ensured that the initial iterate is feasible.
The Newton step, d,
d=Ax

is defined as a solution Az to the two KKT equations

HAz + LT\ = —R(x)
LAz =0

or

Az =—H ' (R+L"(Xo+ AX))
=—-H ' (VJ+L"X) .
Taking the full Newton step, the reduction in J at each iteration is therefore
J(x) — J(xr) =VJ(xr) Az + %AmT Hy Ax
=VJ'H™ ' (=VJ - L"X) + %(H‘l (=VJ—=L"X)" H,H™' (-VJ — L")
=VJTH ' (-VJ-L"X) + %(—VJ —~ LN H N (-VJ - L")
=-VJ'H 'V -VJH LT X + %(—w — L") H N (-VJ - L")
=-VJTH 'V -VJH'LTX
+ % (VITH'I + (L"NTH'L"A+ VJH ' LA+ (L"N)TH'VJ)

=- %(VJT + (LI H N (VIT + LN

—~VJH'L" X+ % (VIJTH'L" A+ (L"X\)"H'V)

IWe could, in fact, start the iteration with & = x¢ where xq is a particular solution of Lag = ¢ and then insist that any
addition to x is in the null-space of L, i.e. LAx = 0.
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Figure 4.1: An example of the variation of r§ ., and  Figure 4.2: Another example of the variation of r§ .,
7ok 8 a function of y during a line-search. Herethe  and rd, ., as a function of v. Here the full Newton
backtracking algorithm selects v ~ 1/2. For clarity, step (7 = 1) was accepted. Also shown are the slopes
the circles show some additional function values not at v = 0 calculated as 2r at v = 0.

calculated during the line search.

The last line equals zero if H symmetrical, hence as in the unconstrained case the Newton decrement is
a measure of sub-optimality, i.e.

1
J(x) — J(x8) = — §(VJT + (LN HY(VI + LT
=-D?/2
where Newton decrement D is

D? = (VJ+ (L*XN)T - Ax

(
(VJ+LTNTH-Y(VJ + LTX)
(
(

=(VJ+L"NTH*HHE Y(VJ + L")
VI+LTNTHTHH Y (VJ + LX)
=(H VI +LTA)THHE Y(VJ+ L")
=d'Hd

When conducting a line search we find, similarly to the unconstrained case, that
iJ(a:+ d)=VJ(x)-d
dy e =
=R".d
=—(Hd+ L' X" -d
=-d"' - H'd-\"L-d
=—d" -H"d - T (c — Lx)
=-—D?+ (Lxo—c)T - X.
Thus if H is symmetrical and positive definite, and furthermore xy a feasible point, then the slope at

v = 0 is negative. However, the Newton direction at an infeasible point is not necessarily a decent
direction for J. This point, and other similar are also discussed in Boyd and Vandenberghe (2004).

4.5 Convergence criteria

If the Newton-Raphson method converges then Az — 0 and AX — 0. This suggests defining a conver-
gence criteria in terms of the norm of Az and A, i.e. in terms of the size of the update to the solution.
Another convergence criteria is the norm of the force residuals R or the size of the Newton increment
R - d (work residuals). The primary convergence criteria in Uais the size of the force residuals. It is
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Figure 4.3: An simple backtracking example.

possibly to define a convergence criteria based on force residuals, work residuals and increments, and some
combinations thereof. Defining a convergence criteria in terms of increments can be quite problematic as
smallness of increments does not imply convergence.

4.5.1 Force residuals

Writing the residual vector R as
R=T(x)- F,

where T and F' are the internal and the external nodal forces, respectively facilitates the definition of a
normalised force residuals as

s (R+LTXNT(R+LTX) + (¢ — Lz)"(c — Lx) 112

2 2 (4.12)
_ (R+L™NT(R+ LX)

- T : (4.13)

where in (4.13) is has been assumed that ¢ — L& = 0 at each iteration. If the Newton step is started
from a feasible point, then the Newton direction is a decent direction of (4.13). However if the point is
infeasible, (4.12) must be used.

If at some iteration a full Newton step can be taken, the iterate becomes feasible and as all subsequent
steps are in the null space of L, all following iterates will be feasible as well.

At start of an iteration using as start values = 0 and A = 0, the internal forces are all zero, T' = 0,
and hence r = 1. The iteration is continued until r drops below a prescribed tolerance. By default this
tolerance is

r2 <1071 .

4.5.2 Work residuals

The work residuals are defined in terms of the Newton decrement as
r:=—(R+L"™ N .d

where d is the (full) Newton step.
d=-H'(R+L")).

The actual minimisation is based on the value r? which is always positive.
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Figure 4.4: An example of rf .. and r{,,. as a function of Newton-Raphson iteration number.

4.5.3 Increments

Using increments as a convergence criteria is not recommended and in Uanot implemented for all cases.
Where implemented the increments are defined as

\/M/ Ix+xo> a4,
A= [aa

and z¢ is a regularisation parameter. So for example when solving for velocities the size of the velocity

increments is defined as
2 2
Av
uv = dA .
il ((m +uo) i <|v| +uo> )

where g is some small constant with the dimension velocity.

where

4.6 Summary of convergence criteria

Ignoring constraints and possible additional normalisation, the three convergence criteria are:

Tlgorce ::RT ‘R
"Work =(R" - d)”
:(RT . H*lR)Q
TDisplacements =d-d

Note that since H is not guaranteed to be positive definite, (RT - H~!R) is not necessarily positive and
we can not define a corresponding inner product as we could in the self-adjoint positive-definite case
considered above. The work criteria is the only one independent of coordinates (affine invariance).

The Newton step is a direction of decent if Eq. (4.3) is fulfilled for those cost functions. We have
already seen that the Newton step is a direction of decent if the problem is self-adjoint and positive
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definite (see Eq. 4.4). For Jporce we find

vTII%Orce -d :(RPRP)-,Q dq
:(Rpprq + Rp,qu) dq
=2RpRp 4 dq
=—-2R,R,
= 2T1%orce

<0

)

or in vector notation as

Vi -d=V(RT -R)-d
=2R" . (VRd)
=2R" . (Hd)
= 2R" - R

_ 2
- _QTForce
and similarly for Jwork

vr\%\lork -d =(RpdpRsds) q dg
=(Rp qdpRsds + Rpd,Rs 4ds) dy
=(Rp 4dpRsds + Rsds R, 4dy) dy
=2R, qd,R.ds dg
=2R,, qdqd,Rds
=—2R,d,R,d;

_ 2
= — 2I'work
<0

)

so the Newton step is a direction of descent for both 73 .., and r; .. Same calculations show that when
conducting a line search, the slopes at v = 0 are

d
dirlg‘orce (:E + f)/d) :vrlg“orce -d
Y ~=0
= 2TI%orce (CL') ’
and
d
dir\%VOrk (:B + f)/d) :vr\zNork -d
Y ~=0
= 2T\2Nork (CL‘) .

In Ua the letter r is used for these costs functions to avoid confusion with the inverse cost function
denoted with J. The cost functions can also be written as inner products as

Tlg“orce = T%orce = RT R=<R | R>l2
T\%Vork = T\QNork =R'"H'R= <R ‘ R>H’1
=R"H"T"THH 'R=(d|d)y (if symmetric and positive definite)

2 .2 _
"Displacements — " Displacements — <d | d>L2

4.7 Minimising the norm of the residuals

The cost function is defined as the square of the residuals, i.e.

r*:=|R|3=R"-R=(VJ)"-VJ
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and we wish to minimise 72

estimate g such that

. This done iteratively and we aim to find an update Ax to our current

r?(xo + Ax) < r?(xo) .

We do this by iteratively solving a linearised minimisation problem around xg
minr?(x + Ax)
Ax

as a function of Az. Taking the step Ax from xy to  + Az the variation in r2 is to first order in Ax
r2(xo + Ax) = (R(xo + Ax))T - (R(x0 + Ax))
~ (Ry + VRAz)" - (Ry + VR Ax)
= (Ry + HAx)T - (Ry + H Ax) (4.14)
=R} Rl +(Az" -H'"Ry + R} - HAz) + Az” - H' HAx
=Rl Rl + 2Rl -HAz + Ax" - HTHAz

or
r*(zo + Ax) ~ 13 + 2R} - HAz + Az’ - H'H Az

where
H=VR,

and, where we have observed the identity
Ax" - H'Ry, = (H'R) - (Az{)”
=RIVRy Az .
Note that the linearised minimisation problem (see Eq. 4.14) can be written as

min = || Ry + VR Az||3
Az

which is a type of a least-squares problem, subject to some possible additional constraints on the solution
vector Az. The quadratic approximation, Q(Ax), to r? is

Q(Ax) = 2Rl - VRyAx + Az" - (VRy)' VR, Az (4.15)

that is
r?(xo + Ax) ~ 12 + Q(Ax)

A general quadratic minimisation problem is on the form
1o T
min—xz' Bx+g' = (4.16)
z 2
and by comparing Eq. (4.15) and (4.16) we see that here
B =2y*(VRy)TVR,

and
g=2v(VRy)"Ry

If this problem is unconstrained, the solution to is obviously the the full Newton step (see below), however
if we limit the step size ||Ax| < A as, for example, done in trust-region algorithms, the solution is not
this simple.

Unconstrained minimisation of Q(Ax), as given by Eq. (4.15) by setting the gradient to zero, leads

to
VQ=2H"Ry +2H"H Ax =0
or
H'HAz = -HTR,
or simply

HAz = —Ry (4.17)
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provided H~7 exists, which is the (full) Newton step. Thus, the two unconstrained problems

HAx = *Ro
2HTHAz = —2HT R,

are mathematically identical.
Minimising @ subject to the linear constraints L& — ¢ = 0 gives the system

L =Q(Ax) + AT (L(xy + Az) — ¢)
which we minimise with respect to Az and A giving

2H"Ry +2H "HAx + A+ ANTL =0
LAz =—(Lxy—c)

that is
2HTH LT Az | [ 2HTR(z) + L™ Xo (4.18)
L 0 A - Lw(] —C ’
We can pre-multiply (4.18) on both sides with
{ 1H-T 0, ]
Opn 1pp
where H € R"*"™ [ € RP*" x € R™ and ¢ € RP, arriving at
H sH LT | [ Az ] _ [ R(zo)+3H "L (4.19)
L 0 AN Lxg—c ’ )
This (constrained) system is not identical to the previous Newton system (4.5), which is
H LT Az | [ R(zo)+ L™ Xo (4.5)
L 0 AX | T Lxy—c )

even when H~7 exists, unless all constraints are inactive and A = 0. However, it appears that this only
affects the solution for A and the systems can be made identical by redefining A accordingly.
Line Searches
In a line search we minimise r2 along some given direction d, and write
T =xo+yd
where v is a new step-size parameter. Assuming the cost function r? is defined as
R’=R" R (4.20)

and we have
H=VR (4.21)

we, thus, now solve the minimisation problem
min 2 (xq + vd)
v
for d fixed, were
R*(xo +vd) =~ R2 +2yR} - Hd +~*d" - H'Hd .

In general, neither the search direction d nor the step size v need to be specified, and this function could
be minimise with respect to both the (scalar) step size v, and the search direction d, e.g.

min R?(zo + vd)
v,d

subject to, for example, v||d|| < A, where A is the trust-radius. However, in line-search algorithm we
solve this minimisation problem with respect to + alone.
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The slope at v =0 is
87R2(w0)]W:0 =2R} - Hd . (4.22)

And the minimum as a function of v, for a given search direction d, is found where

Rl -Hd+~d" -HTHd =0

or at
RT - Hd
7T 4T HTHd (4.29)
R -Hd
— o M4 4.24
[Hd]? (4.24)

For the search direction d to be a direction of descent, we require the slope to be negative and the
step size positive. From (4.22) and (4.24) we see that the slope is guaranteed to be negative and the step
size positive if, for example:

e we select the steepest descent direction with d = — Ry provided that additionally H is positive
definite,

e and for the Newton direction where d = —H ' R,.

There are many other options of selecting a search direction.

Egs. (4.22) and (4.23) are general in the sense that they only depend on the linearised minimisation
problem itself, and are valid for any search direction d, and are also correct for constrained problems.
The only assumptions made are that Eq. (4.20) defines the function to be minimised, and that relation
(4.21) holds.

Cost function base on first-order optimality

The minimum of the cost function R? := || R||? is likely to depend on the constraints and the slope in the
search direction will not always be equal to zero at the min.
Alternative cost function is

r?=2H'R+L"N)" - 2H"R+ L™ \) + (L — ¢)" - (Lz — ¢) (4.25)
which is the square of the right-hand side of the system

{ 2HTH L7 } { Az ] _ { 2H" R(x0) + L™ Xo (4.18)

L 0 AN Lxg—c
To first order
r2(x 4+ YAz, A+ yAN) =18 + 2y2HTR + L\ (2H" H Ax 4+ LTAN) + 2(Lx — ¢)LyAx
=72 —2yQHTR+ L™ N)T2H" R+ LX) + 2y(Lx — ¢)" - (Lx — ¢)
=15 — 2975

where the change in H with = has been ignored, i.e. H = Hj. Ignoring the variation in H with respect
to = does introduce an error, and the estimate for the slope at v = 0 is no longer exact. This error
is introduced here, because the cost function depends explicitly on H. This error is not, for example,
introduced in the estimate (4.22).

Line search in Newton direction

In a Newton line search we solve the minimisation problem
min7?(x 4 vd)
¥

with
r?:=R" -R=(VJ)' -VJ (4.26)
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and where d is the Newton step
Hd=—-Ry . (4.27)

Proceeding as before (see page 90), we find
r2(xo + Azx) = (R(xo + Ax))T - (R(zo + Ax))
(Ry + VRAz)" - (Ry + VR Ax)
(Ro + H Az)T - (Ry + H Ax)
(Ry + Hvd)" - (Ry + H ~d)
(Ro—vRo)" - (Ry — 7Ro)
(1-2y++")R{ - Ro
(1 =2y +~%)7%(z0) -

~
~

The minimum is evidently found at v = 1, and the slope of 72 at v = 0 is equal to —2r3. Note that the
minimum value of this quadratic approximation is always, by construction, 7> = 0 at v = 1. This holds
when Hd = — Ry, and will also hold for the solution of the KKT system in the more general constrained
case, provided we then use the solution of the KKT system as the (feasible) search direction.

We could also have inserted Hd = —Ry into Eqs. (4.22) and (4.23) and arrived at the same answer.

Line search in the M modified steepest-descent direction
For the M-modified negative steepest-decent direction, we solve
Ms=-R,
where M is the mass matrix. The direction is therefore
s=-M"'VJ=-M"'R.
As before we minimise
mvin r?(x + vs)
and the cost function is again the square of the residuals, i.e.
r:=RT-R= (V)T -VJ,
but now d = s where s is the M-step
Ms=—R,

Proceeding as before (see page 90), but now taking the step Ax = s from xy the variation in r? is to
first order in Az

r?(xo + Azx) = (R(zo + Azx))T - (R(zo + Ax))
(Ro+ VRAz)" - (Ry + VR Ax)
(Ry + HAxz)" - (Ry + H Ax)
= (Ro+ H~s)" - (Ro+ Hs)
=R} R —~(s" -H"Ry+ R -Hs)+~*s" -H"Hs
=718 —2vR} -Hs+~?s’ - H'Hs

Q

or
r?(xo +v8) ~r%(xg) + s’ - Bs

where
B:=~+*H"H —y((H'Ry)" + H' Ry)

The slope at v =0 is
8ﬁ,r2}7=0 = 2R} -Hs
=Rl - (M'H"Ry)) + REH M 'R,
=Rl - (M'H" + HM )R,
= 2RYHM ™' R,
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which is same as Eq. (4.22), and thus negative in the search direction s provided
HM >0,
and the minimum along this search direction is at
—sT . HTR—RT -Hs+2vsTHTHs =0

or at

_ RT-Hs

T (Hs)T - (Hs)

which is same as Eq. (4.23).

Cauchy point: minimum in the direction of steepest descent
For the steepest-decent direction, we ’solve’
Id=—-R,
where I is the identity matrix. The search direction is therefore
d=-VJ=-R.

As before we minimise
min7?(zx 4 vd)
v

and the cost function is again the square of the residuals, i.e.
=R - R= (V)T .VJ,

but now d = —R. We proceed as on page 90, and find that he slope at v =0 is

8v7"2‘7:0 =-Rj-(H"+ H)Ry

= 2RT'HR, ifH=H"
and thus negative in the steepest descent direction provided
(H" + H) =0
and the minimum of the quadratic model along the steepest descent direction is
—-R" -HTR-R' -HR+2yRTHTHR =0

or at

_RT-(HT+H)R
7T 2(HR)T - (HR)

Here v > 0 provided (HT + H) = 0.

4.8 Time stepping

Ua uses a simple automated time-stepping algorithm that is based on the number of non-linear iterations
per time step. The idea is to keep the time step small enough to stay in the second-order convergence
regime of the Newton method, while not making it so small that almost no iterations are needed. Usually
the time step is chosen so that the number of iteration is on average close to 3 to 5.
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Figure 4.5: Example of time stepping an number of non-linear uvh-iterations in a run. Initially the time
step is quite small or at 1 x 107° yr, and then increases to about 0.1 yr. This example was based on
a run including Pine Island and Thwaites glaciers, using automated mesh refinement and unrefinement

around the grounding line.
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Chapter 5

Continuation Methods

For dh
— =G(h(N), A
= G(h(Y), )
consider the stability of the equilibrium point
0= G(h(N), )

for some given value A. Perturbation by Ah and Taylor expansion:

W = G(h(\) + Ah, \)
dh  Ah )
T+ = = G(h) + GuAh+ O((0h)?)
Ah
e Ah
0+ i 04+ Gy,
that is IAR
20 _ quAR
a o

and the solution is
Ah(t) = Ah(t = to) eGrt=to)

Generally, in a numerical context Eq. (5.1) can be expected to have the form
Ah = G(h)

and the fixed-point problem is
0= G(hg)

Same argument as above then leads to

Abh = Gydh (linearised system)

We look for solutions to ]
Adbh = Gyoh

on the form
Sh(t) = xett

for which .
Sh(t) = pxet

and inserting into Eq. (5.4) gives
Apzxe't = Gpaxett

resulting in the generalized eigenvalue problem

Grx = pAx

97

(5.1)

(5.4)
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and, hence, the stability of the fix-point hyg, i.e. the solution to Eq. (5.3), depends of the eigenvalues, p,
of the system (5.5).

Generally, when solving finding thet steady-state solution, it is unlikely to be unstable. It certainly
will not be unstable if we solve the fix-point problem using a pseudo-time stepping approach. Therefore,
we are unlikely to encounter eigenvalues with a positive real part. More generally we expect to possibly
find a critical eigenvalue having a zero real part. If it is real (i.e. both real and imaginary parts are zero)
and the corresponding critial eigenvector is symmetric, the system encounters a turning point, and if it
is imaginary the system undergoes a Hopf bifurcation and starts to occelate periodically

(2002)

In Uathe system (2.48) is solved using the NR method and both A and the G, derivative therefore
available.

F(h,t)=p0th+Vagy-q—pa=0, (2.48)

is solved implicitly with respect to ice thickness using NR, and FE formulation gives

Apqg =< pdp, ¢g >
Gg =< pa(h),pq > — < q,Voq >

5.1 Simple analytical solutions involving mass-balance altitude

feedback
5.2 Weertman’s solution for mass-balance elevation feedback on
ice caps
One of the first papers to consider the consequences of a feedback between surface mass balance and
surface elevation were the papers by Boovarsson (1955) and ( ). Here we follow the
treatment given in ( )

Assume an ice sheet with a constant accumulation a™ over the accumulation area, and a constant
ablation a~ over the ablation area (how realistic is this?).

The ice sheet rests on a flat bed. The thickness is given by h(z) and the equilibrium altitude is hgpa -
Where h > hgpa the accumulation rate is a™ > 0, where h < hgpa the rate is —a~ < 0, where both at
and a~ are positive numbers. Although the mass balance is spatially constant over the accumulation and
the ablation area, the respective areas are not fixed. The mass balance is therefore a function of the ice
sheet geometry.

a™ where h(z) > ELA

alh(z)) = {—a where h(z) < ELA

Note that both at and a~ are positive numbers. The horizontal distance from the centre towards the
location = where the ice thickness is equal to ELA is denoted with R, that is by definition of the variable
R we have

h(R) = ELA .

Table 5.1: List of variables

symbol units
a(x)  surface mass balance distribution (m/a)
a® accumulation rate above the ELA (m/a)
a” ablation rate below the ELA (m/a)

b bedrock elevation (m)

ELA  equilibrium line altitude
h(z)  ice thickness
hELA ice thickness at x = R
R horizontal distance from the centre of the ice sheet to where h = hgpa
s(x)  surface elevation
L (half) width of the ice sheet

EEEEEE
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Figure 5.1: The surface profile of an ice sheet as given by Eqs. (5.8) and (5.10), for a™ = 1m/yr,
a” =1m/yr, ¢ = 2m'/? yr'/2. Everywhere where h > hgpa the surface mass balance is equal to a given
positive number a*. For h < hgpa the surface mass balance is set to —a~ < 0. Although the mass
balance is therefore spatially constant within the accumulation and the ablation areas, the mass balance
is nevertheless a function of the surface elevation.

Our objective is to calculate the steady-state geometry as a function of distance x, for a given the
accumulation (at) and ablation (a~) and the equilibrium-line altitude (ELA). Symbols are listed in
Table 1.
The total length of the ice cap is L and in equilibrium the integrated surface mass balance must be
equal to zero, that is
atR—a (L-R)=0 (5.6)

. L=(1+a"/a")R. (5.7)

The vertically integrated mass-conservation equation is
ath + 8a:q =a,

and we look for steady-state solutions where 0;h = 0. Integrating gives

where U = B7™ is the depth average velocity, 7 is the driving stress,
T = —pgh dh/dz ,

with p the ice density, and g the gravitational acceleration. In the original paper Weertman sets m = 2
and we will use that value here (In 5.2.2 we repeat some of the calculations for a more general case).
Therefore

xT
B(pg)*h®(dh/dx)? = —/ a(z") dx’,
0
For z < R we find
B(pg)?h®(dh/dz)? = —a™x,

which we can write as
BY2pgh®/?dh = —(at )/ ?da.
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Figure 5.2: (a) The change in surface profile with accumulation (a). The length and the thickness
decrease with increasing accumulation rate a™. (b) The ice thickness hgpa of a steady-state ice sheet as a
function of horizontal distance R towards the equilibrium line (the dividing line between accumulation and
ablation.) Also plotted is ELA (as determined by the climate). Only for ELA = hgp,a is a steady-state
ice sheet under given climatic conditions possible.

Integrating

§B1/2p9h5/2 _ 32 (ata)?? + K

a
where K is an integration constant. Inserting x = 0 and writing H = h(x = 0) for the thickness at the
centre we arrive at

ho/%(x) = H/? — %(a+l’)3/2 for 0<z<R (5.8)
a
where
PO T (5.9)
~ 3BY2pg’ '

Similar considerations for R < z < L lead to
W2 (z) = 32, + ai_ ((a+R —a~(z—R))*? - (a+R)3/2) for R<z<L (5.10)

where we determined the integration constant by setting 2 = R using h(R) = hgrpa.
Inserting * = L where h = 0 into Eq. (5.10) and using a™R — a~ (L — R) = 0 (which is Eq. (5.6)
above), we obtain
3 -
0=hifiy — (c/a”)(a* R)",
or

1
R=—(a JOREIRAN (5.11)

We can now insert £ = R where h = hgp,a into Eq. (5.8) using the above expression for R and we find
that
H=(1+a" /a")* hgpa, (5.12)
A further expression for L in terms of the ELA, accumulation, and c is obtained by inserting (5.11) into
(5.7) giving
1
L=—(1+ a”Jat) 3 (a™ Je)? PR, (5.13)

Summarising, we have found the following steady-state solution:

—Ja VB2 e (qt2)3/2)2/5 < g <
h(m):{((1+a JaT)hgra — =5 (aTx)?/2)0, for0<z<R (5.14)

h%/LzA + < ((afR—a (z—R))*? - (a*R)*?), for R<z <L

where R and L are given by Egs. (5.11) and (5.13), respectively, and ¢ by Eq. (5.9).
Ice sheet profiles for two different values of a™ are shown in Fig. 5.2a. Values of all other variables are
the same for both curves. Both profiles reflect steady-state conditions. Note that an increase in mean
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Figure 5.3: Ice thickness at summit (H = h(x = 0)) from Eq. (5.12), and the length (L) from Eq. (5.7) as
functions of surface accumulation, a*, above the equilibrium line altitude (ELA). Here ELA = 2000 m,
a~ =1m/yr, and ¢ = 2m*?yr'/2, As a* — 0 the ice sheet becomes infinitely thick and infinitely wide.

accumulation is compensated by a reduction in accumulation area, i.e. R becomes smaller with increasing
a, leading to an overall decrease in length.

One of the rather surprising aspects of the solution is that both L and H decrease with increasing
accumulation rate a®, and raising hgpa increases the thickness H and the length L. This aspect of the
solution is depicted in Fig. 5.3, showing H and L as functions of a™. As a™ — 40 the ice sheet becomes
infinitely thick and infinitely wide.

5.2.1 Stability of the Weertman solution

Above we have determined the ice thickness distribution, h(z) for a given ELA. We can also consider the
dimensions of an ice sheet, e.g. R, as given, and then calculate the thickness of the ice sheet at x = R.
We denote this ice-dynamical value for ELA with hgp,a, while the climatological equilibrium line altitude
is as before ELA, i.e. we define

hgLa = h(x = R) for given R,c,a™,a™
The ice sheet can only be in a steady state for a given R provided hgpn = ELA. We find hgpa by
inverting Eq. (5.11) and expressing hgra as a function of R for a given ¢, at, a™ as

hera = (aTR)%/?(c/a™)?/" . (5.15)

We can think of hgpa as the ELA that the ice sheet requires for a given R, ¢, a™ and a~ for it to be in
a steady state.

Fig. 5.2b shows hgpa as a function of R as given by Eq. (5.11). In Fig. (5.2b we assume that the
climatological ELA, as a function of R, is given by the straight line. In that case there are two possible
steady states. Consider the solution to the right. If we perturb the size of the ice sheet around that
solution by increasing R, then hgpa < ELA, and the actual ELA is now higher than required for steady-
state, and the ice sheet will shrink. This solution is therefore stable. The solution on the left is unstable.
An ice sheet with a radius slightly larger than the solution to the left, will grow towards the solution to
the right. Note that if hgpa does not vary with R (horizontal line) there is only one solution possible
and that solution is unstable. In that case there are only two possible solutions. Either the world is ice
free, or the earth surface is covered with an infinitely thick ice sheet.

5.2.2 Weertman analysis for shear-deforming ice sheet with no sliding at the
base

Weertman did his analysis for a ‘sliding’ ice sheet. His analysis can easily be redone for the, arguably a
bit more realistic, case where the motion is due to ice deformation.
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For an ice sheet where all the forward motion is due to ice deformation (as opposed to basal sliding)
the ice vertically integrated ice flux is

q(z) = BR""?|dh/dx|™ ,

where 5 A
B= "
LG
Here A and n are parameters in the ice-flow law, and h is the ice thickness. It is assumed that the ice
sheets rests on a flat bed (b = 0). The ice centre ice thickness, at « = 0 is H, the total length is L, and

at the distance z = R the ice thickness is equal to the height of the equilibrium line, that is

h(z =0) = H,
h(z = R) = hgra ,
hz=L)=0.

Further, following Weertman we assume constant accumulation a™ in the accumulation area where h >
heLa, and a constant ablation a~ in the ablation area where h < hgpa. The horizontal distance from
the centre of the ice sheet towards the equilibrium line is R and the total length of the ice sheet is L.
Overall mass conservation implies at

atR—a (L-R)=0

or that
L=(1+a"/a")R. (5.16)

For 0 < z < R the vertically integrated flux is
g(x)=a"x.

In steady-state the ice flux must at each location exactly balance the upstream integrated surface mass

balance, giving the condition
BYnrp 2D/ qp fde = —(aTx)/™

where we introduce the minus sign because we expect that dh/dx < 0 for = > 0.
Separating variables and integrating on both sides

h x
Bl/"/ (W) +2/m gp’ = —/ (ata’)/™ da
0

H
gives
nBY/n n
L A E s mpu T
2(n+1) ( at(n+1) (a¥2)
or 9
Rt/ — f2nt1)/n ot B1/n (atz)mr/n, (5.17)
valid for 0 < x < R. We know that at x = R, h(x = R) = hgpa so we also have
2
2(n+1)/n n n n n
pA /M p2ntn)/ atBl/n (atR)(mHD/ (5.18)

Now considering the region R < & < L for which
q(@)=a*R—a (x— R)
and using the expression for vertically integrated flux
q(x) = Bh"*?|dh/da|"
balance between vertically integrated ice flux and total upstream surface accumulation /ablation implies

BY"p " 2dh/de = —(atR — o~ (z — R))Y/™ .
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Again, separating variables and integrating gives

h T
Bl/n/ (h/)(n+2)/n dh = 7/ (aJrRiaf(z/ *R))l/n da’
heLA

R
or 5
p2nD)/n — 20 n)/n — ((a+R)<"+1>/” —(@*R—a (z — R))<"+1>/") (5.19)
Inserting = L where h = 0 into the above expression
2(n+1)/n 2 n n — n n
hpa " = B ((G+R)( /M —(aTR—a (L - R))"HY/ )

and usin
° atR—a (L-R)=0,

which follows from mass-balance considerations, gives

2(nt+1)/n 2(a+R)(n+1)/n
hELA

=S (5.20)
or )
R=—BY" D (a7 /2) 7T iy (5.21)

We write Eq. (5.20) as

hg(n+1)/n _ £2(G+R>(n+1)/n

ELA a~ atBl/n ’

insert into (5.18), and arrive at

H=(1+ ai/a+)n/(2n+2) hELA, (5.22)

giving us the centre ice thickness in terms of the mass balance and the ELA. Together, equations (5.16),
(5.21) and (5.22) give us the length, L, the horizontal distance from the centre were the ice thickness
is equal to the ELA, and the centre thickness, H, of the ice cap. The thickness, H, at the centre only
depends on the stress exponent n and not on B. We see that for a given ELA, the ice thickness and
the length decrease with increasing surface accumulation in the accumulation area (a™). Analysing the
above solutions shows that they exhibit the same type of instability as discussed in ( ).

5.3 Vialov solution

We will now derive a solution for the profile of an ice cap where hte mass balance is constant across the
surface, and where the total length, [, of the ice cap is fixed, i.e. not allowed to evolve. This same solution
is found and derived in various other branches of earth sciences and is, for example, used in similar form
in studies of ground water flow. The solution is often referred to as the Vialov solution.

In contrast to the Weertman solution shown above, the surface mass balance is now some constant,
a, that does note vary with distance and is not a function of surface elevation. The ice cap has the
total prescribed width 2! is situated on a flat bed (b = 0). The ice cap is symmetrical around z = 0,
and extends from —[ to [. The width of the ice sheet is fixed. The accumulation rate a > 0 is constant
everywhere, and the ice flux is

q(x) = BR"2|0h/0z|" " 0,h,

where B and n are some rheological parameters, and h is the ice thickness.

It is possibly somewhat surprising that it is possible to find a solution for an ice cap of fixed length
where the surface mass balance is always positive. Clearly the total integrated surface mass balance is
here 2al > 0 and it is, at first, unclear how one can find a steady state solution for an ice cap without
an ablation area. Putting these reservation to the side we continue and attempt to find a steady-state
solution as follows.

Steady state implies d,q = a and therefore for z > 0 and a constant

q(x) = ax

where we have used that ¢(0) = 0 because of symmetry around = = 0. Therefore,

n

dh(x)
dx

q(z) = ax = Bh"*?(z) ‘
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Figure 5.4: The Vialov solution, as given by Eq. (5.24), for [ = 1000km, n = 3, B = 0.0lm~"a~!, and

a=0.5mal

for z > 0. Separation of variables
ax = Bh""?h(x) |dh/dz|""* dh/dx

or
(ax)l/" dx = —BY/™ p(nt2/m g,

where we have assumed that dh/dz < 0 for = > 0.
Integrating on both sides with respect to = and h gives

h2(1+n)/n -9 (a/B)l/nx(n-‘rl)/n + K ,

And the integration constant is then determined by the boundary conditions h(l) = 0 and this gives the
solution for the ice thickness distribution as

R+ /n — 9(q/BYY/T (l(n+1)/” — |:z:|("+1)/") , (5.23)
or /(2+2n)
Blw) = ho (1= |21+ D) . (5.24)
where
ho = h(z = 0) = 27/ (+20) (g B)1/(2+20) 1/2 (5.25)

the the surface elevation at centre where x = 0.

Note that for n = 3, we have hg = Ka'/®, and B has the units distance " time ™.

The Vialov solution is obtained for a fixed ice cap length [ and the surface accumulation a is constant,
and positive across the whole length of the ice cap. The ice cap length can, hence, not grow or shrink in
response to changes in accumulation.

5.3.1 Note on the stability of the Vialov solution

Similarly as done for the Weertman solution above, we can now imagine a situation where the accumu-
lation depends on some aspects of the ice sheet geometry. For example as

a=ag+ vho (5.26)
where ag = a(h = 0) is the mass balance and the ground level, and

da

’YZ%

is the mass-balance gradient. The (spatially constant) surface mass balance is now dependent on the
surface elevation at the summit. While this is arguably a somewhat contrived and physically unrealistic
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Figure 5.5: The Vialov solution for I = 1000km, n = 3, B = 0.0lm3a~', ag = —0.1ma~', and
da/dh = da/dT x dT/dh = 0.04 x 0.005 = 2 x 104 yr~1.

specification for the mass balance, now the possible solutions are now obtained for those surface mass
balance values, a, where the summit height, as given by Eq. (5.26),

ho = (a —ag)/vy

equals hg as given by the Vialov solution, Eq. (5.25). In Fig. 5.5 these are the two intersections between
the blue (Vialov solution) and the red curve. Of those two solutions one of is stable (the one to the right)
and the other unstable (the one to the left).

The blue curve in Fig. 5.5, represents the summit height, hg, as a function of the (spatially constant)
accumulation, a. As the figure shows, hg is initially a sharply increasing function of the surface mass
balance, a. In the limiting case n — +o0o we have

lim hoV2l

n—-+oo

and the ice thickness becomes independent of the accumulation rate (dashed blue line in Fig. 5.5). In
this limit, i.e. n — 400 no unstable solution is therefore found. And, as Fig. 5.5 suggests, for n = 3 the
unstable solution is found for rather small accumulation rate values.

The stability of the Vialov solution is quite different from that of the more general Weertman solu-
tion. For spatially constant accumulation rate, a stable Vialov profile is always possible but not for the
Weertman solution. The key difference is that for the Vialov solution the surface accumulation can have
any given (positive) value for any fixed length [. All the accumulated surface mass balance will always
be lost through an equally large ice flux at the terminus. Note that the surface mass balance used in
deriving the Vialov solution was assumed independent of elevation, spatially constant, and the surface
mass balance gradient is zero. It could therefore be argued that the Vialov solution is not well suited for
studying feedbacks between surface elevation and mass balance.

5.4 Simple example of unstable mass-balance feedback
For example for the mass-conservation equation
pOth = pa —V - (pq)
for system with the mass-altitude feedback
a = Ah(z)+~

and p spatially constant, we have
Oth = Mh(z, t)+v—V - q

hence
G(h(A),A\)=Ah+~v—-V -q
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Considering STA in 1D with all motion due to basal sliding and using Weertman sliding law, where
q=—Dh™ 0,5 0,5
where D is related to the typically C' used when writing Weertman sliding law as
D = (pg)"C

results in
G(h(A\),A\) = h+y+ D@x(hmﬂ\@xhw*l) Ozh

assuming flat bed. At the equilibrium point, where 9;h = G(h, \) = 0, we must have
0= Mo+ 7y + DO, (K™ 2(0,h)™)
Solving this is presumably only possibly numerically, but if we for the moment consider the case for which

A =0, we have
v = =D, (K™ 19,h|™" 1) 0,h

This can easily be solved, by first integrating both sides with respect to x,
vz = —Dh™TH(9,h)™

Where we have set g(x = 0) = 0. Rearranging and separating variables with 9,h < 0

/(w)l/m do = D/h<m+1>/m dh

We set h(z =1) = 0 implying that

m41 m+1 2m+1 m41
m p— 7Dh m l m
() = D+ ()
or "
W) = ho (1= fo/i )
where

1\ 7w
ho = h(z =0) = (:LD) COREES

If we, on the other hand, assume all motion due to internal deformation where
q(z) = BR""?|dh/dx|™ ,

with 94
B = n
n+1mw

and were A and n are parameters in the ice-flow law, same arguments lead to

n/(242n)
) . (5.27)

h(z) = hg (1 — |x/”(n+1)/n

where
ho = h(:L’ — 0) _ 2n/(2+2n) (a/B)l/(2+2n) l1/2

5.5 Numerical approach

Considering the more general equilibrium STA problem,

& _ G, )

dt
=p(A(s = B)+7) — D0, (p(s — B)""2|0,s" " 0,5)
=0
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which follows from Eq. (1.46), and where

FE formulation

<F,¢p>=0

< p(Ah+7) — D0y (ph"2|0ps" " Ops) ,p > =0

<p(A(s+ B)+7),0p >+ < Dp(s+ B)"2|0,s" 1 08,000, > =0

< PAB+7),6p > + < p(Adg +7),6p > sq+ < D p(s + B)" (0,5 0,09, 0atryp > 54 = 0
< PAdgs bp > Sq+ < D p(s+ B)"2|0,8" " 0p0y, 0xdp > 54 =— < p(AB+7),¢p, >
(< pPAGg, &p > + < D p(s+ B)"2|0,8" " 0pdq, 0udp >) sq =— < p(AB+7),¢p, >

where we have used partial integration of the second-order term (free-flux boundary condition) and
Piccard formulation.

< ph,¢p > =< pAh =V - (pv), ¢, >
< pby, bp > hg =< pAh =V - (pv), ¢p >

and hence
A=< p¢q7 pr >
G =< pA\h =V - (pv), ¢p >
Gh =< p/\¢q7 ¢p >

And (5.5) reads
Ap <@g, 0p > A= pA < pdg, ¢p > A

or
o=\

and the system is unstable for A > 0.
Saddle-Node Bifurcation: Consider

h=alh—h*)%-X.
For A > 0 we have two steady state solutions

h0::|:\/>\/0l+h* .

Linearisation of the continuous problem around the steady-state solutions results in
Or0h = 2a(hg — h™)oh
= +2a/ N/ adh

so one solution is stable and the other one unstable. The saddle-node (fold) bifurcation happens at A = 0.
Pitchfork Bifurcation:
Consider .
h=(h—h*)?—Xh—-h").

The three solutions to h = 0 are:
ho = h*
ho = VA + h*
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Linearisation of the continuous problem around the steady-state solutions results in

8,6k = (3(ho — h*)% — \)oh
2\ 5h
= —\6h
2\ 5h

So for A > 0, the h = h* solution is stable and the other two both unstable.

5.5.1 Euler-Newton Continuation

For a known solution
G(ho(Xo),No) =0

we search for another nearby solution for A = A\; where A; is in some way close to \g.

Solve for the slope hy := O\h
OF Oh ~ OF

4 =0
o1 ox O
A forward Euler predictor step gives
hY = ho + ha(A1 — Ao)
where hY is now our initial guess for h;, and then we solve the Newton-Raphson system

GrAh = —G(hi, \)

where ‘ _ .
Ah' = hitt =}

This fails if the Jakobian G}, := O F' becomes singular.

5.5.2 Pseudo-Arclength Continuation

Parameterise the solution as a function of the arc-length, s

G(h(s), A(5)) = 0 (5.29)
Again taking the total derivative OF Ol OF O
%E—Fa—)\%:O (5.29)
we solve for the slopes
-
As = s

where we now need some additional second equation. This is provided by the arclength condition
hsll® + A =1 (5.30)
We require the projection of vector representing the change in the solution
(h(s) = h(s0), A(s) — A(s0))
onto the tangent (the direction vector) to the solution branch in h, A space
(hsy As) (the direction vector)
to be equal to s — sg, that is

N = (hs, As) - (h(s) — h(s0), A(s) — A(so)) — (s — s0) = (5.31)



5.5. NUMERICAL APPROACH 109

Eq. (5.31) is a linearisation of the arc-length equation (5.30).
The Newton-Raphson system of Eqgs. (5.28) and (5.31) is now

(& 26 --Cud)

or in discretized form and using (5.31)

G Gy (AR _ [ G(hi, M)
hz )\s A)\Z B (hll — h()) . hs + ()\ll — )\(]))\5 — (S — S())

with
Ah' = hitt — R
AN = AT =X
and HAth and AN both going to zero with i increasing. This system can be solved even when G}, is

singular. See further in, for example, ( ); ( ); ( )
As stated above, the direction vector, (hs, As), must satisfy Eq. (5.29) and (5.30), i.e.

ths + GA)\S =0 (533)
s + [As|* = ds? (5.34)
As shown in ( ), if G}, is non-singular we can first solve
Grop = -G\

then set
hs =ad and As =@

where a is some scalar, inserting back into Eq. (5.33) we find
aGro+Gra=—aG\+Gra=0
showing that this is a solution to Eq. (5.33). Inserting into Eq. (5.34) gives
a*|lo|* +a® =1,

or
1

Ji+ el

We select the sign by assuring that the angle between the new and the old direction vectors is less than
m/2, i.e.

a==+

As suggested by ( ), the direction vector, (hs, As), can also be calculated as

G, G)\ (hs\ (O
(G ) ()= 6) 539
which is (5.29) and (5.30) approximated, and then resale the direction vector afterwards. The first Newton
iterate is (hg, Ag) + v(hs, As) where 7 is some scalar.

Pseudo-Arclength Continuation: Alternative notation

By lumping h € R™ and A € R into one variable, the notation can be simplified, see for example

(1998).

Find y € R*"! subject to
F(y)=0, R"t R

We assume we already have a solution
F(yo) =0
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and a vector zg in the null space of G, where
GUZO =0.

Clearly such a vector must exist as F' is at most of rank n.
We then find a new predicted solution

Y1 = Yo + Aszo
and then correct this predictor step using the Newton iteration

Gy(Yrt1 —yr) = —F(yx)
2k (W1 —45) =0

and once converged, find the new tangent by solving

() =)

(5.38)

Here Eq. (5.38) is same as Eq. (5.35), and (5.36) almost the same as (5.32). In (5.37) constraint is used

< 20, Yk+1 — Yy >=< 20, Yes1 — Yo > +As

var her



Chapter 6

Inverse modelling

We denote the control and the state variables by p and ¢, respectively. The ’state variable’ (¢) is any
variable calculated by the model, such as velocity, rates of elevation change, etc. The ’control’ variable
(p) is any model input variable required by the model to calculate the state variables (e.g. A and C, B,
etc.).

We write the forward model as

F(q(p),p) =0,

where p are model parameters and ¢ the state variable.

A ’forward calculation’ consists in finding a solution ¢ to the above equation for some parameters p.
Roughly speaking, an ’inverse problem’ is the opposite problem of finding p given ¢. Inverse problems
encountered in geophysics typically have at least vigintillion! and one possible solutions. However, some
of those might be more likely than others. Selecting the more likely one out of the vigintillion and one
possible ones is commonly done by introducing some constraints on p.

We consider the problem of minimising an objective function J with respect to p. Typically the
objective function J can be thought of as a sum of two terms

J(q(p),p) = 1(q(p)) + R(p),

where [ is a misfit term and R a regularisation term.

When inverting for the (distributed) model parameter p we refer to it as as the control variable to
distinguish it from any other model parameters.
6.1 Preliminaries

Assume we want to solve the minimisation problem

min_J(q(p), p)

pEP,qeU
subject to forward model
F(q(p),p) =0.
The objective function is
J:UxP—=>R,

and the forward model, i.e. the state equation
F:UxP—->W,

the model control parameter space P (also referred to as control space), the state space U and the image
space W are Banach spaces. We want to determine the sensitivity of cost function J with respect to the
(distributed) control parameter p, i.e. we would like to calculate the directional derivative

DJ(p)lo] = (VpJlo) ,

as well as determine the gradient V,.J, for a given inner product.

11 Vigintillion = 1063,

111
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Table 6.1: Notation used in inverse modelling (I)
F(q(p),p) =0 state equation
qg=f(p) forward model
P model parameters, control variable (design variable), e.g. A, B, C
q state variable, e.g. u, v, O;h
Dprior and p a priori estimates of model parameters
Qmeas and ¢ estimates of the state variable (measurements)
J=I+R objective function
R regularisation term
1 misfit term
L=I1+R+(\| F(q(p),p)) Lagrangian or the ’extended’ objective function.
K covariance matrix
A= [dA domain area
If
F(q(p),p) =0, (6.1)
for the parameter values p, then the total derivative of F' with respect to p is also zero, that is
dpF = 0,F + 0,F 0, =0. (6.2)
Similarly, the total second derivative of the forward model with respect to p must also be zero, i.e.
0= d*F B 5‘2F+82F@ GZF@@ 8£d2q (6.3)
~dpdp  Opdp  Opdqdp  Dqdqdpdp  dq Ipdp '

When minimising the cost function J(g(p), ¢) with respect to the parameters p we would like to have

as much information about how J varies with respect to p as possible. Large scale optimisation is almost
impossible unless we know the derivative dJ/dp, and ideally we would also like to calculate the Hessian,
or at least be able to construct some approximation to the Hessian.

The total derivative of the cost function J with respect to the model parameters p is

dpJ:g—Z %% (6.4)
and the Hessian is
d2J
H = dpdp (6.5)
:d<<9J(q(p)7p)+3u7(q(p),p)&1>
dp dp dq  Op
SR N
Opdqdp  Opdp  dp \ dq Op
LRIy 0 (7)o 00 0 (0n)
Opdqdp  Opdp dp \dq) dp  Oq dp \ Op
_PTog 2T +<62J ) &J)m+wa%
Opdqdp ~ Opdp Opdq ~ 0q0q0p) dp ~ Oq OpJp
_PTog T 9T 0 9T 0qdq 9T g
Opdqdp  Opdp Opdqdp  9qdqdpdp ~ dq OpJIp
that 1s 0%J 8q 0%*J 0%*J 8q 0%J 0qoq 0OJ 0%q
H= =+ + =+ == 4 = (6.6)
OpOqdp Opdp Opdqdp 0qdqdpdp  Oq OpJp

The question is if, and how, we can calculate these quantities efficiently.
Some of the quantities appearing in the derivative of the costs function J, i.e. Eq. (6.3) and the Hessian
H, ie. Eq. (6.6) are easier to calculate than others. For example all partial derivatives of J should be
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easy to calculate as the function J is known and will often be some relatively simple expression. But
calculating

9q
op’
needed if the derivative is calculated using Eq. (6.2), and
0%q
Opop

needed if the Hessian is calculated using Eq. (6.6) is computationally expensive. However, it turns out that
there are ways of calculating the gradient and the Hessian without having to estimate these quantities.

6.1.1 Calculating the gradient and the Hessian of the cost function J

As described above, an inverse problem can be expressed as a constrained minimisation problem. Ideally,
when minimising a scalar function J(q(p),p) with respect to p, we would like to know the gradient and
the Hessian of J. There are various ways of calculating the gradient and the Hessian

Direct approach (sensitivity approach)

Directly determining the derivatives of the cost function

J=J(q(p),p)
leads to 57 878
_9s  9Jge
dpJ = ap + 34 9p (6.4)

This requires calculating the sensitivity matrix d,¢. From (6.2) we see that we can determine the sensi-
tivities

0
€= 072 (6.7)
by solving the system
o or 68
We can then insert £ into Eq. (6.4) and calculate the total derivative of the cost function J as
dyJ = % + % . (6.9)

Once discretised, the sensitivities £ = Jpq is a matrix with n, x n, entries, and J,F is a matrix with
ng X ng entries, and d,F" a matrix with ng x n, entries. Calculating ¢ therefore requires repeated solves
for n,, right-hand sides for each sensitivity vector, i.e. for each column of &.

First-order adjoint

In the adjoint method we add the forward model to the functional J giving us the augmented first-order
cost function

L1(q(p);p, A) = J(a(p),p) + A" F(q(p),q) (6.10)
¢ find aJ  9J 0
_0J 9Jdq .,
ALy = G+ G gy = N OF T 0uF g (6.11)

which we could also have written down directly by simply adding up Eq. (6.4) and (6.2). Rearranging
leads to

dLy = %; DT + 0, Dyq + N0, F Dyq
= By T + NDyT + 0, T €+ (9,F)°AE
= Oy + N0y + (0] + (0,F)* V)€ (6.12)
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Note that the value of A is, as of yet, undetermined, as the term \*F(q(p), ¢) is always zero, irrespective
of the value of A, since F'(q(p),p,) = 0. The key trick is now to set

0yJ + (0,F) N =0, (6.13)

by solving for A. Now the second term in (6.12) is zero, and find that now the derivative can be calculated
without needing to know £ as
dpJ = 0pd + X 0pJ (6.14)

which only requires one solve.
For notational simplicity the formulation above was provided for the discrete version of the problem
where F' can be thought of as a matrix equation. When F' is a differential operator we must write

L1(q(p),p, ) = J(q(p),p) + (\[F(q(p),q)) , (6.15)

and we determine the directional derivative of J with respect to p in some direction ¢, with the gradient
defined in terms of the directional derivative for a given inner product using Eq. (8), i.e. as

dpJ (p)[0] = (VpJ|9) (6.16)

The details are provided below.

6.1.2 Calculating the Hessian of the cost function J
Direct-Direct

The most straightforward approach to calculate the Hessian is by using Eq. (6.6). This involve determining
9q
op’
which, as we have discussed above, can be done using Eq. (6.2), but requires n,, solves, and then determine
0?%q
Opdp’

which can be done using Eq. (6.3), but requires on the order of n, x n, solves, although the symmetry
of the matrix above, reduces the number of solves to (n, + 1) n,/2. The total effort of the direct-direct
approach is therefore n, + n, (n, +1)/2 solves.

Adjoint-Adjoint

We can also calculate second-order derivatives of the cost function with respect to the model parameters,
p, using the adjoint method (e.g. , ; , ). The key
idea is to write the expression for the first-order derivative and again augment this expression with the
constraints provided by the state equation

F(q(p);p) =0

and now, additionally, by the first-order adjoint equation
(VgF)*"A+V,J=0.
The first-order Lagrangian function is

Ly = J(q(p),p) + N F(q(p),p) .

Let
G=(V,F)*X+V,J,

and define
Lo = (VpLy)'w+ p*F(q(p),p) +v*G(q(p),p) ,
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where p and v are two additional Lagrange multipliers, and w is a vector. We here interested in the
Hessian action, i.e. in the product Hw where w is some vector. Taking derivatives of Lo and selecting u
and v in such a way that term involving V, A and V, A are eliminated results in

O F p=—(0p,F)" w
(0gF)v = —(82,J + 2, F N w— (92,0 + 02, F A\
Hw = (02,J + 05,FA) w + (82,J + 00, F \)pu + (0,F)*v

This is the adjoint-adjoint approach for calculating the Hessian. Counting the number of solves in this
system we see that the adjoint-adjoint approach requires 1 + 2n, solves.

Direct-Adjoint

For the direct-adjoint approach we add to the Hessian

d*J
= dodp (6.5)
the (zero) term
d’F
= .1
dpdp 0 (6.17)
creating
d>J d*’F
H=—+0¥V— 1
dpdp+ dpdp’ (6.18)

where ¥ is a new adjoint variable, which we are free to define in any suitable way without affecting the
value of the Hessian H. We then insert

0%J Oq 0%J 0%J 0q 0%J 8q@ 0J 0%q

= 9pdqdp  Opop  Opoqdp  Dqdqdpdp | Oq Ipop (6.6)
and d*F 0*F 0%F 0 0%F 0q 0 OF d?
= ool T A o8 2 (6.3)
dpdp  Opdp Opdq0Op DqdqOpdp  Oq OpOp
and in the resulting expression eliminate
0%q
dpdp’
by setting
OF\"™ aJ
— ) v=—=" 1
( dq ) dq (6.19)

This is the same adjoint-system that we solve in the 1st-order adjoint method. However, we additionally
also do need to solve for the forward-model sensitivities, &,

oF,_ or 69
dq dp
which requires ny solves. It total we need n, + 1 solves, in addition to setting up the resulting system.
The adjoint-adjoint approach requires 2n, + 1 solves, and the direct-adjoint approach is therefore about
twice as efficient in terms of number of matrix solves required.

In a bit more detail, if the discrete forward problem is:

F(q(p),p) =0 (6.20)
Then the sensitivity problem is:

OF; OF;

—&ik = — 6.21

dq; S Opk (6.21)
with the entries of the sensitivity matrix, &, defined as

9.
Ejp = o (6.22)

-~ opr
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The adjoint system is:

OF;\ " oJ
U, = — 6.23
(3%‘ ) Op; ( )
And once these have been solved, the entries of the Hessian matrix are given by
0%J 0’F, 0%J 0*F,
7 Opi 9p; Ipidp; gy, Igm i bms Dar O 57
0%J 0*F, 0%J 0*F,
B I L S T e 3 e el A 40
Op: 0 op: 0 9 T B Ip; & dqx Op; &

There is an option in Ua to use the Hessian, however currently only selected terms in the above expression
are evaluated. ( ) provide an example of where omitting some of
the above terms does not lead to significant deviations from the Hessian, based on comparison with
brute-force finite differences estimate.

6.1.3 Brute force finite differences

Calculating the gradient and the Hessian of J using a brute-force finite differences is computationally
infeasible for any large scale minimisation problem. However, for validation purposes it is important to
be able to calculate selected elements of the gradient and the Hessian in this manner. The can be used
to check the correctness of the adjoint implementation.

Various forward differences approximation can be used. Currently implemented for the gradient
estimation are forward first order, forward second order, central second order, and central fourth order
finite differences. For the Hessian one can use something like

J(p+cé)—2J(p) - J(p—cé)
2

Hii ~
for the diagonal elements, and

. J(p+cé; +céj)—J(p+eé, —cé;)—J(p—cé; +cé;)+J(p—epi —cé;)
Ea 4¢e2

for the off-diagonal elements. This requires a total of 2n, + 4n,(n, — 1)/2 = 2n2, which for large n,, is
generally not feasible.
If the adjoint calculation of the gradient

g=VJ

is already verified, the Hessian can, for example using centred differences, be approximated using

I~ gi(p+cé;) —gilp—céy)
KA 2
with ¢ =1...n, and for each 4, j = i...n,. The adjoint approach enables us to calculate all the elements
gi, for i =1...n,, in one forward solve. Therefore we can determine each column of the Hessian matrix
in two solves, and the total Hessian in 2n, solves. When solving the Newton system H Ap = —g, using
iterative methods such as the conjugate gradient methods (H is symmetric and positive definite), we
don’t need to know the full Hessian but only the Hessian vector product (HVP), i.e. Hw where w is
some vector. Then we can, for example using forward differences, approximate

_ Vg(p+ew) —g(p)
£

Hw

for e sufficiently small.

6.2 General inverse methodology

Bayesian framework provides a general methodology for inverse problems. The inverse problem we like
to solve if that of determining some model parameters, p, given some measurement data, d. Solving an
inverse problem is to determine the conditional distribution

P(plq)
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that is, we want to determine the probability distribution for our model parameters, p, given our mea-
surement data, ¢meas, Wwhich we can think of as an estimate of ¢, and where we have a forward model, f,
providing a functional relationship between the model parameters and the data

q=f(p) -

More generally we can write the forward model as

q(z,t) = f(z,to;p)

to stress the fact that the model output is a function of space, x, and variable with time, t. When running
a transient model we start the run at t = tg.

If our model is perfect, the measurements error free and we are using the perfectly correct values for
all the model parameters p, our model output will match the measurements perfectly. More realistically
our data will have some errors and we write

g=q+te

where ¢ are our measurements and ¢ are the (unknown to us) error free data. Similarly, we may have
some prior estimates for the model parameters. We can think of these as measurements of p with some
associated errors and write

p=p+te
where p are our measurements (prior estimates) of the model parameters, and p are the corresponding
‘true’ values. Finally, the forward model might in inexact and we write

f=F+e

where f is the forward model we are using, and f the perfectly correct (and unknown to us) forward
model.

Specifying the error structure of ¢ and p can be either easy or difficult depending on the situation.
Typically € might be assumed to be a Gaussian process with some covariance, i.e. P(z) = N (z|Z,X), and
this now introduces new covariance parameters.

We can think of the inverse model as a retrieval function R which gives us an estimate, p, for the model
parameters give our measurement data, prior estimates of the model parameters and our description of
all associated errors,

ﬁ: R(f?d’ﬁ?#)
Here p are parameters of our error models. For example if we assume Gaussian normal distribution of
errors p would be a vector with two elements, the elements being the mean and the variance.
The Bayesian theorem
P(qlp) P(p)
P(q)

is a basic statement about conditional probabilities. Here it allows us to 'invert’ the conditional probability
P(q|d) and write it in terms of P(d|p) which, given the relation ¢ = f(p), can be done by solving the
forward model for a given p.

The Bayesian posterior

P(plq) = (6.24)

P(pla)
is the prior

P(p)
multiplied by the the likelihood of the evidence

P(qlp)

and divided by the ‘commonness’ of the evidence

that is, the marginal likelihood, where

Plg) = / Plqlp) P(p) dp
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The marginal likelihood is a normalising factor in the Bayesian theorem Eq. (6.24) ensuring that fp P(plq)dp =
1. (It can be argued that the term marginal likelihood is a misnomer in that it is not defined up to a
multiplicative constant as is the case for the likelihood P(p|q), and should more properly be referred to
as the marginal probability of the data.)

The essence of the Bayes approach is the update factor

P(qlp)
P(q)

This is our ‘update’ of the prior. The prior today is the posterior from yesterday, and the posterior today
is the prior from yesterday multiplied by the likelihood of today’s evidence, divided by the commonness
of that evidence. This update factor can be particularly large if, for example, the overall probability /oc-
currence of ¢, (i.e. P(q) ) is low, but in comparison the probability of obtaining the data ¢ for a given
parameter value p (i.e. P(g|p)) is high.

Ideally we would like to determine the posterior distribution, P(z|y), but computational limitations
might force us to only calculate some of its aspect such as its maximum with respect to x, i.e. the
mazimum a posteriori (MAP) estimate of .

PMaP = arg max P(plq) .

If we are only interested in the general shape of P(p|q) as a function of p we do not need to estimate
the marginal likelihood, P(q), as it is not dependent of p. Our primary focus is then to determine the
likelihood, P(q|p), and the prior, P(p).

6.2.1 Example of Bayesian estimation

To clarify some of the concepts that follow we give a quick summary of Bayesian analysis of a linear
model f where

F@) =) fadq(®) (6.25)
1
or for any location x = z*
f(z) = (l)(x*)Tf

We would like to determine the n coeflicients f, from m available measurements y, taken at the
locations x4, ¢ = 1...m where

y=/f(z)+e
and
e ~N(0,0%)
hence,
Y1 d1(z1)  Pa(x1) - Pnlx1) f1 €
Y2 | d1(x2)  da(x2) -0 Pnlx2) fa N €
un)  \orlm) orlem) o dulem)) \Fn) e
or

y=2f +e (6.26)

where y is the measurement vector. Our objective is to determine the vector f from our measurements
y given our forward model expressed by Eq. (6.26) and & € R™*™.
The Bayesian approach to this is to determine

e

The data errors are assumed to be Gaussian white noise
Ele(z)e(z')] = o20(x — 2')
where E is the expectation operator i.e. € ~ N'(0,02). The noise model or the likelihood is then

P(ylf) = N(®f.0°1)
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which we can see as follows

P(ylf) = [ Pwil$)

i=1

1 (yi—[®13;£;)2

1V 2no

e 202

|

7

1 _ly—25)?
= 202
2ro
= N(®f|o?T)

We now need to specify the prior. There are many options available to us. Sometimes a prior is set
on the coefficients f and these are then thought of as ’weights’. This approach is often used in linear
regression and then referred to as ridge regression. A more common approach in inverse methodology is
to set a prior on the function f(z) itself.

Prior on function coefficients (ridge regression)

We put a zero mean Gaussian prior with the covariance matrix K, on the expansion coefficients f
.f ~ N(07 Ka)

and obtain for

P(fly) oce” byt 12 L FTR S
o e*%(fff)Tj((fff)
where
f =g 2 (g—Q(I,T‘I) n Ka_l)ﬂ (I,Ty
K = (U_2<I>T<I> + Ka_l)ﬂ
for the posterior distribution where K is the posterior covariance matrix.

We can generalise these expressions to include the case of a general covariance K; rather than K; =
021 as done above) for the data errors, and non zero mean value for f, i.e.

é~ N(0,K)
f~N(fa, Ka)
and obtain®
F=fut (K '@+ KN OTK (y - ®f.)
= fut+ K.®" (2K.® + K.) ' (y — ®f.)
K= ('K '®+K,")
- K,- K,®" (®K,®" + K,) ®K, .

Note that f, f and f, are coefficients or weights in the expansion for f(z) given by Eq. (6.25) and that
f(x) at a given location x = z, is given by

f(z) = ¢ fu+ ¢T K, T (K, ® + K:) ' (y — ®f.),

where
P = (7).

2 Also note that if f, = 0 and K, — oo we get the usual least-squares estimate

f= (@T¢> Tl aTy

K'=¢"TK'®.
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6.3 Sparse precision matrices
In Uathe likelihood is assumed to be on the form
P(glp) = N(plp. 5) = (2m)~V/2|Q|!/2em 2 1@ Qr @I e) (6.27)
where ¢ = f(p) and ¢ are measurements of ¢, and similarly for the prior
P(p) = N(plp, 5) := (2m) /| Qg|"/?e" 3P Qnlp-P) (6.28)

where the precision matrices Qr and Qg is defined as the inverse of the corresponding covariance matrices,
ie.
Q=x"".

These are both Gaussian processes but with different precision matrices.?

Typically the covariance is written as a sum of two terms, uncorrelated noise component and a spatially
correlated component. We might for example assume that the only contribution to the covariance of the
likelihood P(y|x) are the measurements errors, that is

cov(q — f(p)) = cov(q — € — q) = cov(e)

This assumes that the model is perfect, i.e. cov(q — f(p)) = 0. If, on the other hand, the data is
perfect but the model is not, the resulting structural errors might be expected to be spatially correlated.
We now need to select a covariance function which is both flexible enough to describe this correlation
realistically, and at the same time results in a sparse precision matrix.

Currently in Ua, and as described in more detail in a following section, the precision matrices are
specified as a sum of uncorrelated and correlated errors. For uncorrelated errors the precision matrix is

Q=c'Me!

where M is the mass matrix. The correlated error component is modelled using a Matérn covariance,
where the precision matrix is

Q=+xk*M+D. (6.29)
Here D is the stiffness matrix and k2 a parameter that can be related to the correlation length. These
precision matrices are automatically sparse in the FE basis.

Furthermore, currently in Ua, and as is for in large-scale geophysical inverse problems, one does not
calculate the distribution

P(plg) < P(q|p)P(p)

Instead, by taking the negative log we arrive at

J=m(G— fP)Qi(— f(p) + 72 —D)Qu(p —p)

and this cost function J is then minimised with respect to p using a gradient-based optimisation method
where the gradient is calculated in a computationally efficient manner using the adjoint method. Here
Q7 is the precision matrix of the likely hood, and Q)i the precision matrix for the prior. The two terms
above are often referred to as the misfit and the regularisation term, respectively. The MAP estimate is
then

puap = arg max J (p)

More precisely

~log Pldp) = 5 log 2+ log|Qil + 1 (@~ F(1))" Qs (d— F(p))

3If we have two estimates of the same quantity each with their own PDF, then the joint PDF is simply the product

P(f) x e_%fTKflf e_%fTKglf

— 3T K DS
and therefore the joint covariance is
-1
Kiyz = (Ki'+K;')

or in terms of precision matrices
Qii2=Q1+ Q2

so in this context we can simply add precision matrices.
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and
N 1 1 . -
—log P(p) = - log 27 + S log [Qr| + 5 (A —P)" Qr (5 —P) ,
or
1, e 1o g 1 1

—log P(pld) = 5(q4— £(p))" Q1 (4 — f(P)) + 5B~ P)" Qr (P —p) +10g|Q:| + 5 log |Qr| + Nlog 27

I R
and the cost-function is defined as

J=I+R

The precision matrices will depend on a number of parameters and we refer to these as hyper parameters.
We lump all these hyper-parameters into a vector p
Including the hyper-parameters, the posterior over the model parameters p is

P(qlp)P(p|p)

P(plq, 1) = Plaln)

where
P(ql) = / P(qlp) P(pls) dp

is the marginal likelihood or the evidence. We can now use Bayes theorem again and write the posterior
over the hyper-parameters as
P(q|p)P(p)

P(ulg) = Plg)

6.4 Inversion in Ua

Using the inverse capabilities of Uait is possible to invert for A and/or C, and bed geometry (B) using
measurements of horizontal surface velocities (us,vs) and/or rates of thickness changes (9:h). One can
invert jointly for A and C or any combination thereof such as log A and logC'. But currently joint
inversion with B are not implemented. When inverting for A and C, regularisation can be applied on
A, C or log A and log C. Again here all combinations are possible, so one can, for example, invert for
log A and C' with regularisation applied on A and log C, if one so prefers. Typical use involves inverting
for log A and log C' simultaneously with regularisation applied on log A and log C. When inverting for
B, regularisation is applied on B. Note that regularisation is always applied on the difference between p
and its prior p, i.e. on p — p. In addition, strict limits can put on the range of the control parameter p.
One can, for example, but strict upper and lower limits on B at each location.

One can invert for A and C either over nodes or over elements. Typically inversion is done over nodes.
Inversion for B is done over nodes only.

The forward model is the SSTREAM momentum equation. Note that if one includes i as measure-
ments, in effect, the mass balance equation is used as well. It is a question of viewpoint if the forward
model then includes the mass conservation in addition to the conservation of momentum, or just the
momentum equation with the mass conservation used to calculate h as a part of the evaluation of the
cost function. Both viewpoints are mathematically equivalent.

6.5 Objective functions

The objective function, J, is a sum of (squared) distances between a) measurements and model outputs
(data misfit, I), and b) the parameter values and the priors (regularisation, R), i.e.

NV ~112
J=lg—4ql” +llp -l -
—_——  ——
I R

In Uathe objective function .J is dimensionless.

Conceptually, and depending on the situation, we might think quite differently about I and R. But
these two terms are in some ways also quite similar: Both can be thought of as measures of the dis-
tances from model outputs and model parameters to measurements (§) of the state variables (¢) and
measurements (p) of the model parameters (p), respectively.
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logyo(A) at end of inversion (a7t kPa:;)
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Figure 6.1: Example of an estimated A distribution over section of West Antarctica for n = 3. Here
Yo = 1 and 7y, = 100, 000.
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log;o(C) at end of inversion (myr~'kPa™")
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Figure 6.2: Example of an estimated C' distribution over a section of West Antarctica using the Cornford
sliding law with the stress exponent m = 3 and the coefficient of kinetic friction py = 1/2. Here v, = 1
and v, = 100, 000.
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Figure 6.3: Example of an estimated A distribution for Antarctica for n = 3. Here 7, = 1 and ~s =
100, 000.
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Figure 6.4: Example of an estimated basal slipperiness (C') distribution for Antarctica for Weertman
sliding law where m = 3. Here 7, = 1 and ~; = 10, 000.
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Modelled velocities of the Antarctic Ice Sheet (myr’lgooo
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Figure 6.5: Modelled velocities for the A and C' distributions in Figs. 6.3 and 6.4.
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Figure 6.6: Modelled basal drag for Cornford sliding law given by Eq. (1.164) for m = 3 and pu = 1/2,
and perfect hydrological connection, Eq. (1.187), using the A and C distributions shown in Figs. 6.3 and
6.4.
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Table 6.2: Notation used in inverse modelling (IT)

Control variables  State variables Priors Measurements Forward model
p q b q F(q(p),p) =0
A, C,log A, logC Us, Vs 5 R A, C Gis, Us, SSTREAM (SSA)
b, B Us, Vs 5 I b,B Gis, Vs, SSTREAM (SSA)

The data misfit is the distance between model output and measurements and it could, for example,
be measured as

10 = WI° = 5 [ [ F@)epa'ss') S ') dody ' dy' (6.30)

where ~y(z,y,2',y’) is the covariance kernel and A is the domain area. Defined in this manner, I is
dimensionless. In the particular case of uncorrelated fields vy(z,y,2',y’") = c¢d(x — 2") 6(y — /')

1= o [Gw)/etwn))? dsdy, (6.31)

where e(z,y) = 1/4/c are the data errors.
If ¢ denotes estimates of ¢ then a typical misfit term might be on the form

== dl* = 55 [(ta= /e da,

where e,, are measurement errors.

In Bayesian context the regularisation term has the same form as I(f) and is a measure of the distance
between the system state and the a prior. In a discrete form the misfit term could, for example, be written
as

R=(p-p)"= ' (p-p)
where X is a covariance matrix, p the model parameters, and p the a prior estimates of those model
parameters. Apart from often having only a very limited knowledge of the covariance matrix 3, problems
with this formulation can, for example, arise if the inverse of X is not sparse. Practical reasons often
influence the form of regularisation term. A pragmatic approach is to select a differential operator having

a sparse representation. Preferable such a sparse operator is also the inverse of a ‘reasonable’ covariance
matrix.

6.6 Misfit functions in Ua

Currently the misfit function I has the form

I=I,+I,+1,

or
2
2./4/ — Umeas /uerror) dA

2
2./4/ — Umeas /Uerror) dA

_— — / 2
+2A ((h hmeas)/herror) dA

where u and v are the horizontal velocity components, and h is the rate of thickness change, while

a- [
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Figure 6.7: The function 7K (r) appearing in Eq. (6.37)

is the total area.
The rate of thickness change is calculated as

h = —(a — d,(uh) — d,(vh)),

and in the adjoint method the gradient of the cost function with respect to the state variable v acquires
an additional term:
21 = [lu— 4| + [[ha = (a — 0z (uh))],

or

1 . . 2
li= 53 / <(a — 8, (uh) — By (vh) — humeas) /h) da dy,

with the corresponding directional derivative with respect to u and v given by

Sty = [ (0= ) ) (@250 + 0, (130)) dvdy

which, like the cost function itself, is dimensionless.

6.7 Regularisation in Ua

In Uathe regularisation can be done either using a Bayesian or Tikhonov regularisation.

6.7.1 Bayesian approach

Using this Bayesian formulation, the regularisation term for the (distributed) model parameter p has,
has the discretised form

R = (p - ﬁ)TE;]}(p - ﬁ)a (632)
where

Ypp = cov(p,p)

where

cov(f,g) =E((f —E(f))(g — E(9)))
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Matern realisation
T
I
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Figure 6.8: Three examples of Matérn realisations for p =3 km, v =1, d=2and o =1.

where E is the expectation operator. Generally our prior is here the expected value, and for the model
parameter p, the elements of the covariance matrix are then

[Xppli; = E(p(ri) — D(ri), p(r5) — B(75)) -

The Bayesian approach has a clear statistical interpretation, but, in general, requires an inversion
of the covariance matrix ¥ which can be impractical for large problems. In Uaone can specify any
covariance matrix 3 but in practice this is not a computationally feasible approach for large problems
unless 3 is selected so that it has some computationally advantageous structure. One of the practical
difficulties with directly prescribing a covariance matrix in the objective function is that the inverse of the
resulting matrix is, in general, not sparse even if the matrix itself is sparse. For that reason the general
Bayesian approach in Ua, where one specifies 3 directly, can only be used for fairly small problems.

A possible alternative approach is to limit the form of the covariance function to a form that allows for

the construction of a sparse inverse directly within the FE context. For example consider the discretisation
of the (self adjoint) Helmholtz equation

where
L:=V%—k?,

f is some scalar function, and k£ a wave number. This gives the inner-product induced norm

IFI? = (L2 F | L2 ) (6.33)
=(fIL]f) (6.34)
= (M + D)f (6.35)
and hence a precision matrix
Q=rM+D, (6.36)

which is by construction sparse. Note that minimising || f|| with respect to f results in the system
(k*M +D)f =0,

so ||f|l is minimised when f is the solution to the Helmholtz equation.
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The question is now what the resulting covariance looks like. Consider now a solution to the stochastic
partial differential equation (here Helmholtz equation)

(V2 =D f(r)=¢(r), reR

where the innovation process €(r) is a spatial Gaussian white noise. As shown by ( ), the
auto-covariance is then

cov(f(r1), f(r2)) = ok ||[ra — 71| Ki(k|lre — 7)),

where the marginal variance is

2_ 1
4K

or

[r2 =71l

cov(f(ri), f(rz)) = 4k

where K is the modified Bessel function of the second kind and order one. Note that

Ki(kllrg —r1l)) (6.37)

limr Ky(r)=1.
r—0
The shape of the covariance function (6.37) is shown in Fig. 6.7. As pointed out by ( ) the
covariance function is similar to e™*" but differs in that it is flat at the origin and its rate of decay slower.
The covariance shown above is a special case of the Matérn covariance function

2

r(z) = m(mx)”[(,,(mj)

fora =2 and v = a—d/2 = 1 for d = 2 where d is the number of spatial dimensions. As shown
by ( ), and discussed and explained in great detail by ( ), the Matérn
covariance function of a Gaussian process is a solution to the linear fractional stochastic partial differential
equation

(&* = V)2 f(z) = g(z), zeR?

where the g(z) is a spatial Gaussian process with unit variance. Hence, for the Gaussian probability in
Eq. (??) with a Matérn covariance function, the precision matrix in the FE basis is given by Eq. (6.36).

We can easily make this framework more flexible by allowing the coefficients in the Helmholtz equation
to vary spatially, i.e. writing

Lf=rf-V(aV-f),

where a and 2 are both functions of space. The FE formulation using

then gives the Galerkin system

= —((V((arVr) fpdp) + (ksts)* fpp|bq)

= ((ar¢r) [V 0|V g) + (ks ¢s ? fotp|dq)
= (ard)V sl Véq) fy + (ks ) 0p|q) fo
= [D]quq - [ ]qup

where the last line defines the elements of the matrices D and M. Hence

(fIC| fy=f"(D+M)f

In the particular case when a4, = 1 and ky = & for all g, we have aq¢, = 1 and k:g(,bl —rkand M =M
and D = D.

We might also imagine a situation where we have ’direct’ estimates of the parameter p. For example
if we are inverting for the bedrock B (i.e. p = B) we might have some ’direct’ estimates based on radar
soundings, seismic or gravity measurements. We of course quickly get rid of all estimates based on gravity
measurements, but we should at least consider the possibility that seismic and radar data may provide
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If our prior for p is P(p) before we obtain the data p, and P(p|p) is the likelihood of the data given
p, then updated estimate for p after having seen the data is

P(plp) o< P(plp)P(p)

If the measurements are unbiased and uncorrelated, the discretised covariance matrix between the mea-
surements p and the p is diagonal and the combined covariance on the form

cov(pi, pj) = [EpBlij +07d;; (no summation implied)
In the finite-element basis this gives us a precision matrix P on the form
P=+,M+ (D, +D,) +0*M (6.38)

if the constants 7,, vs, and the measurement error ¢ are all spatially constant. As shown above, a similar
equation is arrived at for spatially variable ~,, s, and o.

6.7.2 Tikhonov regularisation

Instead of using the statistical Bayesian framework, one can use the arguably more pragmatic Tikhonov
regularisation approach where one, for example, penalises amplitude and/or slope writing

R=~2p—pll+2IV(p— D)
or

1 12 .
R=o / (w? (Vp=5)" +72 (0 - p)Q) dA (6.39)
with the s and a subscripts being mnemonics for slope and amplitude, respectively. The parameter -,
has the inverse dimension of p, and the dimension of 7, is length times the inverse dimensional of p, i.e.

1

h’a} = m

_ 1
['Ys] = [p] :

As is presumably already clear from the above expression, this type of Tikhonov regularisation and the
Bayesian approach using the Matérn covariance are almost identical and the difference in many ways just
a question of semantics.

The inversion can be done directly with respect to the variable p, or with respect to the logarithm of
the variable, i.e. log,y p. If done with respect to the logarithm of p, the Tikhonov regularisation term has
the form

R= o [ (53 (5 Gogio(r) ~ logio (@) + 22 (og10(p) ~ o (7)”) dA

= i / (73 (Vlogo(p/P)* + 7z logfo(p/ﬁ)) dA (6.40)

Now ~, is dimensionless and the dimension of ~; is length, i.e.

Derivatives with respect to C' and p = log;, C' are related through

o _oc o
op  9p oC
0
=1In(10) C— .
n(10) C 55
As shown in section 6.11 the Tikhonov approach leads to
1 - ~
R=35(p-p)" (1iM +}(Ds + D)) (p - p) (6.41)
1 - _ .
=-(p-p)"3%,, (p—P) (6.42)

2
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where

L1

and M is the mass matrix and D, and D, the stiffness matrices. Hence, with the Tikhonov approach we
are calculating directly the inverse of a matrix 3,, as (6.43). By construction this inverse will be sparse.
However, it is in general not clear if this is an inverse of a covariance matrix. One can, for example, show
that for v, = 0 and ~, # 0, X, as defined by Eq. (6.43) is not a covariance matrix.

6.8 Relationships between rate factors corresponding to different
values of the stress exponent

Assume we have determined A for n = 1. What A distribution should we use as a starting point for an
inversion using a different n value?
Generally,
éij — Al/n é(n_l)/nTi]‘

and for A; with n = 1 we have

€ij = A17ij
Let us consider the situation where we have calculated the strain rates and the stresses for a given
problem, for n = 1. Can we now solve the same problem for some other value of n, for example n = 3,

and arrive at exactly the same stress and strain-rate distributions by simply suitably modifying the A,
distribution? That is, can we find A such that

éij = Ai/n é(nil)/nTij

where ¢;;, ¢, and 7;; are fields we obtained by solving the problem for a given A for n = 17 We see that
by requiring that
A = A:/n ¢n=1)/n

or
1—n gn
A, =€6"A7

the functional relationship between ¢é;; and 7;; is the same as before provided é > 0 everywhere.

When performing an inversion we might add some prior information on A and in doing so we introduce
an explicit dependency of the cost function that we aim to minimised on the variation of the retrieved A
with respect to the prior A.

One might possibly argue that the ‘best’ A distribution is the one that has the smallest variance. This
could be measured as the variation of the function

Var(A) = /(A(gc) — A)? dx

If we have done an inversion for n = 1 we can then find the ‘best’ A by solving the minimisation problem

n

min / (An(z) — A,)? da

where
Ap(x) = 17 (x) Ay (z)™

And if we want to limit this optimisation to a particular region we use

n

min/(An(x) — A,)? w(z)de

where w(x) is a spatial mask selecting the area of interest.
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6.9 Calculating gradients
6.9.1 Fix-point method

Derivatives of the objective function are, in general, calculated using the adjoint method (see sec-
tion 6.9.2). However, it is easy to calculate directly a reasonable approximation to both the derivative
and Hessian of the regularisation term (6.39), see Eqs. (6.57), (6.58) and (6.59), with respect to C. For
example if we have

=54 / @) /tere)” + (v — z”;)/vm)z) dA

and we use, for example Weertman sliding law where u = C7™ !7, and assume that basal drag does
not depend on C, then we find that

5@[ = Dcl(c, ¢q) = hm iI(C’ + 6¢q)

C+epg)T R —y| 2
2A/ << _ ) +yterm> dA

m— 1 _~ m—1
/(CT uT wa%—l—yterm) JA

uerr uerr

u—u u
— t d
A / ( Uerr uerr + Y erm) ¢q A

= Z/f(xay)(bq(x’y) dA

1
= X/fpgbpqﬁq d'A
1
= 7M
1 f
where 1 u v
U—1a u u—70 v
f(l‘,y) - 6 ( Uerr Uerr T Verr UQM)
and using
Bu _u
oc ¢

furthermore that

ol =lim £ [ F(C -+ e6,)8,0, 04
= 1 [ (@ + w/)?) (1?1000, 24
= Z/g(l’,y)@% dA
=1 [ wono.6,04

wen=((2) () ) @

We can see that if g were spatially constant, g, then

where

g
Sec =M
cc A
(here g is a scalar). While this will, in general, not be the true, this does suggest that a rough approxi-
mation of the Hessian will be

1 2
H =~ j(’)(u/(AuC )M

where here O(u/(AuC?)) is a constant and some typical scale.
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Figure 6.9: An example showing cost function reduction as a function of inverse iterations, when inverting
for both A and C using a gradient based approach with (> and L? gradients, labelled with I and M
respectively, and using a Hessian-based inversion where the Hessians of the regularisation terms are exact,
and the Hessian of the A and C terms of the misfit are approximated using the fixed-point approach. See
section 6.10, for discussion of the [2 and L? gradients.

We also see that the Newton system

HAC = —f(Cy) C — Cy+AC

leads to
f(Co)
AC = —
9(00)

2 2
(22) + ()

6.9.2 The adjoint method

The adjoint method is a simple trick to speed up the calculation of gradients of the objective function
with respect to the control variables.
Agsume we want to solve the minimisation problem

min _J(q(p))

peP,qeU
subject to forward model

F(q(p),p) = 0.
The objective function is

J:UxP—R

and the forward model, i.e. the state equation
F:UxP—>W

the model control parameter space P (also referred to as control space), the state space U and the image
space W are Banach spaces. We want to determine the sensitivity of cost function J with respect to the
(distributed) control parameter p, i.e. we would like to calculate the directional derivative

DJ(p)l¢] = (VpJ|0)



134 CHAPTER 6. INVERSE MODELLING

as well as determine the gradient V,,J, for a given inner product.
We define the Lagrange function, or the ’extended’ objective function, £ as

L=UXxVxW*=R

L(g(p),p;\) = J(a(p),p) + (N | F(a(p),p))w=-w (6.44)

The adjoint variable A is in the dual of the image space W.
Equation (6.44) provides no constraints on the adjoint variable A because the second term is always
equal to zero for any value of p. Therefore

L(q(p),p, \) = J(q(p),p)

and

Dy L(p)[¢] = Dy J (p) = (VpJ | §)
Also note that

dpyF = 0,F + 0,F dpg = 0.
Introducing

i(p) = J(a(p),p) = L(a(p), p; N),

we have
j'(p) = (9q/0p)*0L(a(p), p, \)/dq + L(q(p), p, ) /Op, (6.45)
Now we chose A such that
9L(q(p),p,\)/0q = 0.

Hence A must be a solution to

9J(q(p),p)/9q + (0F/9q)" X = 0, (6.46)
and then the direction derivative j'(p) is
J'(p) = 0J(q(p), p)/dp + (OF/0p)™A (6.47)

Eq. (6.45) can also be written as

(4'(p), &) p=.p = (OuL | Opq P)u=u + (OpL | §) p= P,

and the directional derivative is then

<8u£v 8;0(] ¢>U*,U =0,

for all ¢.
Another approach: Differentiating Eq. (6.44) with respect to the control variable p we obtain

DJ(p)[¢] = DL(p)[#] = (94J | dpq ¢) + (OpJ; @) + (A | OgF dpq ¢) + (A | OpF @) + (dpA | F)

= (0qJ | dpq &) + ((0,F)" X | dpg ¢) + (A | OpF @) + (9pJ, 9)

= (0] + (0gF)" A | dpq &) + (N | OpF @) + (0pJ, 9)
where

¢=0dp.
We now use the freedom that A has not been specified and now determine A by setting
<aq=]+ (aqF)*A | ¢> =0,
and therefore
DJ(p)[¢] = ((OpF)" A+ 0, T | 9), (6.48)

which is identical to (6.47) which we derived earlier using a somewhat different approach.
This now gives us a three-step method for calculating the directional gradient of object function J
with respect to p:

4 Apparently the ’adjoint’ method gets its name from the fact that the resulting expression of the derivative of the cost
function involves an adjoint of an operator. The adjoint involved is the adjoint of the directional derivative of the forward
model F' with respect to the control variable p. However, in general there is no need to introduce this adjoint and we can
just as well write

DI@)[) = (A | BpF &) + (95, 6).
However, when solving for A we do need the adjoint of the directional derivative of the forward model with respect to q.
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1. Solve the state equation, i.e. the forward problem

(F(q(p), p)ld)yw=w =0,

for the state variable q.

This, in general, is a non-linear problem that can be solved iteratively using the Newton-Raphson
system, i.e.

(0,F Aq | ) = —(F(q(p),p) | 8),

and can be written in discrete form as
KAq =0,

where
[K]pq - <3qu | ¢q>a

and

[blg = —(F(a(p),p) | ¢q)-
2. Solve the adjoint problem for (0zJ + (0,F)*A | ¢) =0 for A € W*, i.e.
((OgF)* N | d)u+u = —(0gJ | d)u~u
for the adjoint variable A. If the forward tangential model (9, F) is self adjoint, this involves solving

K\A=b

3. Calculate the directional derivative of j as

DJ(p)[¢] = (5'(p) | $)p+.p = ((OpF)" A+ 0pJ | §) =P

In discrete form the derivative can be evaluated as

i'(p) = PA+Q

where
[Plij = (Op, F | ¢5)
and

Qi = (0pJ | ¢i)

However, ((0,F)*A | ¢) can usually be evaluated directly within the assembly look without the need
of ever forming the matrix P. Furthermore, the forward model is solved in a weak form and this
often involves some manipulations of the (A | F) term in Eq. (6.44).

Usually the regularisation term is an explicit function of the control variable, i.e.

J(F(p,q(p),p) = I(F(p,q(p))) + R(p)

and therefore
OpJ = OpR

The adjoint variable A is the gradient of the objective function with respect to the state variable ¢
A=V,J
In the adjoint method we need to calculate a number of derivatives. These are:

1. The directional derivative of the forward model with respect to the state and control variables, i.e
04 F and O, F.

2. The directional derivative of the objective function with respect to the state and control variables,
i.e. 94J and 0,J.
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Ratio between adjoint and brute force derivatives
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Figure 6.10: Gradient calculation, d.J/dB, done with adjoint and finite differences. This test was done
for the Hoffsjokull ice cap in Iceland.
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Figure 6.11: Gradient calculation, dB/dC, done with adjoint and finite differences. This test was done
for the Hoffsjokull ice cap in Iceland.
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Comparision between adjoint and finite-differences gradient calcugxtions
| Finite difference dJ/dB v

L L L L L
0 0.2 0.4 0.6 0.8 1
Adjoint dJ/dB

Figure 6.12: Comparison between adjoint and finite differences gradient calculations. This test was done
for the Hoffsjokull ice cap in Iceland.

6.9.3 Summariing the first-order adjoint approach

Summarising, and using a somewhat inexact notation, we can calculate the (total) directional derivative
dpJ of the objective function J with respect to the control parameters p, as follows:

F(q(p),p) =0 (6.49)
Oy F*\ = 8,J (6.50)
dyJ = OyF* N+ 0,J (6.51)

A bit more precise notation for the adjoint problem and the calculation of the derivative is

(5,F* | A) = 6,7 (6.52)
dpd = (6,F* | \) + 6,7 (6.53)

6.9.4 Time dependent adjoint

Consider the situation where the glacier surface s is the observable, with § being the measurement, and
the mass balance distribution a is the unknown model parameter, and a the prior.

Minimising
1

J=3 /(s(t) 50 di+ /(a(t) —a(t)? dt

subject to
F(s,a) =0(s—b)+0,g—a=0

with the initial condition
s =159 at t= to

and where, for example, we assume (SIA) that
q = —pD ||0ps||" " hiT28,s

with D = 2A(pg)™/(n + 2). In general, the cost function J can be expected to involve a spatial integral
too, but for notational simplicity we omit writing it here.
The Lagrangian is

z:u/xm
= J+(\F)
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and the directional derivative of the Lagrangian with respect to da is

07 97 ds OF OF 0s
%L =5, +888a+/)\<8a+838a>6dt

:/( (t) —a(t) 5adt+/a‘]as5adt+/)\<3aF+(’2ng>6 u

:/(a(t)f&(t))(;adtJr/)\aa—éadtJr/)\a—%J dt + /ga—é dt
a

5 oF oF 0J)\ 0Os
= [ (a0 a0+ A% saaes (320 27) B0

Now select A so that oF o7

that is oF 57
<)\, E(S@ + <E, (5a> = 0
o OF™ oJ
— A da) =
(55 A+ g5 00 =0

which is the adjoint equation. The directional derivative (not the gradient!) is then just

Sull = / <a(t) —at) + Agl:) Sa dt

If the initial condition depends on an unknown value of a, we will also need to introduce a Lagrange
multiplier relating to that initial conditions. However, here the initial condition s = s(ty) does not
involve a, and no additional Lagrange multiplier is therefore required.

We also need a boundary condition for the adjoint equation. Here the simplest option is to prescribe
A =0 at the end of the interval and then solve for A\ by integrating backwards, i.e. we solve

LOF* b
Ep Adt ——/(s—s)dt

to

to

with A(t) = 0.

6.10 Directional derivative and gradients

Using the adjoint method we can calculate the directional derivative DgJ(p) of the cost function J as a
function of the model parameter p in the direction ¢, defined as

DyJ(p) = hm di J(p+ed) . (6.54)

in a computationally effective way (see also Eq. 7). The (distributed) parameter, p, is here a function of
(z,y) and can be written as a vector in the basis {¢;,i =1...n} as

p(z,y) = pedq(z,y)

and if we group the numbers p;, for ¢ = 1...n, together, they form the elements of the vector p in the
basis {¢;,i =1...n}. The gradient V,J is defined through

DyJ(p) = (VpJ | ¢)

and this equation must hold for every direction ¢;, i = 1...n. Our FE inner product is the L? inner
product

(| g2 = /A f(z,y) gz, y) dA
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where A stands for the area of the computational domain. We would like to determine the components
g; of the gradient vector in the basis {¢;,7 = 1...n} where

Vpd = g(z,y) = gipi(x,y) -

Using the L? inner product we thus find that

DJ(p)¢i] = (Vpd | ¢i) 12
= <g7'¢r | ¢i>L2
= gr<¢r | ¢i>L2

= grM;
= gr My
or
[DJ(p)] = Mg ,
where M is the mass matrix
[M]i; = (¢ | &;)

and g is the gradient vector and [g], = g, is the r-th component of that vector in the basis {¢; , fori =
1...n} where n is the number of nodes.

6.11 Evaluating objective functions and their directional deriva-
tives

If ¢; are the basis functions then
[M]ij = (i | ¢5)

is the mass matrix (also known as the Gramian matrix), and

[Dx]ij = <vx¢z | vx¢j>
[Dy]ij = <vy¢i | Vy¢.j>

the stiffness matrices.

For ) )
1= 5171 =5 [ £ fay) dody (6.55)
and
we find
1
1=
1
= S
1
= §<fp¢p | fq¢q>
1
= 5fp<¢p | ¢q>fq
1
= iprquq
or
1= fMf
where
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The directional derivative is
. d
DI(f,6,) = lim - 1(f + €0y)

1d
= 5&“‘*‘6% | f+edg)

= <f | ¢q>
= <fp¢p | ¢q>
= <¢q ‘ ¢p>fp

= qpfp

=MFf

DI(f,¢q) = [Mflq

The p component of the directional derivative represents the (linear) rate-of-change in I as the value of
f is perturbed by e¢,,.
We can also write

DI(f, ¢q) = <fp¢p | ¢q>

and therefore by the definition of a gradient as

DI(F + e = {arad (1), 51)

the gradient of I in Eq. (6.55) is f (as it of course should be).
Similarly if

I= SV 1V5) = L{0.0,0.0) +(0,5.0,)
then

1

= %<fpar¢p7 fqazfq>

1

= 5fp<6z¢pvam¢q>fq

1

and

DIz(f7 ¢p) = %lg% %<az(f + 6¢p) | ar(f + 6¢p)>

= (0xf | Outbp)

= <fqax¢q | 8x¢p>
= <aw¢p | 8a:¢q>fq
=D.f

or
DI.(f,¢p) = Do f

Summarising, if we have a regularisation term on the form
1 1
R = §Hf||2L2(Q) + §||Vf||2L2(Q) (6.56)
it can be evaluated knowing the mass and the stiffness matrices as
1 1
R= §Hf||2L2(Q) + §||Vf||2L2(Q)

= FMf 4 f(D,+D,)f
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and direction derivative is

SI(f +e6,) = [Mf + (D, + D)),

And the regularisation term (6.39) can be evaluated similarly as

R= i / (%2 (Vo -5 + 92 (0 - 5)?) dA

= i (e —-p)"'D (p-p)+7(p-p)" Mp-p)
= 5P — P (02D +2M)(p— p) (657)
and the directional derivative is 1
dpR = (7{D +7;M)(p - p) (6.58)
and the Hessian )
d> R = /—4(73D +v.M) (6.59)

6.12 Simple example of a gradient calculation of an objective
function

Consider, as an illustration, the problem of inverting for ice thickness (h) using rates of thickness change

(h) as observations. Here the control variable is h and the field variable h. We have measurements i and
an a priori estimate h.
Hence, we have

p=h, (6.60)
q=h. (6.61)
(6.62)

The object function J is

J:i/(k-ﬁf dA+ﬁ/(h—l~z>2 dA,

where the first term is the misfit term and the second one the regularisation term. The extended cost
function is
L=J+(\F)

where the forward model F' = 0 is )
F =h—(a— 0y(uh))

where £ is the unknown, although using FE we would solve this as

0= (F|¢;) = / (h —(a— &C(uh))) ¢; dA
— [ (inoi = (- 0uu))) 05 da,

for each j, or

/mmj dA = /(a — 0, (uh)) ¢; dA,

that is .
h=DM"1'b,
where
(M],; = / bib; dA (6.63)
bl = [ (0 0utuh)) o, da. (6.64)

(6.65)
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and therefore in discrete form the forward model

with

We also find that using FE approach that

1

. T . s 1 ~ ~
=54 h)"M(h—h)+ —(h—h)"M(h - h)

7 5A

The task at hand is to calculate the directional derivative (see Appendix D) of the object function J
with respect to the control variable h, i.e.

Snd = DJI(R)[5h] = lim - J(h + € 5h)
e—0 dE

6.12.1 Direct approach

Since the forward model is so simple we can just take the (total) derivative directly by inserting the
forward model F' into the objective function J, leading to

iy = % / ((a— au(uh) — K D uih) dA+ % / (h 1) shda (6.66)

This is the desired directional derivative and one could in principle use this derivative calculated for each
perturbation dh = ¢;, for ¢ = 1...n where n is the number of nodes, in a gradient-based minimisation
method.

First, solve the forward model:

We calculate
0,F Aq=—F(q) withq¢— ¢+ Agand Ag— 0,

which in this particular case where q¢ = his
1Ah=—hy+a-— 0z (uhyg),

since 9; F' =1, or . o
hi = Ah+ hg = a — 0, (uh,),

since this is a linear forward model the NR iteration converges in first iteration.
Of course, as explained above, the FE formulation of the problem leads to

M Ah = —(Mh —b)

s0 here 1 = |¢){(¢| = M.

Secondly, solve the adjoint problem:

The adjoint problem is
0, F*\ = 0;,J,

1 . ks .
A= [ (h=h)shaa
a
We can ask what the 1 actually stands for in this context, and the answer is that this is the unity

operator in the relevant basis, i.e. the inner product between the unit vectors spanning the space, or the
Gramian matrix. In the FE context, where the basis functions are ¢;, this matrix is the mass matrix

[M]ij = (¢ | ¢5)-

or
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To see this more clearly let us calculate the directional derivative from the FE formulation of the
forward problem while realising that 62)\ represents an inner product, i.e. we need to evaluate

(6, F | \) = /% (h— (a—@z(uh))) X dA

:/@AdA

:/(bZ ¢J)\J dA
= [M]; ),

showing that the expression 1\ is, in the FE context, given by M. Also note that the term 0;,J is in
fact a directional derivative and, again in FE context, reads

5h=i/(h—ﬁ)¢j6m.

Hence, the adjoint problem is
M\ =1,

where

1, = %/(h—ﬁ) 6 dA.

A e
(k)& fo

XM(h h),

The vector [ is

and the adjoint equations therefore simply A = %(iz — h)
We can also arrive at the adjoint equation directly from the discrete form of the equations, as derived
above, where the forward model and the object function are given by

F=Mh-—b,

J72A(h h)TM(h h)+ﬂ(h h)TM(h — h).

It follows that 0, F = M and 0;,J = % M (h — l;) and the adjoint equation is

1 . T
MX = - M(h—h),

and we again arrive at

Thirdly, evaluate the directional derivative:

The directional derivative is the given by
dnJ = O F* X\ + OhJ.

We notation in section 6.9.3 was somewhat relaxed, and as F' is an operator we need to remember that
the first term on the right-hand side is an inner product and we need to evaluate

dpJ = (6hF* | \) + 0pJ
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where the § symbols indicates that these are directional derivative. This leads to

1 ~
th:/Aaz(uéh) dA+Z/(hfh) Sh dA,

:%/(h—;z)am(uéh) dA+%/<h—7L> Sh dA,

which is same as (6.66).

6.12.2 Calculating the elements of the gradient in the FE basis

Note that if we set 6h = ¢, which is a typical approach and the one used in Ua, this is the derivative with
respect to the perturbation in the nodal values, i.e. 6h = ¢. This derivative is clearly intimately related
to the FE basis. There is then the separate, but related and quite an important question as to what
the coefficients of the directional derivative are in a given FE setting. Assuming that all variables are
expanded in the same FE basis, i.e. f(z,y) = fi¢i(x,y) where f is any of u, h, h and using the definition
of the gradient by Eq. (8), we have

dpJ = DJ(h)[6h;] = (VJ | 6h;) 2
=(VJ | ¢i)r2
= (9(@) | ¢i(z)) L2
where the we use dh; = ¢;, and in the last expression we denote the gradient VJ, which is a (dual) vector

and a function of space, by g(z). We expand the gradient VJ = g is the basis {¢;(x),j =1...n} and
solve for the coefficients g; of g(x) in that basis where

9(x) = g;¢;(x) -
Eq. (6.66) therefore leads to

/gp¢p¢j dA = }4/ (h—fz) (Oatt &; + 1 0p ;) dA+%/(h—ﬁ) ; dA. (6.67)

which we solve for g;.?
Hence, the vector gradient, formed by ordering the coefficients numbers g; in a vector g according to
nodal numbers, is
g=M""k,

where

k], — %/(h—ﬁ) (D, ¢j+uaw¢j)d,4+i/(h—h) 6; dA.

6.13 Velocity inversion using mass equation

The thickness equation
F:=V-(vh)—a*=0 (6.69)

provides constraints on the (admissible) velocity field for a given ice thickness.

J = [lv =2l + AlF)
or, for example, after linearisation and assembly

J= 5w @) Py(u— @) + %(v TP, (v —8) + AT - (Fou+ Fyv)

5There appears to be some confusion in the literature regarding this point and sometimes (often, practically always) the
expression given for the directional derivative is something like

(dpJ); = %/(h_fl) (O ¢j+uam¢j)dA+%/(h_ﬁ) ; dA,  (wrong))

and in fact inversion can be successfully done using this derivative. However, this ‘derivative’ will be intimately related to
the structure of the FE approximation used, both the basis and the discretisation. This expression for the ‘derivative’ is
simply an example of a FE assembly, and it does not represent the values of the coefficients of the derivative in the FE
basis. The correct expression is Eq. (6.67).
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where
v velocity prior
¥ velocity measurements
Linearisation gives
P, 0 FT Au P, (u—u)—FI'X
0 P, FT Av | =— | P,(v—v)— FI'X
w F, 0 A F(u)

6.14 Thickness (h) inversion using mass equation

Given measurements of velocities, surface mass balance and rates of thickness changes, the vertically
integrated mass-conservation equation

F:=V-(vh)—a+dh=0 (6.68)

can be solved for h. Typically we would here consider the case where good estimates of a and J,h are
available and we, thus, consider
F:=V-(vh)—a*=0 (6.69)

where
a*=a—0:h.

The equation is hyperbolic and information only travels along the characteristics. Anticipating this, we
add some cross-wind diffusion and solve

V- (vh) = V- (kVh) =a— d:h
with
k=¢(l-non),

where the term 0;h is based on measurements and, hence, not considered unknown. See section 10.10 for
the solution approach. We initially consider a formulation where the velocities are not updated. After
assembly the system can be written on the form

Frobh=0%

where Fj, is the resulting matrix after linearisation of F' with respect to h.

This could be solve directly, using the cross-wind diffusion as an effective regularisation. Measurements
of h can simply be enforced as boundary conditions, in which case they will be fulfilled exactly. Enforcing
the h boundary conditions point-wise, written as

Lh =c
using the method of Lagrange multipliers leads to
F, LT h| |b
IR 67
Thickness measurements as soft constraints
Alternatively, if we want to introduce the regularisation explicitly, and furthermore not to use measure-

ments as hard constraints, we consider

1 . . 1 ~ -
L= 5(h—h)"Py(h—h) + 5 (h—h)"Q(h — h) + XT (Fyh — b)
where @ is a regularisation matrix related to the inverse of the covariance cov(h, h), for example selected

as
Q=7M +sD, (6.36)
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where M and D are the mass and the stiffness matrices, respectively, and P is the matrix of measurement
precision, or the inverse of the error covariance. Here

h prior
h measurements

Taking the derivatives of £ with respect to h and A leads to

P,(h—h)+Quh—h)+ATF,=0
F,h—b=0

where we have used that both P and @ are symmetrical, or

(P, +Qn)h+ FI'\= Ph+ Qh

F,h=5b
which can be written as . _
P, + Qh Fh h B P.h
F, 0 N b . (6.71)

The problem (well one of the problems) with this formulation is that F}, is full rank and the system
F,h=0

uniquely defines h. Maybe we can provide a bit of flexibility by introducing the forward model as a soft
constraint instead

Thickness measurements and forward model as soft constraints

Consider now

L= %(h —h)TP,(h—h) + %(h ~h)7"Q;(h—h)+ %(th —b)" Pp(F,h —b)

Taking the derivatives of £ with respect to h leads to
- ~ 1
Py(h—h)+Qu(h—h) + 3 (F) Pp(Fyh —b) + (F,h — b)" PpF,)
, ~ 1 1
Py(h—h)+ Qu(h — h) + F PrF,h — 5Fg“Ppb - §bTPFFh

or
(P. + Qi + F PpF,) h = Pyh+ Qh + F) Ppb

We see that if we consider the forward model to be exact, in which case the P, goes to infinity, we get
Fyh =b (exact forward model)
and if the measurements are available everywhere with infinite precision

P,h = P,h (exact measurements)

And if the prior is perfect 3
Qrh = Qh (exact prior)

Link to adjoint formulation of the problem

Using the adjoint approach discussed above where both p = h and ¢ = h, we have the augmented function
L= J(h)+ (A F(h))

where
F(h) =V - (vh) =V - (kVh) —a+0;h=0
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Here the discrete form of the forward problem can be written as

Kh=0»b
The cost function is 1 1

J=5(h=h)TP(h—h)+(h—h)TQ(h—h)
and therefore 1 1
J=5(h- h)TP(h—h) + (h— h)'Q(h — h) + AT (Kh — b)
First we solve the forward problem is
(¢, F(h)) =0

or
Kh=0»

for h. Then solve the adjoint equation
(Ogd + (04 F)*,0) =0
or with ¢ = h, ~
K" A= —(E+Q)(h—h)

where we use h from the forward solve, and then calculate the derivative of the augmented cost function
as
dpL = ((OpF)* X+ 0pJ, §)

or with p = h, R
AL =K'\ + (E+Q)(h—h)

The potential advantage of this adjoint approach is that we do not need to calculate the derivative d,q
(i-e. the sensitivity matrix) which, in general, might be difficult. However, here with p = ¢ = h and we
have dph = 1.

Thickness and velocity measurements as soft constraints

Using the adjoint approach discussed above where we treat v as a control parameter, and h as the output
of forward model, i.e. p =wv and ¢ = h,

F(h) =V -(vh) =V -(kVh)—a+0h=0
Here we consider 0;h to be a measured quantity, similarly to a, and write

a* =a— 0:ha;.

1 - 1 ~
L=gllv- o + Slh = hl[? + R(h) + (A[F (h(v))) (6.72)
—— ——
J=T,+Tn+R =M

where

1 - .
3=l = [ h(e - (@) mn(@',2') e’ ~ (1) () 44
A
where #y, is the precision kernel. Tf data errors are uncorrelated we write x5, = §(||z — 2'||)e, ? and find

1 -
T, = 5 lIn Bl

;/A (h(m) - ﬁ(m))/eh(m))z dA

1
=—-hM
2hE h.

where the nodal residuals are

he = (h—h)./en
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All variables are expanded in the same basis, i.e.
ha,y) = hidi(@,y) w(@,y) =widi(x,y) v(z,y)=vidi(z,y) A=,y) = Xidi(z,y)
and hence
oih(z,y) = dj(x,y)  djulz,y) = ¢j(z,y) djv(z,y) = ¢i(z,y) 6\ (z,y) = ¢j(z,y)

The directional derivative of Z;, in the direction dh is

STy = /A (h —h) /€h> ShdA

:/ hipip; dA
A

— ([ osonaa)

A

= Mh*®

Similarly
1
T, = Lo -l

= %(ueMv6 +v.Mv,)

and

6vTy = Mu, + Mv,

As a regularisation term we use, for example,

R() = 5 [ 0l £ 20((0h)? + (0,1)7) 44

1
_ 7/(7ah2+'ySVh~Vh)dA
2Ja

1
= 5h(3aM +7(Duy + D) b

The directional derivative with respect to h of the regularisation term is

ShR = / (Yahdh + vs(0x(h + 6h) + 0,(h + 6h)dA
A

= 74 (h|0R) + 75 ((Ozh|0z0h) + (Oyh|Oyoh))
= (%LM + 'Ys(Dacx =+ Dyy)) h

The forward model constraint is

M =55 (A|F) = (3A|F)

— AV - (vh) — V - (kV) — a*)

— AV - (vh) = V - (kVh)) — (5A]a”)

— (5M|D (uh) + D (0h)) + £((BuSNDuh) + (Dy5N|B,h)) — (SA|a*)
= (0510 (updphidr) + Oy (Vpdphidr)) + K((0205hiOcPr) + (Oydj|hiOydr)) — (b5lardn)
(#5102 (up@p@ic) + Oy (vpdpdi)) + K((020;|0xdr) + (Oyd;10ydi))) hic — (Pjldw) ar,
Kh-b»

where

[K]jk = <¢j|8w(up¢p¢k) + 8y(vp¢p¢k)> + “(<8a:¢j|aw¢k> + <ay¢g|ay¢k>)
[b]; = (¢j|dk) ar, = [Ma”];
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Note that we can also write J

K
dh

(OMNFY = (6\|dpF)
[K]i; = (] dn, F)
Similarly
(shM = 5}1 <)‘|F>
= (A\|V - (vdh) — V- (kVh))
= (AMV - (vdh)) + (VAkVIh)
= (A 0z (udh) + 0y (vdh)) + K({DxzA|0z0h) + (OyA|OySh))
= Aj ({9102 (updpdr) + Oy (vpdpor)) + k({02 dj|0xbk) + (Oy 5|0y Pr)))
=K
And
= <)‘|5uF>
= (M0x(duh))
[6uM]p = (A|Ox (Suphi o))
= (X0 1hi0x(Ppdr))

If T only solve for h I get the linear system

6L =(NF)=Kh—-b=0
oL = (NopF) = M(h —h)./en + (vaM + Vs(Day + Dyy)) h + ATK =0

which can be written as the KKT system

<MCh1 + VM ;; Ys(Days + Dyy) KT> <h) _ (Mchlh)
0

S\L=(ONF)=Kh—b=0
oL = (NopF) = M(h —h)./en + (YaM + Vs(Dyz + Dyy)) h + ATK =0
6uL = (N6 F) = M(u—a)./e, + A =0

The adjoint system is

F(h(v),v) =0
OpF*\ = —0pJ
dyJ = Oy F* X+ 0,J

Assuming uncorrelated errors, the misfit (likelihood) terms are
1
I - ihthe

The discrete form of the adjoint system is

Kh=10
K™\ =—-M(h—h)./e,

149

(6.73)
(6.74)
(6.75)
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and the wv elements of the gradient can then be calculated as

[0uF"Ni = (02(¢i hj@j), Ardr)
[00F"Ni = (0y(¢: hj5), Arbr)
and the 9,J and 0,J terms added to arrive at d,J.

However since the system is linear and so simple it appears one could also solve this directly. For
example if

1 1 1
L= quMuE + iveMve + ihEMhe + AT . (Kh —b) (6.76)

leading to

Kh—-b=0

M(h—h).Jen + KTA=0
M(u—u)./€, —|—th)\ =0
M(v—19)./e, + KLhA =0

6.15 Thickness (h) inversion using momentum equation

Here ¢ = v and p = h, and we have measurements of velocities and ice thicknesses.

F(v(h), h)
J(v(h); h)

= llv— o] + [ — Al
£ = J(v(h),h) + (A, F(v(h), h))

The adjoint approach consist in solving

(F(v(h),h),¢) =0
<(avF)*)‘7¢> = 7<a'u<]7 ¢>
and then
dpJ = <(ahF)*)‘a¢> + <8h‘]? ¢>

The direct approach would involve taking the h and A total derivatives of £ and setting to zero. This
would require calculating dpJ = 9,J Opv + OpJ. The tricky part would then be Jyv, i.e. the sensitivity
of velocities with respect to thickness, which we avoid calculating using the adjoint method.

6.16 B inversion using momentum and mass equation

Cost function:
JZJM,—FJH—FJA—FJB—FJC (6.77)

Forward models, momentum and mass conservation:

Fup = Fup(u,v, h(b),d(b)) (momentum)
F; = F; (u, h(b)) (mass conservation)
F, = Fy(s, S, B) (flotation)

where F},, are here the SSA momentum equations, and

Fj=h+08,(u(s—b)—a=0
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and b is calculated using the floating condition from s, S and B given p and p, as

— oS
Fy=b-GB—(1-¢g)2"P> (6.78)
P = Po
where
G =H((s — b) — po(S — B)/).
as explained further in section 6.18 this is a non-linear system and needs to be solved iteratively.
The cost functions are
““::z4/m i)/ea) + (v = 3)/e0)?) dA (6.79)
2
J; = ﬂ/ (h — h)/eh) dA (6.80)
and Jg, Jo and J4 are regularisation terms (e.g Eq. 6.39).
The extended cost function becomes
L= Juu +Jh+JA+JB +JC+ (Fuv,)\uU) + (Fhv)\h)+(Fb;>\b)
and we wish to determine
dpJ = 0pJp + (6B Fyy, Auv) + (OBE], A) + (OB FY, Ap) (6.81)
We require
0L =0
0,L=0
WhL=0
and we get the adjoint equations are (see also Eq. 6.46)
(Ouv Fys Auwv) + (Gun FF5 Aj) + (Gun B, Ab) = —0uwJuw — OunJj, (6.82)
(6 qum uv) (5hF}?:’ h) (5th 7>‘b) = 76}'1Juv - 5th (683)
(5bFu’u? Au ) ((SbF;;, )‘h) + ((5ng(, )\b) = —pJuv — (5th (6.84)

For the cost function Eq. (6.77) and its terms as defined by Eqgs. (6.79) and (6.80), J;, is not an explicit
function of either b or v and v, and therefore

OpJup =0
8 Juw =0
(5th =0
6UUJI'1 =0

Also from the definition of F}, by Eq. (6.78) and F,,
(5qul:<7 )\b) 0
(6, F5, \p) =0
(6, F0ps Aj) =0

The adjoint system Egs. (6.82) to (6.84) therefore becomes
(6 Fuw Ay ) (6qu;7 )\h) = _(Squuv (685)
(G F7 i) = =63, (6.86)
(65 u1)7 ) + (5bF,:7 Ah) + (5nga Ab) =0 (687)
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Note that if, alternatively, I, is included directly in J;, i.e.

Ji = i/ ((a — @uuh) + 0, (0h))) - iz)Q dA

then Fj is no longer required to be a part of the extended cost function (the Lagrangian), and the total
derivative dgJ can be calculated as

dpJ = 6pJp + (05Fy,, Auw) + (S5 F}, Ap)
However, now J; is an explicit function of b, so d,J; # 0 and the adjoint system becomes

(6 Fq:m ) = _6quuv - 6quh
(0p s Auw) + (66 F5, Aj) + (06 Fy s Ap) = 0

and )\, is a solution to

(6 qum)\ ) = 751w<]uv - 67“"]h

6.17 Inverting for b using a fixed floating mask

Here we consider the option of inverting only for b for a given flotation mask G. We assume the upper
surface (s), is known from measurements §.
Cost function:
J=Jduw+Jj +Ja+ Iy + Jc (6.88)

Forward models, momentum and mass conservation:

Fyy = Fuy(u,b,d(b)) (momentum)
F; = F; (u,b) (mass conservation)
G=¢6 (flotation)

where F},, are here the SSA momentum equations, and
Fj =h+0,(u(s—b))—a=0

The cost functions are

T =57 [ (e = @) /e)? + (0. = 5.)/e)%) 44 (6:59)

] W4MW+%W»JWQ%A (6.90)

Jj,

and Jy, Jo and J4 are regularisation terms (e.g Eq. 6.39) on the form

Jy = i/ ((b—i))/eb)2 A

Since we here include F} in the cost function, it does not need to be included in the extended cost
function, therefore
L= Juv + Jh +Ja+ D+ Jo+ (Fuva/\uv)-

We wish to determine d.J,
dpJ = OpJp + 5bJ + (51, s A ) (6.91)

The term (0pFr,, Auw) accounts for the effect of b on on dy,J (see Eq. 6.88) due to the implicit dependency

of v and v on b.
We require

dup Ll =0
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and we get the adjoint equation (see also Eq. 6.46)

uv

(Juq)F* )\uv) = *5uv<]uv - 5uv<]h (692)

We assume the floating mask G is given as an input and we denote the prescribed /measured floating
mask as G. We furthermore require that any changes in b do not lead to any changes in the floating mask.
Therefore, for the flotation mask not to change during the inversion for b, the ice thickness A must be
above the flotation limit where G < 1/2 and below it where G < 1/2, i.e.

h > hy where (321/2
h<h; where G <1/2

or

p(s —b) > po(S — B) where G >1/2
p(s —b) < po(S — B) where G <1/2

We calculate the bedrock elevation (B) and the draft (d), given p and p,, as

B{b for 621/2

min(b, B) otherwise

Since b = B where G > 1/2 we have

pPS — PoS
P = Po
b>s—po(S—B)/p where G<1/2

b < where 521/2

Provided these constraints on b are enforced, the floating mask (G) remains unchanged as b is updated
during the inversion. All directional derivatives of G with respect to b are therefore automatically equal
to zero. However, as b can change downstream of the grounding line within these constraints, the surface
elevation s can change as well according to

s=(1—-po/p)b+ %S, where G < 1/2

Such changes can be suppressed using an appropriate regularisation on b using as prior

j_PSTpS P o P
P = Po Po — P Po — P

5§ where G < 1/2

where § are measurements of s, and prescribing errors e, in b derived from the observational errors es of
s over floating areas as

ey = es/[1— po/pl

Alternatively an additional term J, to the cost function J can be added as
1 -
T = o [ (0= 9 (= pofolb-+ 81 =51 e} A
The directional derivative of the draft d defined as

d=H(S— B)(S —b)

with respect to b is required. Note that where S = B, the ice is grounded for any h > 0, so therefore
b= B and in a weak sense [(5,H(S —b))(s —b) dA =0, hence

Spd = —H(S — B)
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6.18 Inverting for bedrock elevation B with varying flotation mask

When inverting for bedrock B the elevations of the upper and lower ice surfaces (s and b respectively)
need to be recalculated as B is updated. We assume we have reasonably accurate measurements, §, of
the surface elevation. When updating b we therefore consider s, S, and B given, and calculate b and h
from s, S, and B, i.e.

b= b(S,S,Bapv po)
h=h(s, S, B, p, po)

_ _g)PsT oS
b=G B+ (1-G) P (6.93)
s— S
h:g@#@ﬂpg)m, (6.94)
where
G =H(h— po(S—B)/p) . (6.95)

This is a non-linear system because G depends on h and solving this system is discussed in Sec. 1.15.3
We need to know the directional derivatives of various geometrical variables and quantities with
respect to B. These include

55 = Iim %H(s — (B +¢6B) — po(S — (B +¢6B))/p)

e—0

— 5(h —hy) (pufp—1) 6B

= lim ((5(8 — (B+€dB) —po(S—B—€éB)/p)(—0B + p;éB)

and
pPS — PoS
opb=G6B+6pGB - ———6pG
P = Po
ps — poS
=GéB+ (B — ;1
P = Po
=GB+ (po/p—1) (B - ”‘9_"05) 5(h — hy) 6B
P = Po
and
oph = —dpb
Also from
d=H(S—B)(S—-b)
we have

dpd=—0(S—B)(S—b)dB—H(S—B)dpb
When calculating gradients with the adjoint method we get a term of the form
(6B(0sb), A)
It’s presumably best to use an integral theorem here and write this as
(65(02b), A) = (9:(dpb), A) = —(0pb, 027
where A = 0 along the boundary, for example something like

((ph - pod)(SB(azb)v )‘) = _(6Bba 89: ((ph - pod))‘))
= _(6Bb7 (pa:rh - poazd)A + (ph - pod)a@)\)
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6.19 Gradients of objective functions with respect to control vari-

ables

In the following we assume that all variables involved, such as A, C, b and \ are represented in the same
basis, i.e.

C = Ap dp(,y)
A=Ay dp(z,y)
b=y dp(z,y)
A=A 9q(z,y)

6.19.1 Gradient calculation in 1HD with respect to C'

As an example we consider the calculation of the gradient of the objective function J with respect to
slipperiness. The only term of the momentum equations containing C' is the basal drag term

ty = H(h—hy) C7™ oy |V vy
We need to evaluate

DJ(C)[¢] =< (9cF)" A+ 0cJ | ¢)
=< (9cty)" A+ 9cJ | §)
giving
1 o
DI(C)[¢] =< —H(h—hp)C™ ™ oy o) [ 9)+ < DT | 9)

In the above listed expression one needs to form a sum between v, and A for each value of C'. The adjoint
variable )\ is a solution of the adjoint equation and is a vector variable with x and y components similarly
to v.
6.19.2 Gradient calculation in 1HD with respect to A
The directional derivative can be calculated (see Eq. 6.47) as

§'(A) = 0J(q(p),p)/OA + (OF/0A)"A (6.96)

Focusing on the second term
1
(OaF)*\ =< 04 (28x(A1/" B 0,u| T u) — ty, — 5_(](%(;)/12 — pod®) + gH(h — hy)(ph — poHJr)@xB) B
= - <204 (A*I/”h |azu|<1*m/”amu) | 9, A)
2
=-< ﬁA‘l/"‘l h|8,ul /0,06 A, O\

where we have omitted writing the boundary term assuming that ) is set to zero along the boundary (or
periodic boundary conditions for periodic domains.) Hence

2
(OAF)* N =< EA—l/"—l h|9pul /"9, 6 A, 0, N)

2
=< EA—l/"—l |0yl T MO by Ny

2
=< S AT 0| O, b, Dag) A

or
(04F)* A = KX

where

K = (9F/0A)*



156 CHAPTER 6. INVERSE MODELLING
is 9
Ky =< EA*/’H B 0pu| A0 by, Buby) A

however it is more efficient to calculate this matrix-vector product directly without ever forming the
matrix as

2
K\ =< 7A71/n71 h |azu|(17n)/namu pr,am)\>
n

6.19.3 Gradient calculation in 1HD with respect to b
The directional derivative can be calculated (see Eq. 6.47) as
7'(b) = 9J(a(p),p)/Ob + (OF /9b)* A (6.97)
Simplifying the notation a bit and just considering the grounded ice situation the z term of the SSA
equation is

_ 1
F =20, (A*l/” h |al.u|<1*”>/nawu) —H(h = hp)C Y™ |Jul|™ w — pghdys — §gh231.p =0 (6.98)

where h = s —b.
Considering initially the first term of Eq. (6.98)

(O F)*\ =< (23,0(,4—1/" h \8wu|(1_")/"amu)) |\
= — <29, (A—l/” (s —b) |8xu\(1_”)/"8mu) | 9 \)
=< 24717 |9,u| /"9 ,u 6b, O N)

or
(B F)* N =< 247" 10,u| M=/ u ¢y, 00 09) A

where we again have omitted writing the boundary term assuming that X is set to zero along the boundary

(or periodic boundary conditions applied for periodic domains.). Using Eq. (1.191)

n= %A—l/n |8zu|(1—n)/n

leads to
[(OpF)* Np =< 400, ¢p, Ordg) Ng

Second term of Eq. (6.98) leads to
[(OuF) Ny =< 8(h = hyp) C™ [lul ™y, dg)Aq

(Note: I've ignored here the fact that where the ice is grounded and b = B, hy = p,H/p = po(S—B)/p =
po(S —b)/p is a function of b)
More generally one can write this as

(0o F)" Ap =< (Oplba) bp, Pa) A
And the last two terms of Eq. (6.98) give

1
(O F)A=—< 0 (pgh@ms + 29h28$p> JA)

=< (pg0ss + ghdip) ¢, )

or
(O F)* Nlp =< (pg0zs + ghOzp) ¢p | dg)Aq
Usually only the regularisation term is an explicit function of the control variable, i.e.

J(F(p,q(p),p) = I(F(p,q(p))) + R(p)

and therefore

OpJ = OpR
But if we solve for b and use J;h as a constraint, calculated as a — 9, (uh) we now have b explicitly both
in the misfit term I and in the regularisation term R, so JpJ has now this additional I term.
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6.20 Inverting for logp

To lessen the chances of a strictly positive parameter p becoming negative in the course of the inversion
we can make a change of variables writing

p=10" = ¢" In(10)

or
logigp ="

and invert for v instead of p. Note that
dp

—In(10)p .
R n(10)p

and we find

oJ _ 9J 9p
oy Op Iy
oJ

— 2
5, n(10)10

showing that the change of variables causes a rescaling of the gradient, making the gradient go to zero as
p — 0. However, for a finite step size this rescaling of the gradient alone does not guarantee that p will
not become negative (and logp complex) during the optimisation. In Uaone therefore also enforces the
positivity (non complex) constraint when inverting for log p of a strictly positive parameter.

For the Hessian we have

027 99J

% Oy oy

_ 9 (9Jop
~ 9y \dp oy
P op 005
~ Opdy Oy Op 02
T (o), 0T 0%
—op? \ 9y Op 02

827 8J
_ 27 < 2, VY
= (In(10)p) 52 + In(10) pap

6.21 The form of the adjoint equations for Bayesian approach
using Gaussian statistics

We anticipate using a Bayesian approach assuming Gaussian statistics and therefore that the cost function
might be on the form

minI(q(p)) =<q—q| K;' |q—@)+<p—p|Kp' |p—p)

p
=< K;"(q—q) | K *(q— @)+ < K, " *(p—p) | K, "*(p — D))

where K is a covariance matrix (and therefore positive definite).
Repeating the calculations required in the adjoint approach for this particular case,
dpl = dpL =< K;'?(q—q) | dpa)+ < X | 9gFdpq + 0, F)+ < O\ | F)
=< Kq_l/z(q =) | dpg)+ < A | 0gFdpq + O, F)
=< Kq_l/2(q —q) +A0r)" | dpg)+ < A| OpF)
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where we have omitted the < p —p | K;l | p— p) term for the time being. We now use the flexibility of
A not having been specified and require that

< K;7Y2(q— )+ N0F)* | 6p) =0
and therefore
dpl =< X\ | 0pF)
For a cost function on the form
minl(g(p)) =<q— | K;' [a—d)+ <p—5| Kp' [p—P)
we would arrive at
dpl =< X\ | 0,F)+ < K, '/*(p— p) | 6p)
One might ask why we don’t just calculate the cost gradient as
d =< K;'*(q—q) | dyu)

But this would require calculating d,¢ which is a pain in the neck and requires IV solutions for the forward
problem, where N + 1 is the number of discrete control parameters. Using the adjoint method we only
need to solve the forward problem twice.

6.22 Adjoint equations (Bayesian case with constraints on verti-
cal velocity)

We want to minimise a cost function J on the form

J(u,v,w,p) = I(u,v,w) + F(p)

where [ is a data discrepancy functional, and R a regularisation term
As a misfit function we use
I=1,+1,+ I,

where each term has the form

I, =< CoMu — (u) | C%u — (u))

. —1/2 , . . .
with C’uu/ being an error covariance matrix.
The regularisation term has the form

R =< C’p;l/Qp | C'p;l/zp>
We minimise J subject to the conditions

F(u(p),v(p),p) =0

and
Ws = f(’U,,’U,h, b)

where 7 are the diagnostic equations, f is a function giving the vertical surface velocity w, as a function of
the variables of the diagnostic equations, and where p stands for some control variable (distributed model
parameter) such as the basal slipperiness C or the rate factor A. We therefore consider the extended cost
function

J(u,v,w,)\,u,p) = I(u,v,w) + F(p)—i— <A | F(Q(p)’v(p)7p)>+ <p I w— f(u,v,h,b))

where A and p are Lagrange multipliers.
The directional derivative of J with respect to A in the direction of §\ is defined as

d
I+ €N [0

and is denoted by dJ (X, 0A)
The directional derivatives of J are

0J (N, 0N) = 0xJ =< O, F(u,v,p))

J(p,0p) =< dp,w — f(u,v, h,b))
J(u,0u) =< C2M%(u — 0, C7V25u)+ < A\, Vurdu)— < p | Vi f du)
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6.23 Prognostic equations are formally self-adjoint

The SSTREAM equations are formally® self-adjoint as we will now show.

Define the inner product
7':<fz‘>‘>+<fy|/i>
where

[z =05 (hn(40,u + 20,v)) + Oy (hn(Oyu + 0v)) — H(h — hy)tes

)

1

- 5gam(th — pod®) + gH(h — hs)(ph — poH)0, B

fy =0y (An(40yv + 20,u)) + Oz (hn(0zv + Oyu) — H(h — hy)tsy
)

1
— 300, (01 = pod®) + g Hlh — Iog)(oh — po )0, B

or

r= / / (@ (h(4Dyu + 20,0)) + Oy Dy + 0,0))) — H(h — gty
— 5 90:(PH? — pu®) + g (b — ) (ph — poH )0, B} Adrdy
+ // {(8y(h77(48yv +20,u)) + 0p (An(0zv + Oyu)) — H(h — hy)tey

1
= 590y (ph? = pod®) + g H(h — hy)(ph — poH )9, B} ju dx dy

The use of Green’s theorem gives

- // {}”7(48xu + 20,v)0 A + hn(Oyu + 0,v)OyA + H(h — hf),@zu)\
Q
1 2 2 +
= 59(Ph* = pod®)0u A+ A g H(h = hy)(ph — poH )0, B} da dy
+ %(hn(élﬁwu + 20,v) Ang + hn(Oyu + dyv) An, — %g(th — pod?) Any) dT
r
- / {hn(40,v + 20,u) 0y + hn(dzv + Oyu)Opp + H(h — hy)B>v
Q
Lo o 2 +
— 59(ph® = pod®)dyp + pgH(h — hy)(ph — poH')0, B} dx dy

2
1
+ j{(hn(‘l%v + 20,u) pny + hn(0zv + Oyu) ppng — ig(ph2 — pod?) pmy) dT

and a second use of Green’s theorem gives after some rearrangements

6Here ’formally’ stands for ’if ignoring boundary conditions’.
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;= // [0, (W40, A + 20,1)) u + B, (hi(O,\ + Dopa)) u— H(h — hy)B2u

Q

1 2 2 _ _ _ +
+ 59(ph* = pod”)0u X = A g H(h = hy)(ph = poH )0, B} du dy
+ %(hr](élacu + 20,v) Ang + hn(Oyu + dyv) An, — %g(,oh2 — pod?) Any) dT

r
+ // {8y(h77(48xu +20yA)) v + Op (M (O pt + OyN)) v — H(h — hf)ﬂ2u)\
Q

1

+ 5edg(ph® = pod®)dyp— pg H(h — hy)(ph — poH )9, B} dx dy
1

+ é(hn(4ayv + 20,u) pny + hn(0zv + Oyu) ping — 59(Ph2 — pod”) piny) dI

- ?{ (uhn(40z A + 20y p)ng + uhn(OyA + Ogpi)ny) dI
Q

- 7{ (vhn(40yp + 20, \)ny + vhn(Oppt + OyA)ny) dT'
Q

If we ignore the BCs terms, the equations are clearly self-adjoint.

In Uathe BCs conditions for the adjoint problem (the boundary terms shown above) are generated
automatically from the BCs of the forward problem using some sensible assumptions such as homogeni-
sation of the adjoint BCs if Dirichlet and natural BCs are applied to the forward problem, and periodic
BCs for the adjoint problem if periodic BCs are applied to the forward problem. The user can overwrite
these assumptions if needed.

The adjoint approach is based on the use of the adjoint of the linearised/tangent forward model
around the converged solution of non-linear forward model. The non-linear forward model is

F(u)=0
and the tangent model is the directional derivative of the forward model in the direction du.
K = DF(u)[du]
Often this is simply be written as

OF
ou

Define

<LOU|A)=<U|LA)
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where U = (du, §v)T and L is the operator acting on U as given by the system (1.226) and (1.227).

< Lou|A) //{ (40,50 + 20,60)) + 0, (hn(D,6u + By5v))) A
+(80y (h(40,6v + 20,.6u)) + Oy (hn(0z6v + Oydu))) p} da dy
= —/ {hn(40,0u + 20,60)0,\ + hn(Oydu + 0,0v)0yA
’ hn(40,6v 4 20,6u) Oy + hn(0p0v + dydu)Oyp} da dy
Jrj{ {hn(40,6u + 20,6v)
F—Hm(él{“) 6v + 20,0u) pny + hn(9,0v + d,6u) pny } dU
// {(8:(hn(40, X 4 20y 1)) + By (An(Oy A + D)) Su
By (hn(40pt + 20,0)) + O () (Dups + D, N))) 60} dax dy

Ang + hn(0ydu + 0;0v) Any)

(
(
}z{ [ (40,50 + 20,60) 1y + h(Dy5u + Dybv) 1) A
+(hn(40y6v + 20,6u) ny + hn(9x0v + dydu) ng)p} dT
(

7{ hn(40:\ 4 20y 1)y + hn(OyA + Oz p)ny)du dl
_ jq{ (4D, 1.+ 20, Ny + h(Dapt + Dy \ng)5v dT
T

Once the forward model has been solved the velocity field fulfils given the BCs to a high degree of
accuracy. The boundary conditions on the § fields follow from above

6.24 Covariance kernels

n=[ [ f@ne.a) s@) do @
where « is the covariance kernel.

Assuming isotropic, stationary, and translation invariance, i.e.
N /
r(z,2') = k(e — ')
a multipole expansion of an exponentially decaying covariance is on the form

0o
2
—|x—xz;|" /4T §
€ |le—a:l*/ - @nlng(x

n1,n2=0
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Chapter 7

Calving

7.1 Level-set method

Level-set methods (LSM) are a conceptual
framework for using level sets as a tool for
numerical analysis of surfaces and shapes.
The advantage of the level-set model is that
one can perform numerical computations
involving curves and surfaces on a fixed
Cartesian grid without having to
parameterise these objects.

Wikipedia
Level-set method

The calving rate is a scalar quantity, defined as the difference between the advance/retreat rate of
the calving front and the material velocity, v, of ice at the calving front in normal direction. We use an
implicit formulation to describe the position of the calving as the set of points, x, fulfilling the condition

p(xc(t), 1) =0, (7.1)

where ¢ is the level-set function. Thus, the calving fronts are the zero levels (zero contour lines) of the
level set function ¢.
Equation (7.1) holds for any time, ¢t. Thus, if we take the time derivative of ¢, for x. fixed, we find

d _ Op Oz,
%@(x(t)at) = D Ot + O
I
kauk + Oy
=0ip+u-Vop
where
U, = O,

is the calving front velocity. Since, by definition, the value of the level-set function is always equal to
zero as we follow a particle confined to the calving front over time, the corresponding time derivative is

also equal to zero, that is

d
(), 1) =dp+u-Vo=0 (7.2)

T=x,
While the calving front is the zero level of the level set function, the level set function itself is
define throughout the domain. The level set function, ¢, is a scalar function of location and time, i.e.
¢ :R?2 x R — R, that is
¢ =p(x,t).
Note that the position vector, &, stands here for any (z, y) location throughout the computational domain.
Any point confined to the calving front moves with the velocity, u. = 0;x., in a direction normal to the
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calving front. The level set function ¢ is defined to be positive on one side of the calving front, and
negative on the other side. Since it has a constant value (i.e. value of zero) along the calving front, we
can find the normal to the calving front as as

_ Ve
Vel ’

f]/:

(7.3)

with
2
Vol = Ve - Vo.

The sign convention used in the definition of the normal in Eq. (7.3) is introduced in the anticipation
that ¢ will be defined as a decreasing function of distance as we travel across the calving front, from the
ice covered region to the ice-free region, with the normal 7 pointing outwards.

The velocity, u., of the calving front is equal to the difference between the material velocity, v, of ice
at the calving front and the calving velocity c, that is

U =v—=c.
As mentioned above, ¢ does not change for any point along the calving front

p(zc(t),t) =0, (7.4)
and as above, we have
Opt+uc-Vo=0,

or
e+ (v—c)-Vo=0, (7.5)

hence
Op+v-Vop=c-Vop, (7.6)

The calving velocity vector, ¢, is always normal to the calving front itself, and we can write

c=cn
_ Ve
Vel
where the scalar c is the calving rate, or
Orp+v - Vo= |Vl . (7.7)

Egs. (7.5) and (7.7) are different forms of the kinematic calving front condition and it is our evolu-
tionary equation for the level-set function ¢ for a given material velocity v of the material particles at
the calving front, and a calving rate c¢. This is a non-linear hyperbolic equation, the non-linearity being
due to the dependency of direction of ¢ on ¢. Solving Egs. (7.5) and (7.7) requires suitable boundary
conditions to be prescribed along inflow boundaries.

When used the calculated the evolution of the zero level (which here is a 1-dimensional curve) of a
higher-dimensional function ¢, (here a 2-dimensional function of x and y) Eq. (7.5) is referred to as the
level-set equation. In the literature the level-set equation is usually written as

O+ F ||Vl =0, (7.8)

where the scalar F' is the speed in outward normal direction. We can bring Eq. (7.7) to this standard
form by defining F' as
F=v-n—c.

Generally, one finds that the speed function F' needs to be both physically and numerically motivated.
Examples for the use of the level-set method in glaciology to describe the evolution of glacier surfaces
and calving front include ( )and ( ).

At the beginning of a simulation, the level set needs to be initialised in such a way that its zero level
coincides with the initial calving front position, and is positive one one side and negative on the other
side of the front. This can be done by, for example, calculating the (signed) distance to the calving front

p(r,t = 0) = min [r = T(7)] .
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where » = (z,y) and I'(y) is a parameterised vector function giving the = and the y coordinates of the
calving front/fronts at ¢ = 0. Alternatively, one can solve the Eikonal equation |[V¢|| on both sides of
the curve. Both approaches ensure that | V|| = 1 as the curve is crossed.

The level-set equation (7.7) is a non-linear hyperbolic equation. As an example of type of behaviour
that can be expected, consider the one-dimensional case where

Op+ (v —20c)0pp =0 (7.9)

For u = v — ¢ = spatially constant, Eq. (7.9) is a linear advection equation and the solution is a travelling
shape-preserving wave

p(a,t) = po(z — (v —)t)

travelling with the velocity u. However, if v — ¢ is spatially variable, for example if v — ¢ = e(z — x¢),
where € is some (possibly small) constant, then the solution to (7.9) becomes

oz, t) = —(x — xc)eﬁ(t*to)

This example is particularly pertinent because, as mentioned above, the level set is often initialised as a
signed distance function, which in this one-dimensional example implies

oz, t =1ty =z — .

where here z. stands for the position of the calving front at t = ¢y, and v — C' is generally spatially
variable, suggesting that ¢ may grow without bounds with time. In particular, ¢ will with time cease
being a (signed) distance function with ||V|| = 1. At the same time there are good reasons for wanting
 to be at least approximately a signed distance function at all times. Changes in physical properties
as the calving front is crossed can, for example, then be easily parameterised as a function of normal
distance to the front using as function of ¢.

As shown by ( ) signed-distance function are not solutions to the level-set equation
and ( ) gives simple intuitive examples showing that ¢ can be expected to develop shocks.
Determining the level set can, hence, be expected to become increasingly difficult as the gradient of ¢
grows with time and eventually becomes unbounded.

Several methods have been proposed in the literature to deal with this problem. These include
initialisation whereby ¢ is either periodically reset to be equal to the signed distance function, or where a
correction procedure is applied to 'push’ the level set towards the signed distance function (e.g. Sussman
et al., 1994). Global basis function approach using radial basis function expression for ¢ is described in

(2007).

A level set method based on a variational principle can be derived by adding a perturbation P to
the energy potential (e.g , ). Minimising this additional potential term involved adding
the corresponding directional derivative with respect to ¢ to the level set equation (Egs. 7.5 and 7.7),
resulting, as I show below, in augmented form of the level-set equation with an additional non-linear
diffusion term. The augmented level set equation takes the form

Owp+v-Vo—V-(kVp)=—c|Vy (scalar form) , (7.10)

or, equivalently,
O+ (v—c)-Vo—V-(kVg)=0 (vector form) . (7.11)

In Eq. (7.10) the calving rate appears as a scalar variable, while in (7.11) as a vector. Egs. (7.10)
and (7.11) are referred to as the scalar and vector forms of the augmented level-set equation, respectively.

Requiring ||Ve|| being equal to unity can be achieved by minimising a potential term such as, for
example, the the Eikonal functional

1

P:§

9l - v aa. (r.12
A

with respect to ¢, that is by solving

Ds,P=0. (7.13)

Adding this directional derivative to the level-set equation is equivalent to imposing it as a weak constraint
(weak in the sense that we do not enforce (7.13) to be fulfilled exactly at all times but allow for some
deviation of ||Ve|| from unity). The resulting augmented level-set equation brings out explicitly the
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unavoidable conflict resulting from requiring ¢ to be a solution to the level-set equation (Egs. 7.5 and 7.7),
while at the same time for ||[Vy|| to remain close to unity at all times.
The directional derivative of the potential term (7.12) is
Ve -V§
VP VP 4
Vel

1
= 1——=——] Vp-VipdA
/A < IIWII)

Ds, P = /A (Iv¢] 1)

where we have used that!

. d
Dy [[Vepl| = lim 7o [V (p + ed)||

V- Vip
Vel

or, using the sign convection expressed by Eq. (7.3), that
Ds, [[Vol = —n - Vg . (7.14)

This is a weak form of a diffusion term, and in strong form the augmented equation is (7.10) where
k is a diffusion coefficient which we write as k = puk where is non-dimensional and has the form

k=1-1/[Vy]
while 1 is some suitable selected constant with the dimensions distance® x time™1.2 As discussed by
( ) this diffusion term has the undesirable effect that the diffusion rate becomes unbounded for
IVo|| = 0. Ensuring boundness in this limit seems to have been one of the motivations of ( )
and ( ) for introducing their modified expressions of . and ( )
suggested defining
r=pk([Vell) ). (7.15)
with
1-1/x for z>1
k(z) = ; - 7.16
( ) {2177 sm(i‘n’z) for z<1 ( )

Another approach is to select a perturbation term on the more general form

P i/ (Ve = 1) dA (7.17)
pq Ja

for which

Vol
N /A(IIV@IIQ — )P Vy||?7? Vg - Vi dA

_ _1 Vo -Vé
Ds,P = /A (1Tl — P vl VY0P 1y

1In more detail:

. d
Ds, V6 = lim L V(o + eo)]|
_qi 4 2 2y1/2
_eh_r}%i (B2 + €0200)° + (Byp + €0y 6)?)

d
= lim — ((89590)2 + (By)? + 26020 860 + €2(810p)% + 2€8y 0 Bydp + 62(8y5<p)2)

e—0 de

1/2

1 _
= 5 (029 +(949)%) V7 2000 a3 + 0,0 0, 0)
Ve Vg

IVell
—n - Vip

2 ( ) suggest setting
_ ol
p=p5=

where £ is close to unity, [/ is the local element length, but this expression appears to have wrong units!
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Figure 7.1: The k(z) function suggested by Li et al. (2010), and given by Eq. 7.16. This term introduces
forward-and-backward diffusion to Eq. (7.15).

3-

25}
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-0

Figure 7.2: The perturbation term P given by Eq. (7.17) and the corresponding k(z) function given by
Eq. (7.18) and the derivative k'(z) used in the Newton-Raphson integration, all shown for p = 2 and

q=2.

giving a diffusion coefficient
k= pk(IVel)

in Eq. (7.10), where
k(z) = (@ — 1P at? (7.18)

which is bounded for x = ||Vl — 0, provided ¢ > 2. For p an even number, the diffusion term defined
by Eq. (7.18) can be both negative and positive and is an example of a forward-and-backward (FAB)

diffusion.

7.1.1 Numerical implementation
In Uathe level let is evolved by solving the augmented level-set equation either in the ¢ scalar form

dp+v-Vo—V-(kVp) =—|Vel , (7.10)

or in its mathematical equivalent ¢ vector form as

O+ (v—c) - Vp—V-(kVp)=0, (7.11)
2 3

implicitly with respect to ¢ using the Newton-Raphson method with consistent SUPG weighting.
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dk(z)/dz

Figure 7.3: Same as Fig. 7.2 but for the Eikonal functional, where p = 2 and ¢ = 1. In this case the
function k(z) is not bounded as x — 0.
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Figure 7.4: Geometric reinitialisation using only crossing points with element edges.
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Figure 7.5: Geometrical re-initialisation using additional points along the level set ¢ = 0. The leftmost
figure shows the level set function ¢ after re-initialisation, the middle one the change, Ay, during the
re-initialisation, and the rightmost figure is a zoom-in of the middle figure.
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This requires linearisation of the the non-linear || V|| term, and the non-linear FAB diffusivity, x =
wk(||Vel|), which in Uacan have various forms such as

k(z) = (@7 — )P 2?2 (7.18)
or
1-1/z for z2>1
k(z) = . - 7.16
( ) {;Tsm(iﬂ'r) for =<1 ( )
where
z=|Vell .

For the NR formulation all terms involving ¢ need to be linearised. Linearising the norm of the
gradient results in
IV(¢ +5p)]l = IVl — - Vip + O((89)?) -

and linearising
k= pk((IVell)

gives

K1V (o + 50)l) = K(IVel) + ’Ww-w

= k(IVel) = K(IVel) n - Vi

where we used expression (7.14) for the directional derivative Ds, [|[V¢||.
Using the (7.11) form furthermore requires linearising ¢ - Vi, where

V- -V
c-Vop=—c————
Vel
and we find that®
Dsy, (¢- V) =c-Vip. (7.19)

3In more detail:

Dsy, (¢- Vo) =V -Ds,c+c-Vip

Ds, e = —c Ds,, ”ziz”
- ¢ (L‘M +(—1) (1) YR Vo) ng))
(IVell Vel
_ Vip Ve (f-Vip)
e (nwn IVl )
:_C(V&p _'fz('fL-V&p))
Vel Vel

Hence
V¢ Dsy,c=—c(—n-Vip+1n-Vip)
=0

resulting in,
Ds, (¢- Vo) =V -Ds,c+c-Vip
=0+c-Vip
=c-Vip

We can also arrive at the result (7.19) more simply as
D&p (C ' V(P) = D&p (—C ”VLPH)
=—cDs, ([[Vell)
=cn-Vip

showing again that
Ds, (c- V) =c-Vip

were we have used Eq. (7.14).
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Figure 7.6: Example of level-set re-initialisation Figure 7.7: And this is ¢; after solving for the
by solving only the non-linear diffusion term. This non-linear diffusion term alone, i.e. V- (kV¢1) =0
is the initial level set yq. using (g as an initial guess.

The resulting linearised terms are all added to Eq. (7.20).
For the perturbation in & to be finite as [|[Vy|| — 0, we must have

!
i M) _ g

z—0 T

where K is some constant. Using k(z) giving by Eq. (7.18) results in

E(z)  (p—1)g(a? —1)P 229 12972 4 (¢ — 2) (29 — )P~ 103

X T
= (p— Da(a? — 122 4 (- 2)(a? — 1127~

which is bounded as x — 0 p > 2 and for ¢ = 2 or ¢ > 4, in which both the first and the second-order
directional derivatives are bounded.

As commonly done in finite-elements, a weak form is obtained by forming the L? inner product of the
equation to be solved with suitable form functions. The diffusion term is weighted using functions from
the same space as used to expand ¢ (Bubnov-Galerkin method), and the remaining terms are weighted
using the streamline-upwind Petrov-Galerkin approach. The diffusion term is integrated by parts, and as
a result the natural boundary condition for ¢ is the free outflow/inflow boundary condition. Generally,
a convection-diffusion equation such as (7.10) requires a Dirichlet type boundary condition along the
inflow boundary with the (natural) free-outflow boundary condition applied over the remaining parts of
the boundary.

The transient solution is formulated using the 6 method with consistent streamline-upwind Petrov-
Galerkin (SUPG) weighting, giving

<1 —wo | N+ M)+ At((1-0)F[|[Veol +0F Vil | N+ M) =0,

where

N(z,y) = ¢(z,y)
M($7y> = T(U - C) : V¢(x7y)

with ¢ expanded in the basis {¢(x,y)}, i.e. p(x,y) = pq04(z,y). See section 2.4 on various options for
selecting 7. This non—linear system is then solved using the Newton-Raphson,* were we repeatedly solve
for dp and update ¢ at time step 1 as _ '

P =01 + 0y,

where 7 is the NR iteration number, requires linearisation of all terms.

4The explicit form with § = 0 is clearly a particularly easy option, leading to the simple linear asymmetrical system
<@1 | N+M)=<go| N+ M)+ At < Fol[Veoll | N+ M) .
This explicit option is available in Uabut by default an implicit Newton-Raphson (NR) approach is used.
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Figure 7.8: Same as in Fig. 7.6, but showing Figure 7.9: Same as in Fig. 7.7, but showing
the norm of the gradient, ||Vl the norm of the gradient, ||V

Using the # method, and after linearisation, Eq. (7.7) is therefore

Z+5 - i i o
AL E0 4 vy - (Vo + Vo) + (1= 0)vo - Vio = 0 (e [|Veph|| = ea - V8p) + (1= B)co [ Vol

which can also be written as

<1 oAt (v i C||§z’l||> ' V) S = At (po — ¢l) — OAL (v - Vi + ¢ ||Vi|]) — (1 = 0)At (v - Vo + ¢ [ Vo)) -
1
(7.20)

Here we have yet to include the non-linear diffusion term.

cn=-c
c||Voll=—-c- Vg,
Vo
—C—
Vel
Yo Ve
Vel
V- Vép
Vel

c-Vp=— —c|[Vel|

c-Vip=—c

Here the only non-linear contribution stems from the dependence of ¢; on ¢.
Writing (7.11) as

Lo=0
where we have defined
Lo:=0p+ (v—c) - Vo—V-(kVp)

the weak form is

0:<8t<p+('v—c)-V<p|¢>>+<HV<p|Vqﬁ)—ngm(Vgo-ﬁ)(bdF

+Z/ LoT(v—c)-VodA

The second spatial derivative in the residual term is calculated using Lo projection as suggested in Jansen
et al. (1999).
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Element re-initialisation around calving front

Depending how the calving front is represented graphically, some local element-wise procedure might be
required. Fixing the set does this of course, but it ‘freezes’ the level set locally.

@(p1) + m2(p(p2) — ¢(p1)) =0
@(p1) +73(p(ps) — ¢(p1)) =0
p(p2) — (p1)

||P1 *Pl“
p(p3) —o(p1) _
||P1 —P1||
or
1+v2 —mo2 0 o 0
1+73 0 —Y13 cp; _ 0
-1 1 0 3 P2 — p1l|
-1 0 1 lp3 — p1|

7.1.2 Ice calving

For a migrating calving front the ice downstream needs to be expunged, i.e. calved away. This can be
done in various ways, for example by deactivating the ice-free elements or by applying an additional
melt term. The approach that seems to give best results is to use implicit melt-rate parameterisation
where additional melt rate is prescribed implicitly as a function of the to-be-calculated ice-thickness. For
example as

Ac = (1 - H(SD)) (al(h - hmin) + (lg(h - hmin)3) 5 (7.21)

where H is the Heaviside step function, b the level set function, a. is the additional meltrate, i.e. the
calving melt rate, and hy;, the desired minimum ice thickness, and a; and as are some constants. Setting,
for example, a1 # 0 and a3z = 0 gives

6th = (hO - hmin) ealt + hmin 5

where qy is the initial thickness, thereby effectively getting rid of the ice within the time 1/]a4|, for a; < 0.
For typical ice-flow situations where the time step is expressed in the unit year, setting a; = —1 seems
reasonable.

‘Implicit melt-rate’ parameterisation, involves including any derivatives of the melt-rate with respect
to the solution variables as required in the Newton-Raphson iteration. Since here the melt rate depends
on the thickness, h, which together with the velocity is one of the solution variables, we therefore include
the term

Oa. 9
ah = (1 - H(‘)O)) (al + 30,3 (h - hmin) ) 5
in the FE matrix assembly. To obtain the second-order NR convergence in the presence of strong inter-
element spatial variation in a., this term must be evaluated at the integration points.

7.2 Verification test case

Various technical implementation details:

e During (re)initialisation, when using the fix-point approach (best option) use backward Euler or
the ¢ solution will not be fully reinitialised. Also, as the only term of the equation used is the
diffusion term, use standard Galerkin and not the SUPG weighting.

In one dimensional, the position of the calving front z. is governed by the first-order system
Ze = f(ze) (7.22)

with
F(@) = u(@) - o(z).
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Figure 7.10: This example is based on the MismipPlus setup. Here all floating ice for x > 500 km was
removed using three different approaches: MB, where an additional implicit mass-balance term is added
at the nodes, LSF, where again an additional implicit mass-balance term is added but prescribed and
evaluated directly at the integration points, and ED, where floating elements are deactivated. The best
performance is obtained by LSF. The LSF always second order, whereas MB looses the second order
convergence in the presence of strong spatial gradients in the mass balance.
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Figure 7.11: This example is based a one-dimensional ice shelf geometry. Here all floating ice for z >
500km was removed using two different approaches: MB, where an additional implicit mass-balance
term is added at the nodes, and LSF, where again an additional implicit mass-balance term is added but
prescribed and evaluated directly at the integration points. The best performance is obtained by LSF.
Here the lack of second-order convergence when using MB severely limits the size of the time step.
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Figure 7.12: Geometry and velocities for a one-dimensional unconfined ice shelf (see Eqs. 11.44 and
11.46). The grounding line is at = 0 and hg = 1000 m and ug = 300ma~!. A calving relationship on
the form ¢ = kh~?2 is shown as a black line with k& = 0.086320 km?3 a~!, For this calving relationship and
this particular value of k, the ice velocity (u(x)) and calving rate (c¢(z)) are equal at x = x1; = 100 km
and at © = 29 = 331km. A calving front is table at x = z1, and unstable at x = x5. The ice rate factor
(A) is set to A = 1.1461 x 1078 a~1kPa~3 which corresponds to a temperature of -10 degrees Celsius
(Smith & Morland, 1982). Ice density p = 910kgm?, ocean density p, = 1030 kgm® and gravitational
acceleration g = 9.81ms~2 and constant surface mass balance of a, = 0.3ma™!.
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Figure 7.13: Phase portrait for calving law (6.15) with parameter values same as in Fig. 7.12. The steady-
state at . = v1 = 100km is stable, and the one at x. = x5 = 331 km unstable.
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Figure 7.14: Calculated (coloured thin lines) and analytical (thick black line) calving front positions
(left y axis) as a function of time, with the difference between the two shown as dashed lines (right y
axis). The difference is too small for the analytical solution (black line) to be fully visible under those
representing the numerical solution. The calculations were done for linear (T3), quadratic (T6) and cubic
(T10) triangular elements. The element partition was in all three cases the same with the overall element
diameters set at 10 km, but with finer division for the first 10 km downstream of the grounding line. The
calculations were done for an unconfined ice shelf with the calving rate, ¢, being a function of ice thickness
at the calving front as shown in Fig. 7.12. Initially the calving front is at x = 200 km and with time the
calving front migrates towards the stable steady state solution at = 100km (see also Fig. 7.13).

A simple test case for the calving implementation can be construed by prescribing the calving rate using
the analytical solution for an unconstrained ice shelf.

Solutions for the flow of a one-dimensional un-buttressed ice shelf are derived in section 11.5 where it
is showed that the velocity is given by

/(n+1)
K + 7 (gt + az)" 1\
u(x) — ( ( ga )

(11.46)

and the constants K and v are given by equations (11.45) and (11.42), respectively. By prescribing the
calving rate as a function of thickness, for example as, prescribing

c(x) = kh(zx)? (7.23)
where k and p are parameters with some suitably selected values, both u and ¢ become known quantities of
distance and the position of the calving front and easily be determined from the condition u(x.) = ¢(x.).
An example is given in Fig.7.12 where k£ and p have been selected to allow two possible steady state
calving front positions at xz; and xs.

Since

1

-9
= h (7.25)

we can also write the calving rate, ¢, given by (7.23) as

4 p
c(r) =k ( Tm) :
po
A fixed-point of the first-order system (7.22) is stable for f/(xz) < 0, and unstable for f'(z) > 0. In
this particular case, we see that a calving front is only stable if, locally around the steady-state position,
the calving rate increases faster in along-flow direction than the ice velocity. Any positive perturbation

in the calving-front position will then lead to a greater increase in the calving rate than in ice velocity.
The calving front therefore retreats until the original steady-state position is found. As evident from the




176 CHAPTER 7. CALVING

200 0.2

(km)

S S
S N

z, (km)
o
o
Az, (Analytical-Numerical)

s
©

N

50 I I I I I I I I I 12
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

t (yr)

Figure 7.15: Analytical and numerically modelled calving front positions for an unconfined ice shelf (see
) with the calving rate, ¢, being a function of ice thickness at the calving front as shown in Fig. 7.12.
The calving front are initially set at z.(t = 0) = 50km, z.(t = 0) = 100km, and z.(t = 0) = 50km
and the numerical solutions are shown as blue, green and magenta lines, respectively. The corresponding
analytical solutions are in black. The difference between the analytical and numerical solutions, Az, are
shown as dashed lines with the right y-axis as scale. In this particular example, u was spatially constant
and set to g = 1 x 107km? yr—2. The resolution of the finite-element mesh was 2km and the error in the
converged solutions about half of that, or 1km.

phase portrait shown in Fig. 7.13, the calving front position at z; = 100 km is therefore stable, while the
one to the right at o = 331 km is unstable. For x < z, <= z; at t = g, the calving front will migrate
with time and approach = = z1, and for x, > x5 at t = ¢, the calving front will migrate towards infinity
at an accelerating rate.

Stable (steady-state) calving front position requires the calving rate to be equal the ice velocity at that
location, and also locally increase slower than the ice velocity in the direction normal to the calving front.
For a one-dimensional unbuttressed ice shelf, the ice velocity increases while the ice thickness decreases
monotonically with down-stream distance. Hence, for a calving law on the form (7.23) all calving front
positions are unstable for any p > 0. No steady-state solutions for unconfined ice-shelves are therefore
possible where the calving rate increases with ice thickness, or for any calving law based on a quantity
that in turns increases with ice thickness, such as (horizontal) strain rates or stresses. In Figs. 7.12 and
7.13, the exponent is set to p = —2 to allow for the existence of a least one stable steady state.

The calving-rate expression used in this example is not motivated by any physical considerations and
is only selected to allow for a convenient testing of the numerical calving implementation against an
analytical solution. It is interesting to note that many experimentally motivated calving laws suggest
calving rate to be an increasing function of ice thickness, i.e. with p > 0.

ro(t) = / (u() — e(a))dz + zo(to)

=t

We can express this as
n-V(v—c) -n<0 (stable calving front position)

where again
Vo
IVell
In the particular case of a one-dimensional ice-shelf, and here assumed to align with the = axis, this

condition is
I(u(z) — c(z))

or

n=

< 0.

7.2.1 Thule

Thule is a synthetic geometry designed to be used as a test case for various ice-sheet modelling experi-
ments. The Thule bedrock, B, is defined as a function of the polar coordinates r and 0, as

B = B, cos(3nr/l) +a
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Table 7.1
Variable Description Units
g=29.81 gravitational acceleration ms 2
as = 0.3 surface mass balance ma~!
as =0 basal mass balance ma~!
p =917 ice density kgm™3
po = 1030 ocean density kgm™3
A =209377x107? ice rate factor kPa =3 a1
n=3 flow law stress exponent
C =0.001 basal slipperiness ma ! kPa?
m=3 sliding law stress exponent

d2a = 365.2422

days in a year

days

where

I = R(1 - cos(26),2)
a=B.—(B.— B) (Trc>2

R—r.

and R = 800km, B. = 900m, B; = —2000m , B, = 1100m, and r. = Om.
In MATLAB, the bedrock B can be calculated as a function of (x,y) as:

B=function (x,y)
% paramters
R—800e3 ;
Bc=900;
B1=-2000;
Ba=1100;
rc=0;
% polar coordinates
r=sqrt (x.xxty.xy);
theta—atan2(y,x);
% B calculation
=R —

cos(2xtheta).xR/2

?

a=Bc — (Bc—Bl)*(r—rc).”2./(R-rc)."2;

B=Baxcos (3xpixr./1)+a ;

end
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The initial calving front is set at » = r. = 750km. The computational domain should obviously
be large enough to for the calving front to be within the domain. In the runs done with Uaa circular
computational domain with a radios of 1000 km was used.

The value for rate factor A corresponds to an ice temperature of —20 C°, assuming the Smith &

Morland (1982) conversion:

where

f(T) = 1.2478766 x 1073 exp(0.32769 T) + 1.9463011 x 10~ '° exp(0.07205 T')

A(T) = Ao f(T)

Ay = 5.3 x 10715 x 365.25 x 24 x 60 x 60

We use Weertman sliding law, often simply written as

u, =C1",

(f has no units, T" in Kelvin)

(units kPa"®a~1)

where C' is the basal slipperiness and m a stress exponent. Here wu; is the basal sliding velocity and 7,
the bed tangential component of the basal traction. This sliding can also be written more precisely as

Ton+C V™| To|"™ " Tv=0

for z = B(z,y)
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where
T=1-n®mn,

where T is the tangential operator, and n unit normal vector to the bed. The sliding law applied over
the grounded sections of the ice sheet only. Other formulations for this same sliding law frequently found
in the literature are

t, =G C V™ |lop ||y, (7.26)
=G B’ w, (7.27)

where t; is the bed-tangential basal traction, 32 has been defined as,
B2 =C V™ oy (7.28)

and where G is the grounding-floating mask, with G = 1 where grounded, and G = 0 otherwise.
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Figure 7.16: Surface and geometry of Thule. This surface geometry is the steady-state solution when
starting with zero ice thickness everywhere.
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Figure 7.17: Surface and geometry of Thule. This surface geometry is the steady-state solution when
starting with a large initial ice thickness where the initial surface geometry is s = sg \/Zl —r/R) where
R =750km and sy = 4000m, and r is the radial distance from the centre.
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Figure 7.18: Bedrock geometry of Thule
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Figure 7.19: Velocities for steady state Thule Min
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Figure 7.20: Calculated changes in volume above flotation (VAF) for different values of min ice, hmin,
thickness downstream of the calving front, as well as automated element deactivation. These experiments
were done for a sector WAIS including Pine Island, Thwaites and Pope, Smith and Kohler glaciers.
Uniform mesh size of 4.6 km was used. The solid lines showing total VAF loss use the left-hand y axis,
and the dashed lines showing difference in calculated VAF with respect to using Ay, = 1m use the
right-hand y axis.

7.2.2 Thwaites and Pine Island Glacier Calving Experiments

7.3 Calving implemented as surface mass-balance term

- l >
Apparently, calving is implemented in some ice-sheet models as an additional surface mass balance
term. Here we consider how this fictitious melt term (a.) relates to calving rate (c), ice thickness (h),

and grid size, (Axz, Ay), in a finite difference model. The key idea is for the new surface mass balance
term, a., to produce the same ice volume loss as that caused by the calving rate ¢, over the time period
At.

Over the time step At the calving rate c acts to reduce the length by the distance [ normal to the ice
front where

l=cAt.

The volume V,, of ice ‘melted’ through calving is then
Ve=1lhw,

were w is the (transverse) width, or
Vo=cAthw.

Supposing we apply some surface melt a. over the finite-difference cell Az Ay, the resulting volume
of ice melted will be

Vi = ac Ax Ay At

By requiring
Vm = Vc ’
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for w = Ay, that is requiring that the volume of ice we melt, V,,,, equals the volume of ice lost through
calving, V., we find
acAx Ay At = cAth Ay,

and the applied melt, a., required to produce a volume loss equal to that produced through calving is

ch
c = —— . .2
e = 7 (7.29)

Eq. (7.29) gives the vertically-applied calving melt as a function of the calving rate, ice thickness and the
dimensions of the finite difference cell.

This approach will need to be modified somehow should the (remaining) ice thickness of the compu-
tational cell be smaller than the desired change in ice thickness, i.e. whenever

h>ac At (7.30)

Should this happen, we run out of ice to melt, and we must start to melt next cell. Using Eq. (7.29), this
condition can also be expressed as

h > a. At

ch
= A A

giving
Az > cAt (7.31)
Hence, if a. is defined by Eq. (7.29), condition (7.31) follows from condition (7.30).
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Damage

Material damage, D, can be quantified as

where A is a some cross-sectional area with the unit normal n and Ap is the cross-sectional area of
defects or voids within the area A. If there are no voids within the area, then D = 0 and the area is
undamaged, and for D = 1 the area is totally damaged. Other similar definitions are

_

D
|4

where Vp is the total number of voids within the volume V.
The stress tensors in the damaged and undamaged material are assumed to be related as

T=(1-D)F

where T is the effective deviatoric stress tensor. For scalar damage D, the Glen’s flow law (1.188) is then

written as
7ij = (1= D)A™Ynell=m/n ¢ (8.1)

The damage D is a new field variable that is advected with the flow given by the damage rate equation
0D +v-VD = f(D) (8.2)

where f is some suitable source term. Wide variety of potential source terms for damage have been
proposed.

8.1 Hayhurst criterion and variants thereof

Damage is usually considered initiated once some stress measure is above some threshold stress, oy,
is reached in the damage material. Above that stress, the damage rate is then assumed to increase
monotonically above that stress. For example in one-dimension, one could assume damage initiation
starts once the stress reaches some threshold stress, i.e. when

F(o,0m) =06 — o0t =0

and then provided
F>0

evolves as
D +v-VD =B (0. — o)
O "
=5 (1 —D U“’)

where 7 is some stress exponent and B some constant. For F' < 0 the damage is unchanged. Note that
here the change in D with time is proportional to 1/(1 — D), and therefore grows rapidly with D

183
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In the general three-dimensional case we write

T

—_

Dtv-VD=B(-—"— —
oD +v-V (1—D <7th>+

using the Hayhurst’s criterion
= = a0y — 36p + V3o

where o is the maximum principal Chaucy stress, p the pressure, oj; the second invariant of the stress
tensor, and
a+B+y=1.

In glaciological applications, in particular when using the SSA approximation, it has been suggested
by several authors, including ( ) and ( ), to modify the above
Hayhurst criterion somewhat and use instead

2 =a(o) —pe) + V3BT — 37pe (8.3)
where p, is now the effective pressure, defined as the difference between ice and water pressure,
Pe =D —Puw=p—pug (S —2)+

and 7 is the second invariant of the deviatoric stress tensor. Eq.|[(8.3) is Eq. 16 in

(2014).
For « = 1 and § = v = 0, damage evolution is related to the principal tensile stress alone. This
situation was considered by ( ), who used the evolution law

g1 "
8tD—|—v~VD=( —Uth>
1-D 4

(their Eq. 11)
In SSA all the horizontal deviatoric stresses are independent of depth and

Ogzx = 2Tga + Tyy + 022 (17.54)

and o,, is
0. = —pg(s—2)
or
Oy = 2Tmz +7_yy - PQ(S - Z) .

At the base of floating ice shelves
Uzz(z = b) = —Pw = _(S - b)gpw

at the lower ice surface where z = b. The vertical variation in stresses for a one-dimensional ice shelf are
shown in Fig. 11.1.
See for example Eq.|11 in ( ) (their Eq. 11)

8.2 Some other damage evolution laws
Gurson:

T

f= () 12/, cosh(p/(2m)) — (1 + fyr) =< 0
T0

where 7 is an effective material yield stress, and fy the porosity. We therefore also need an evolution of
the porosity fy which can be

fv =0~ fv)é

Currently, in glaciology the most commonly used source term appears to be on the form

f(D) = B(x—om)}
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where the + bracket subscript indicates we set negative values within the bracket to zero, and where
X = aoy + BT + o7

or since for incompressible material such as ice the mechanical pressure is

1
p——gUI
as
X = aoy + 31— 3yp

Here 04 is the maximum principal stress, p the pressure and 7 the effective stress (i.e. second invariant
of the deviatoric stress tensor), and «, [ and 7 are parameters all having values somewhere between 0
and 1.

8.3 Sainan Sun Damage Model

A vertically averaged damaged, D, is defined as

D=—
h
with 0 <D < 1, where d is a crevasse depth. The effective the rate factor, Acg, is then
A

Aeff = (1 — D)"

where n is the flow-law exponent. A Nye crevasse depth is estimated, for example as,

dnye = 271/(pg)
where 77 is the maximum tensile deviatoric stress at the surface.The damage field is evolved as
0¢D + V(Dv) = ¥(D — Dnye)

where
dNye

h
Stress is force per area, and we envision the area being reduced as the damage increases. In the presence
of damage, the intact load bearing area, A, is now reduced by the factor 1 — D. Correspondingly, the
deviatoric stress per intact area, 7 is now

DNye =

-
1-D
Note that if the stress 7 is finite, the stress acting over parts of the area which are undamaged, goes
to infinity as the damage field approaches unity. The stress responsible for the deformation of the ice is
7, that is, the stress acting over the area of (still) intact ice. In the stress-balance equations we must use
T, i.e. the force per area, but in the constitutive equation we must use the stress acting on the ice itself,
i.e. 7. The flow law is therefore

%:

¢= A"
A n

= — 7

(1-D)»
Consider now a uniform ice stream with thickness A and no variation in z direction and zero basal
drag. The only non-zero deviatoric stress component is 7,,. The field equation becomes
Oy (Tay) = —pgsina
and

20, (1= D)/ A" (6,)/") = py sin(a) (8.4)

where here
- 2Ty

D=
pgh
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Using the symmetry condition 7., = 0 at y = 0, the stress is
Tay = —pgy sin(a)
and the maximum principal deviatoric stress is hence
71 = pgy sin(a)

and therefore 7 = pgy and thus

(o Yl
D = 2sin(«) .
Resulting in
2, ((1 — 2sin(a) y/Rh)H/mA=Un (ézy)l/") = pg sin(a) (8.5)
Setting n =1, gives
(1 —2sinay/h) Oyéyy = Apg sin(w) (8.6)

. . |
éuy(y) = Apg sin(a) /0 T dy’

= —Apg sin(a) k' In(1 — ky)

= f%Apghln(l — ky)

where
k:=2sin(a)/h

and
lky| < 1

For ky <« 1 we have the first term in the Taylor series
éay(y) = —Apg sin(a) k™ (—ky) = Apg sin(a) y

as expected.
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Virtual crack closure technique

The finite crack extension method, the crack closure technique (CCT), and the closely related virtual
crack closure technique (VCCT), are some of the more commonly used methods for calculating stress
intensity factors (SIF) in finite-elements. Of these, the VCCT is easiest to implement and quite accurate
provided the domain at the crack tip is sufficiently well resolved. The methods are all based on the
original energy balance proposed by Irwin whereby the energy release is assumed equal to the work (W)
required to close the crack. The Irwin expression is

1 l
sz/ u(z) o(l — x) de .
2 Jo
Here [ is a small crack increment, u the displacement normal to the crack plane (for mode I), o the stress,
and it has been assumed that the crack is aligned with the x direction. The energy release rate, G, is

therefore l

1
G= llg% % ), u(z)o(l —z) dx

This expression for the energy release rate is sometimes referred to as the crack-closure integral method
of Irwin. (Note that the ’rate’ in the term ’energy release rate’, is with respect to changes in crack length.
So ’rate’ is here not with respect to time but with respect to distance, i.e. the crack increment).

In fracture mechanics G is referred to as the crack driving force, despite not having the units of force.
G has the ST units of the product of stress and displacement, or Pam = N/m = J/m2. The work done
by external forces, W is equal to the change in stored deformational energy and therefore G is also equal
to the derivative of the potential energy of the body with respect to the crack length.

For purely viscous media we take a very similar viewpoint, but replace displacements and strains with
velocities and strain rates, and work and potential energy with rate-of-work and change in potential energy
with time. This perfect analogy between elastic and viscous fracture mechanics, whereby

€—¢€
d—u
J—C*

where d is displacement and J and C are integrals (see below) is discussed in detail by

(2006).

Calculating the work of external forces in FE is a simple summation exercise

. 1
W = 3 Z(qu + Fv);

7

where the sum is over nodes and F, and F, the equivalent nodal forces, and now v and v are the = and
y velocity components. Most FE programs determine the nodal forces as a part of the matrix assembly
(In Uathese are calculated as the SSA equation is assembled).

In the finite crack extension method, the work W is calculated for several different crack extensions
l. For example using central differences the crack driving force is evaluated as

- W+l - W

¢ 21

187
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where here the crack has been extended and closed by the distance [. In principle one can calculate W
for a range of [ values and plot W as a function of [ as done in ( ) to determine how
well the limit [ — 0 is approximated. The SI units of G are the same as those of the produce of stress
and velocity, or Pams™' = Nm~!s~! and G can be thought of as the crack driving force per time unit.

The VCCT method is a clever trick where one uses the (internal) equivalent nodal forces between
elements in contact ahead of the crack tip and the relative nodal displacements behind the crack tip to
evaluate W. This eliminates the the need to open the crack by the distance ! (but requires a somewhat
different internal estimate of the nodal forces as these will always be close to zero for a structure in
mechanical equilibrium). For viscous material we use the jump in velocity across the crack instead of the
nodal displacements.

So the general idea is to use the discontinuity in velocity normal to the crack together and the
equivalent nodal loads ahead of the crack to estimate the strain-rate energy release rate, G, as the crack
is extended.

Typically the criteria for crack growth in a elastic medium is

G>G*

where G* is some material parameter. Here I'm not primarily interested in this ’on/off’ question and

instead write
a_ (Y
dt G~

9.1 J and C” integrals for elastic and viscous fracture

where B, G*, and ¢ are some parameters.

Elastic J integral
r

where d are displacements, and W the strain energy density

W = / Opq degp
0

T; are the components of the traction vector, T; = oy;n; The integration path I' a continuous and
differentiable curve surrounding the crack tip, not including the edges of the crack. In the absence of
body forces, or if the body forces are acting out of the plane, J = 0 for any closed curve. (for prof see:
https://en.wikipedia.org/wiki/J-integral). Some further details related to the calculation of J integral in
FE are found in ( )-

For creep fracture it is common to use instead the creep C* integral

C* = /1“ (Wdy - Tiui,l)

where W is the stress power
¢
W = / Opq Aépq
0

and u; the velocity components. The C* is path independent and completely analogous to the J integral,
but with displacements replaced by velocities and energy density with energy dissipation rate. C* is the
rate equivalent of the J contour integral.

C represents the power difference as the crack length, [, is increased incrementally

1dU

w dl

*

U is the stress-power dissipation rate.
The solution close to the crack tip, for a stationary crack, is given by the HRR-field



9.1. J AND C* INTEGRALS FOR ELASTIC AND VISCOUS FRACTURE 189

C* 1/(n+1)
(%)

; s g n/(n+1)
Ar

U~ Al/(n+1) (C*)n/(n+1) 711/(TL+1)

as r — 0, where r is the radial distance from the crack tip ( , , ; , ).
and C* can be therefore related to the strength of the stress singularity

. u(n+1)/n
= 1. _— .1

¢ = lim (Ar)i/n (9-1)

In principle this provides a way of calculating C* from the SSA by evaluating this limit numerically, or

from plotting € and /or u as a function of radial distance, although in practice this may require very finely

resolved mesh. Note that Eq. (9.1) has the right physical dimensions, i.e. the dimensions of C* are those

of stress times velocity or Pams™!.

Creep crack growth rate is then often assumed to be given by

dl

o *\q
3= B

where B and ¢ as some material constants.
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Chapter 10

Further technical FE implementation
details

10.1 Only the (fully) floating condition as a natural boundary
condition

Here I am ignoring possible gradients in density and the treatment of the boundary term only includes
the fully floated case as a natural condition.

Note that
1
pghOus = pgh Ous + 509 0:h* = pgh(1 = p/po) Ozh
1
= §Qg<9mh2 + pgh0y(s — S — (L= p/po) h)
hence .
pgh 0,8 = 299 d.h% + pgh 0ps (10.1)
with /
s i=5=8—=(1-=p/po)h
and
0= p(1=p/po),
The field equations can therefore also be written as
/ 1
O (4hn0u + 2hndyv) + 0y (hn(dyv + Oyu)) — B*u =  pgh(dys cosa —sina) + Fegcosa O.h?,
/ 1
0y (4hndyv + 2hnd,u) + 0 (hn(dyu + 9,v)) — B*v = pghdys cosa + 509 cos adyh? |

10.1.1 Remark
To see that the right-hands sides of (1.223) and (10.1) i.e.

1 /
pgh 0ps = 509 Ouh? + pgh dys
1
= 5902 (ph* = pod®) + g(ph — pod) O:b
are equal (ignoring spatial gradients in density) we consider the three cases:

1. Fully floating: In that case s = 0 and ph = p,d and both sides are equal.
2. Fully grounded: We have d =0

1 1
ig&g(ph2 — pod?) 4 g(ph — pod) O,b = ggpaxif + gph 0:b

= pgh0ys

191
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and
1 ) Sl )
509 0uh® + pghdys = 509 0xh” + pgh Ou(s — S = (1= p/po)h)

= pgh0ys

3. Partly floating:

1
5902(0h? = pod®) + g(ph = pod) 0xb = pgh Duh = pogd dzd + g(ph — pod) Dz

= pgh 0,8 — pogd yd — pogd O:b

= pgh 0,5 — pogd(0,d + 0,b)

= pgh 0.8 — pogd(0:S — 0:b + 0,b)
= pghdys

10.1.2 FE formulation

z direction

1 /
/9(81(4h7781u + 2hndyv) — 599 cos a0 h? + 9y (hn(0yv + Oyu)) — tpe — pgh(ss cosa —sina))pdr dy = 0

with Weertman type Neumann BC on I'y
1
(4hn0yu + 2hn0yv)ny + nh(0zv + dyu)n, = ip(l — p/po)gh’*ng
Green’s theorem used to get rid of second derivatives gives

1
- / ((4hn0yu + 2hndyv) Oy — F0gcosa h20, N + hn(9,v + 9yu)0,N) dz dy
Q
- / (tpe + pgh(@zs/ cosa — sina)¢ dx dy
Q
1
+/((4h775mu + 2hn0yv — 509 cos ah®)n, + hn(0yv + Oyu)n, )¢ dl =0
r
If the von Neumann boundary condition is of Weertman type, the boundary integral along I's is equal to
zero (for & = 0), and zero on the remaining part of the boundary if we set the weight functions to zero
and determine the values of the unknowns using Dirichlet boundary conditions.

We are left with

- /Q(hn(élazu + 20,v)02¢ + hn(Ozv + Oyu)OyN) dx dy — /thz¢ dx dy

1
= pg/ h((0zs — (1 — p/po)0sh) cosa — sina)p da dy — 599 cosa/ h% 0, ¢ dx dy
Q Q

y direction

1 /
/Q Oy ((4hndyv + 2hndyu) — Jegcosa Ayh® + 0y (hn(Oyu + 0xv)) — tpy, — pghdys cos a)d dx dy

with Weertman type boundary condition
nh(0zv + Oyu)ng + (4nhdyv + 2nhdyu)n, = %p(l — p/po)gh®ny
We have
— /Q((4h778yv + 2hn0zu)0y¢d — %Qg cosa h?0yN + hn(dyu + 0,v)0, N) dx dy
— /Q(tby + pghays/ cos a)p dx dy

1
+ /F((4hn(“)yv + 2hnoyu — F0gcos e h*)ny + nh(Oyu + ), )¢ dl =0 (10.2)
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Again we can ignore the boundary integral as it is identically equal to zero.

— / ((4hndyv + 2hn0,u)0yd + hn(Oyu + 0zv)0,N) dx dy — / toy @ dx dy
Q Q

= pg cosa/ﬂh(ays — (1= p/po)Oyh)¢pdx dy — %Qg cosoz/ghzayN dx dy (10.3)

10.1.3 2HD FE diagnostic equation written in terms of i (suitable for fully
coupled approach)

Where the ice is afloat, s — S = (1 — p/p,) h and s = 0, hence

§ s—=8—0—p/po)h, ifh>hy
o, ith < hy

i.e.
!

S = H(h—hp)(s — S — (1= p/po)h)
where
hy = (S — B)po/p

. ’
We can also write s as

s = Hh—hg)(s == (1—p/po)h)
= H(h—hf)(hp/po+s—5 h)
= H(h—=hs)(hp/po+h+b—S5—h)
= H(h—hg)(hp/po+h+B—S—h)
= H(h—hy)(hp/po+ B = S)
= H(h—hy)(hp/po — H)
s (x) = H(h — hg)(p/poh — H) (10.4)

where we used the fact that b = B whenever H(h — hy) = 1. This expression for s is needed for
linearisation around h.
The field equations can therefore be written as before, i.e. as

/ 1
O (4hn0u + 2hndyv) + 0y (hn(dyv + Oyu)) — B*u =  pgh(dys cosa —sina) + Fegcosa Ouh?,
/ 1
0y (4hndyv + 2hnd,u) + 0, (hn(dyu + 9,v)) — B*v = pghdys cosa + 509 cos a0y h?,

but the linearisation with respect to h needed in a fully coupled approach requires (10.4).
The FE formulation for the prognostic equation is the # method, i.e.

1
Z: \/Q{Kt(hl7h0)+981(U1h1)+(179)31(11,0}10)+98y(1)1h1)+(1*9)8y<uOh0)7(1}Np dl‘dy =0 (105)
where 0 <0 < 1.

a:=as+ ap

10.2 Element integrals

T = xpNP(gv 77)

For 3-node element:
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Nodal u displacement vector of one particular 3-node element
U1

u = Ug
us

ONy ON> ON3 T Y1
_ 5] 2] 5]
J=1an  on, 81\§3 T2 Y2

o om0 ) \as oy

J = der coo

AN, ONs, ONs ON,  ONs 9Ny
_ _ 71 o] 0, 0,
D - (8%1 66]%2 8%3) - J 81$1 ONo o] 3
dy dy oy an on an

D=J"'der

Change of integral, example:

/ upr(x,y)Nq(w,y)dxdy=/ upNp(§,m)Ng(§,m) det J d€ dn
A A

e

Example:

[owudiodedy = ([ DDy Il dnde)w,
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10.3 Edge integrals

We have integrals on the form
/ u(z,y)N(z,y) n, dU
r

n=(1)

If the boundary is parameterised such that (x,y) = (z(v),y(y)) as v goes form 0 to 1 then

with

1 (—&Yy)
n =
(052)% + (0y9)2 \ Or
and
dr = /(9,2) + (9,9)? dv

ndl = (—(%y) dy

O,z

and therefore

Hence .
/u(x,y)N(%y) ng dl' = —/ u(@(7),y(7)) N(z(7), (7)) 04y dvy
T 0

10.3.1 Edge 12

For edge 12, n = 0. I parameterise it as (£,n) = (1 — 7,0) as this takes me from node 1 to node 2 in
clockwise direction (that is how I order the nodes, most FE do it the other way around)

z =z,Np(1 —7,0) and y=ypNp(l—1,0)

_( —Ow
ndl = < 0.z ) dy

The normal is

and
1 1o 1on
oy 00y Ondvy
1
T

and therefore
&Yy = —85y = —J12

_ [ Oy o Ji2
- (3) - ()

_ Yq 0Ny (€, 0) >
ndl’ = < —14 0gNy(§,0) utl

and
or simply

For the linear triangle, for example, I get
=z +32(1 = &) + a3
:$1(1—7)+$2(1— (1—’}/))+Jf30
=z1(1=7) + 227
y=11(1—=7)+y27

and
Oyx = —x1 + 22

Oy = —y1 +yo

ndF(yl_yQ )d’y
To — X1

and a normal
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10.3.2 Edge 23

For edge 23, £ = 0. I parameterise the edge as (§,1) = (0,), this takes me from node 2 to 3 as  varies

from 0 to 1.
_{ =0y
ndl = < 8733 ) dy

and therefore
() ()
For the linear triangle, for example, I get
=210+ 22(1 —7) + x37

y=uy10+y2(1 =) +ysy

and
Oy = —x2+ 23

Ovy=—y2+ys3

and a normal

T3 — T2

10.3.3 Edge 32
For edge 32 is parameterised as (£,1) = (v,1 — ), and

_( 9w
ndl = < 0, ) dy

and
1 1o 1o
oy 00y  Onoy
_ 11
06 On

and therefore
_ _yq(aiNq - [“)an) ) _ (J22 - J12>
dl' = dy = d
" ( 24(0eNg — 0y Ng) 7 Jiu—Jn ) T

For the linear triangle, for example, I get
z=zy+a(l—7—(1—-7)+w3(l-7)

or
z=x1y+x3(1 —7)
y=uy1v+uys(l—"7)
and
Oy =21 — a3
Oy=1v1—y3

and a normal

r1 — I3
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10.4 Various directional derivatives

10.4.1 Directional derivative of draft with respect to ice thickness

For implicit forward time integration with respect to h using the NR method, various directional deriva-
tives with respect to h must be calculated.
Using Eq. (1.202) we find that the directional derivative of the draft d with respect to h is

Dd(h)[Ah] = lim did(h + eAh)
€E—> €
— H(hy — B)pAh [py— ph(hs —B) Ah [y + H(H)H 5(h — hy) Ah

- pﬂH(hf — h) Ah+8(h — hy)(H — pﬁ ) Ah

When integrated the second term in the above expression integrates to zero, because where h = hy we
have H = ph/p,, hence!

Dd(h)[Ah] = pﬁfH(hf — h) Ah. (10.6)
Using Eq. (10.6) the directional derivative of
1
D(3(oh* — pud?)[ A1)

with respect to perturbation in A is found to be

D (;g(th - pod2)> [AR] = g(p(h Ah — podp—pOH(hf — h) AR)

=pg(h—H(hs — h)d) Ah

The directional derivative of g(ph — pod)0;b with respect to h is found to be
D (g(ph — pod)d:b) [Ah] = pg H(h — hy) 0z B Ah. (10.7)
To see this first notice that using Eq. (1.202)

g(ph — pod)0b = g(ph — H(hy — h)ph — poH(H)H(h — hy)H)0zb
= g(ph — (1 —H(h — hy))ph — poH(H)H(h — hy)H)0,b
= g(ph +H(h — hy)(ph — poHT) — ph)dsb
— gH(h— hy)(ph — poH)D,b
— gH(h — hy)(ph — poH)0, B.

Using the above expression we now calculate the directional derivative of g(ph — p,d)d,b with respect to
h and find

D (g(ph — pod)d;b) [AR] = H(hy — h)pg . B Ah + g3(h — hys)(ph — p,H )0, B Ah
= (pH(h —hs) +6(h — hg)(ph — poH)) g0 B Ah
=pgH(h —hy)0,BAh

where the last step is correct when the expression is evaluated under an integral, thus demonstrating the
correctness of Eq. (10.7).
(Not sure where to put this, but keep it here for the time being.) The lower ice surface is related to
thickness through
b= H(h —hy)B+Hhs—h)(S — ph/p,)

and therefore
b= 3(h — hy)B — 8y — h)(S — ph/po) — Hhs — )p/pa

1 This argument does not hold if the Heaviside function and the Dirac delta functions are approximated. In that case
the full expression must be used. Important for getting quadratic convergence in NR.
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and
Ozb = OpbOzh = 6(h — hy)B Ozh — §(hy — h)(S — ph/po) Ozh — H(hy — h)p zh/ps
and assuming
b 9%
ohdxr — Oxdh

If f(x) is a test function
aw/é(m) Op f(z)dz = —830/7-[(30)]”(37) de = —f(0) — /’H(m) Oy f(z) dzx

10.4.2 Linearisation of the 2HD forward problem needed for the adjoint
method

For the adjoint method we need
K*C AC, := —DF,(u},vi, hi)[AC,]

Here ACYy is the nodal value itself, the perturbation in C' is AC;N, (no summation).

1 /e m—
K,y = E/ﬂ?—l(h— hg)C™Y 1 oy, Y™ uN, N, dady (10.8)
and
1 _
[Kyc]pq ~m /QH(h - hf)C_l/m_l vayul/m ! Ny Ny dzdy (10.9)
where
_ u
'ny = v
and

B2 = O™ oy |

ch
Cc_
<[ oe
is 2N x n where N are degrees of freedom.
If the cost function I is calculated using FE type inner product , then the gradient of the cost function
is then given by

oI

ch = [Kc}pq)‘p

1 m—
— | H(h- h)C Y wg Y™ (uA + vp) Ny dasdy
Q

If I is calculated as a discrete sum over values then
ol 1 —1/m— 1/m—1
a0, = B = BCT T o [ (uh + o)
Note: Perturbing on particular nodal value in C' = C.N,. can be written as
(Cr + ACO,p)N,
C = C,N,, AC = ACN, with AC = AC,

(C+AC)™ = (C.N,+ACN,)™

= (C;N, + ACN,(C;N;)/(C;N:))™

= (C.N.)™(1+ACN,/(CiN;))™
(C.N,.)™(1 +mACN,/(C;iN;))
(CsN)™ + m(CN,)™TACN,
(CaN)™ +m(CsN)™ TAC
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I can write the perturbation as
KAC =m(CN,)™ 'N,AC

where
K =m(CsN)™ ' N,

10.5 FE formulation and linearisation for the 1HD Problem
10.5.1 Field equations and boundary conditions (1HD)
40, (hndyu) — B*u = pgh(dys cos a — sin a)
g2 = 7 ful
with the sliding law written on the form
u = Cltpe ™ the

We have

the = C'_l/m|u|1/m_1 u.

Glen’s flow law is

: n—1
€ij = Ar Tijy

T = \/Tij’rij/2

_ A—1/n . (1—m)/n .
Tij —A / E( )/ Eij,

where

The flow law can also be written as

where
€ =/ (0,u)? = |0zul
If we write
Tij = 21€q;
then 7 is the effective viscosity given by
1 1 —n)/n
n= 514—1/71 6(l—n)/n _ §A—1/n H xu”(l )/

10.6 Linearisation of field equations (1HD)

In the non-linear case using Newton’s method I need to linearise the equation.
Linearised with respect to u by writing u = 4 + Au, n = 7 + d,nAu, and 5% = 52 + 9,(8%)Au

40, (h(7 + 0unAu) 0y (1 + Au)) — (B2 4+ DB (u)[Au]) (@ + Au) = pgh(D,s cos a — sin a)
or
40, (W(710,1 + 0,1 Dn(u)[Au] + 770, Au)) — B20 — [2Au — 1@ DB (u)[Au] = pgh(dys cos a —sin ) (10.10)

where

n= %Afl/n e(l—n)/n _ %Afl/n |amu|(17n)/n
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Dn(uw)[Au] = lim din(u + eAu) (10.11)

e—0 de

d1 _
= lim d—iA_l/” ||[“):,c(u—|—eAu)||(1 n)/n

e—0 de

lim E%A*/” (Dpu + €8, Au))I—m)/m

9yu>0 =0 de

_ o 4l am (1=n)/n (1—2n)/m1 =1
= 21_13(1) o 2A ((Ozu) + (Ozu) - €0z Au+...))

1—n

_ %A*I/” (D)2 L Ay

1-—
= 7271” A~ ((%cu)(l*z")/"arAu
(10.12)
Doing the same for 0,u < 0 shows that

1-— _
D(u)[Au] = W"Afl/" 18,0 A2/ sign(9,u) 8, Au

(old result)

1-— _
Dy = 7” ATV 9|2 sign(9pu)

The directional derivative of 32 is

—  (1m— 1) O Y™ [[ul| 2™ Sign(u) Au

old result
0,3 = (1/m — 1) C~Y™ |[ul| /™ sign(u)

Inserting into (10.10) gives
40, (h(70,1 + GEO, Au + 70, Au)) — [20 — [2Au — GBAu = pgh(dys cos o — sin @)

where
B=(1/m—1)C~ Y™ ||u|*2™/™ sign(u)

and )
=LA o, g 0,0)

which can be written on the form

40, (h(7 + uE)d, Au) — (B2 4+ uB)Au = pgh(9,s cos a — sin o) — 40, (hid,a) + B2a

10.6.1 Newton Raphson
40, (nhoyu) — H(h — hy)B*u = %g cosap(l — p/po)dsh? + pgh cos a H(h — hf)(?xs, — pghsina, (10.13)

’

S (2) = H(h — hy)(p/poh — H)
where
H=S5-0,

or as

40, (nhOyu) — H(h — hy)B*u = %@Ehz cosa + pghH(h — hy)(p/poOzh — 0, H) cosa — pghsina (10.14)
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The FE formulation is
R; = /{477h31u5'm]\7p +H(h— hf)62uNp

—%hzaxqﬁ cosa + pghH(h — hy)(p/poOsh — Oy H)Np cos oo — pgh N, sin o} dz

—h(4n0,u — ogh/2)uNy[7L =0 (10.15)
where

u = Npu,
If all von Neumann BC are of Weertman type, the boundary term is zero because at the calving front
8n0,u = pgh.
I also have
Oth + 0z (uh) = a (10.16)

where
a=as+ ap

The FE formulation used is the # method, i.e.
1
Rl = /{E(hl — ho) + 00, (urhn) + (1 — 0), (uoho) — as — ap} N, da = 0 (10.17)

where 0 <0 < 1.
I go from time t = ¢y to time t = t; where t; > tg, and I assume that the values for w at h at t = tg
(i-e. up and hg) are known. I iteratively solve for corrections to the values at time step ¢ = ¢;
U, = uyp + Au
hi=hy + Ah
using the Newton-Raphson method.

For Newton-Raphson I need to take the directional derivative of this equation with respect to v and
h,

K(Au, Av)T = lir% diR('v + eAv, h + eAh)
E—> €

where I have now ordered the discrete values of v and h into a vector

D(H(h — hy)B8*(u))[Ah] = 6(h — hy)5°(@) Ah
Directional derivative of right-hand term with respect to h.
D{pghdes YAR) =D{pghd(H(h — hy)(ph/ps — H))}AK]
= lim O (pg(h + e Ah) 9o (H(h + ¢ Ah = hy)(p(h + € Ah) [po — H)))

=pg0z(H(h — hy)(ph/po — H)) Ah
+ pghOy(H(h — hy)pAh/p,)
+ pgh0y(6(h — hy)Ah(ph/p, — H)) (=0)

=pgH(h — hf)(paa:h/po — 0, H)Ah
2

+£—gh7—[(h — hy) 8,Ah
2

+26(h — hy) ho,h AR

Po

[KuhlyyAhy = DRY(u, h)[Ah,] = / (470,50, N,

+6(h — hy)B*aNn,

—0ghd, N, cos a

+pgH (h — hy)(p/poOsh — O, H)N, cos a
+pghd(h — hy)(p/poOsh — 0 H)N, cos
+pghH (h — h¢)p/poNp cos Oy
—pgNpsina} Ahg dx
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[Kut]pg Aug = DR (u, )[Au,] = / (4RDn(@) D1 DN, D,

+4n()hdy Ny,
+H(h — hy)0uB*(W)N,
+H(h — hy)B* (@) Ny} Aug, do

Linearising (10.17) gives

/{(Ah + T = ho) /At + 60, (1 + Au)( + AR)) + (1 — 0), (uoho) — as — as} N, = 0

or

0= / {AR/ At + 60, (aAh + hAW) YN, dat (10.18)

/{(ﬁ — ho) /At + 00, (h) + (1 — 0)d (uoho) — ay — ap}N, da
or

[KhulpgAug, = 0(0zh + hdy)Auy N,

[Khhlp, = (1/At+60(0,4 Ny + @0y Ny)) N,
Kuu Kuh Av R*
[ Khu Khh ] [ Ah } = [ R } (10.19)
where
rh=Th - F"

where T and F' are the internal and external nodal forces, respectively, and R is the residual or out-of-
balance nodal forces.

Fh— /{as +ap — (h — ho) /AN, da

and
T — / (60, (ah) + (1 — 0)0, (uoho) N, da

T = / {4nh0,ud: N, + H(h — hy)B*uN,)N,} dx
w 09
Fu = /{7h28$¢ + pghH(h — ) (p/podeh — DuH)N, } da

10.6.2 Connection to Piccard iteration
If instead of writing
40, (W(710,1 4 0yndpilu + 70, Au)) — (521 + (2 + 0,8%1) Au) = pgh(8,s cos o — sin )
we ignore the dependency of 1 and 32 on u we get
40, (h(70x 0 + 710, Au)) — (B2 + B2Au) = pgh(dys cos a — sin )

or simply -
40, (hij0y; (0 4+ Auw)) — B2(a 4+ Au) = pgh(0ys cos o — sin )

which can be solved directly for @+ Aw. This is the Piccard iteration, i.e. an incomplete Newton iteration.
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10.7 Linearisation in 2HD

10.7.1 Drag-term linearisation (2HD)

Basal drag is generally a function of basal sliding velocity and flotation conditions, i.e.

tb - f(hvhfvv)

Using Weertman sliding law, basal drag is

ty = H(h— hy)B° v,

(Ei) =H(h— hy) B° Cf) (10.20)

B2 =07

or

were

ty = (g(ph — po )™ O™ [y vy, (10.21)
therefore
T = Tp(u, v, h)

We therefore need to linearise ¢, with respect to u, v, and h.

We start by linearising 32 with respect to v and v obtaining?®

Bu+ eAu, v+ eAv) = O™V ((u+ eAu)? + (v + eAv)?)/m=1)/2

((u? +v* + 2e(uAu+v Av))(l/m_l)/2
_ C—l/m((u2 Fo?) =072 (1 /= 1) (2 4 02) Y0271 (4 A+ 0 Aw))
B2 (u,v) + C~Y™(1/m — 1) (u? + v?) V32 e(u Au 4 v Av))

_ C—l/m

The directional derivative is defined as
.d o
DB (v)[Avgy| = ll_r}l(l) @6 (u + eAu, v + eAv)
and we arrive at®
DB(w)[Au, Av] = (1/m — 1) C~V™ o] P=3™/™ (y Au, v Av)

and the directional derivatives of ¢, with respect to u and v are therefore

Dt p[Au, Av] = 2Au + DB?*[Au] u+ DB?*[Av] u
= B2Au+ (1/m —1) O™V o] P73 (2 Aw + uv Av)
Dt [Au, Av] = B2Av + (1/m — 1) C~ Y™ ||| S73™/™ (02 Ap + uv Au)

which can also be written on the form

Atap) _ B% +Du? Duv Au
(Atmz,) =H(h — hy) ( D v 32 +D02) \ Av (10.22)
2[f y < z then (z +y)™ &~ a™ + ma™m~1y.
3In 1d we get

DAW)[AY] = (1/m—1)C~ Y™ u /My Ay

(1/m —1) C~ Y™ ||u|| E=2™)/™ sign(u) Au
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where we have now added back the H(h — hy) factor, and where
D= (1/m—1) 7" o T

Note that because of the non-linearity of the sliding law, the basal drag term in = direction depends
on both v and v and this is reflected in the directional derivatives above.

In a fully implicit treatment we also must include the effect of grounding/un-grounding the basal drag
term, or

. d
Dty [AR] = lim —-top (h + eAh)

= lim §(h + eAh — hy)Ah B u
€—
=8(h—hy) B2u Ah
and therefore for the Weertman sliding law we have:

Au
Aty _ (Hh=hp) (B +Du?)  Hh—hg)Duv  5(h—hy) f>u
(Atzy> ( H(hihf)puv H(h—hf)(é2+pv2) 6(h—h;)520) Av (10.23)

where again
D= (1/m — 1) O~ Y™ ||| 3/

For the Budd sliding law (see sec 1.11.2), assuming perfect hydrological connection between the
subglacial hydrological system and the ocean,

N = pgH(h —hy) (h = hy)
we have
t,= NY™ (2o, (10.24)

and linearising with respect to h now gives

. d
Dt ,[Ah] = !I_I{(l) £t1b(h + eAh)

d m
= lim — ((pg(h +eAh — hy))Y 52u>

e—0 de

_ 2 _ q/m—1 2
= lim — (pg(h + eAh — hy)) pg Ah Bu

= pg% (pg(h — )™ " B2 Ah

and therefore for the Budd sliding law we have:

<Ath> _ Na/m <N‘1/m (8% + D u?) N9/™ D yp & B? u> 23

Aty NY™D yo Na/m (B2+Dv?) € p%v A (10.25)

(10.26)

where

€= LN pg (5(h — hy) (h = hy) + H(h — hy))

We see that for example

6tbx
oh

_ iNq/mflpgﬂ%
m

= %(pg(h — hy))Y™ 1 pg BPu
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where h > hy, and in the linear case when ¢/m = m = 1, we have

atbz _ 144

Oh c

This is the partial derivative with respect to A and as such does not include the effect of changes in h
on u. This shows that with Budd sliding law, the basal drag increases with ice thickness everywhere
upstream of the grounding line. For Weertman law no similar statement can be made and the basal drag
only changes with thickness through the implicit dependency of the velocity on thickness.

Note that for ¢/m < 1, Aty — oo as Ah — hy.

Ocean drag term

We add an ocean drag term over the floating section of the form
ty = H(hs — )53 (vp — o)

with
ﬁg(u,v) = Co—l/mol,ub _ ,Uo|l/mo—1

The total drag is a sum of that due to basal sliding and ocean currents.
ty = H(h — hy) B2 v + H(hy — h) B (v — v,)
So

0 =H(hy —h)C; ™ ((u—uo)® + (v —v6)2) TP ()
o —1/m 1—m)/2m
12, = H(hy — h)C; ™ (= u)? + (v — 16)2) ™" (v = w,)

and hence

D[] = H(hy = B)C; ™ (Jlon — ol "™ 4 (1/m = 1) oy = wo]| 277 (= w)?) Au
D5, [Av] = H(hs = h)Cy ™ (1/m = 1) o, = vo|| 727 (0 = v,) (u — u,) Av
D}, [Au] = H(hy — h)Cy Y™ (1/m — 1) vy — v,]| " 72")™ (v — ) (u — u,) Au
Dt [Av] = H(hy = BYC; ™ (Jlo, = w17 4 (1fm = 1) [[o = v 7™ (0 = 0)?) Aw

D3, [AR] = —8(hy — h)Cy Y™ [loy, — v, | T (u — up) A
Dt [AR] = —6(hy — h)C ™ ||y — v, || 7)™ (v —v,) AR

10.7.2 Flow law linearisation (2HD)
Using Glen’s flow law, deviatoric stresses are related to strain rates through Eq. (1.188), i.e.
Tij = A7/ =n)/n €ij,
where
€= 1/&jéi;/2

which in the Shallow Ice Stream Approximation takes the form

€= \/ (€az)? + (Eyy)® + €ax €yy + (éay)? (10.27)
= ((Bpu)? 4 (8,0)? + Dpu dyv + (Do + Dyu)?/4)Y/2. (10.28)

If we write
Tijg = 2776”
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where 7 is the effective viscosity given by

n = La-1/m-ny/n

2

then, in the Shallow Ice Stream Approximation, 7 is
1
0= AT (0a0)® + (9y0)* + Opudyv + (0w + Oyu)?/4) 172,

More generally we can express the stresses as a function of velocities as

Tij = flug)-

We now need to linearise each of the stress components with respect to the unknown velocity compo-
nents u and v velocities. We start with 7,, where we have

Toy = A™Y/me=n)/n ¢ (10.29)
= A"Ynd=m/n g g, (10.30)
and we linearise
. d
Drypfu; Au] = ll_r}(l) £sz(u, Au) (10.31)
= lim 4 (21 Opu) (10.32)
e—0 de
= 2n O, Au + (2Dn[Au]) Oyu (10.33)
1
n= §A*1/" ((Dpu)? + (0yv)? + BpuByv + (pv + Dyu)? /4)L—)/2n

(02 (u+ Au))? + (0y (v + Av))? + 0, (u + Au) 0y (v + Av) + (95 (v + Av) + 0y (u + Au))? /4
= (0pu)? + 20,ud, Au
+(9yv)? + 20,00, Av
+(0pu + O Au)(Oyv + 0, Av)
+(05v + 0p Av + Oyu + 0y Au)? /4
= (0pu)? + 20,ud, Au
+(9yv)? + 20,00, Av
+0,u0yv + Ou Oy Av + 0yv Oy Au
+(0,v + Oyu) /4 + (0zv + Oyu) (0 Av + 0y Au) /2

=e? + dde?
where
e? = (0.u)* + (9yv)? + 0pudyv + (9,v + Oyu) /4
de? = 20,ud, Au + 20yv0y AV + 03w Oy Av + Oyv Oz Au + (00 + Oyu) (0, Av + Oy Au) /2
or

s = (20pu+ 0yv) OpAu + (20,v + dyu) 9, Av + %(&CU + Oyu) (0 Av + 9y Au)
= (2égq + €yy) O AU (2éyy + €pg) Oy AV + €gyy (O Av + Oy Au)
The directional derivative of 7 is
Dn(u,v)[Au, Av] = E (2640 + €yy) ODAu + (2éyy + €35) Oy Av + €4y (0, A0 + OyAu))
= E((20,u+ 0yv) O, Au + (20yv + Oyu) 0yAv + %(&Ev + Oyu) (0 Av + 0yAu))
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where
poe L7 aym (-sn)/n
4n
which I can also write as
Dn(u, v)[Au, Av] = dyn Au + d,n Av (10.34)
where
duyn = E ((2éz2 + éyy) Op + €xy Oy)
and
don = E ((2éyy + €32) Oy + €2y 0z)
where
E = 1- nAfl/ne(173n)/n
dn
or as
Dn(u, v)[Au, Av] = dgy 03 At + dyy, Oy At + dyy Oy AV + dyyy O Av (10.35)
where
dpuw = E (2é55 + €yy)
and
dyw = Eéy
and
dyy = E (2éyy + €22)
and
dyy = Ee:py
D0\ (E(2gn + éyy)0n Eéy,0, 0 ﬁz (10.36)
Dn,) FEéyy 0, E(égz + 2éyy)0, 0 Al )

In the 1d case we get
Lo g /m g, | 0=30/m 99,08, A = 2" A=1/1,0](1=20) nign (9,0) B, Au
4dn 2n
10.7.3 Field-equation linearisation
linearising
0z (4hndyu + 2hn0yv) + Oy (hn(0v + dyu)) — Bu

1 ,
=509 cos a Dyh? 4 pgh(dys cosa — sina)
gives

0z (4h(n0yu + Dn Oyu + n 0y Au) + 2h(ndyv + Dn Oyv + 1 0y Av))
+0y (h(n0zv + Dn 0zv + 1 0, Av) + h(ndyu + Dn Oyu + n 0yAu))
—(B%u+ DB?u + % Au)

1 ’
= egcosa Oxh? + pgh(dys cosa — sin )
or

0z (4h(Dn Oyu + 1 0y Au) + 2h(Dn Oyv + 1 0y Av))
+0y (h(Dn 0zv + 1m0z Av) + h(Dn Oyu + n 0y Au))
—(DB*u+ B* Au)

= %gg cos a8y h? + pgh(dys cosa — sina) — Oy (4hn(Dyu + 9yv)) — 9y (hn(0yv + Oyu)) + B*u



208 CHAPTER 10. FURTHER TECHNICAL FE IMPLEMENTATION DETAILS

after having done the partial integration I get within the integral

(4h(Dn Ogu + 1 0z Au) + 2h(Dn Oyv + 1 0y Av)) Oz N; (10.37)
+h((Dndgv + 10z Av) + h(Dn Oyu + n0yAu) Oy N;
(DB u+ B Au)N;

= —‘,—%gg cos a0, h20, N; — pgh(&xs/ cos a — sin @) N; — 4hn(0pu + 20,0)0, N; — hn(9,v + 0yu)d, N; —(38:38)

Inserting (10.34)

(4h(n 0z Au 4 Ogu(dyn Au + dyn Av)) + 2h(n Oy Av + Oyv(dyn Au + dyn Av))) Oz N;
+(h(n 0z Av + 0zv(dun Au + dyn Av)) + h(n OyAu + Oyu(dyn Au + dyn Av))) Oy N;
+(B?% Au+u (dyB? Au+ d, 6% Av))N;

]. !
= +§gg cos a0, h29,N; — pgh(0zs cosa — sina)N; — 4hn(0zu + 20,v)0, N; — hn(0zv + Oyu) 0y N; — B2uN;

I take all coefficients in front of Au and put them in the 11 part of the matrix, and everything in front
of Av and put that in the 12 part of the matrix.
To make this clear insert (10.35) into (10.38)

4h(n 0x At + Opu(dyy 0 At + dyy Oy At + dyyy Oy AV + dyy O Av
2h(n Oy Av + 0yv(du Oz At + dyy Oy At + dyy Oy AV + dgyy Oz A
h(n 0z Av + 0,0(dpy 0 At + dyy Oy Att + dyyy Oy Av + diy O A)
h(n 0y Au + Oyu(dey 0 At + dyp Oy At + dyyy Oy AV + dgyy 0, Av)
(B2 Au+u (d,B* Au+ d, 3% Av))N;

~—

)0 N
)9, N;
9, N,
a,N,

+ o+ 4+

1 /
= +§Qg cos a 0z h?0, N; — pgh(9ys cosa — sin ) N; — 4hn(dpu + 20,v)0; N; — hn(0zv + Oyu)OyN; — B2uN;

We have Au = N;jAu; and Av = N;év;
K Ko Awug
Ko Koo Awv;

[Ki2lij = hn0yN;0yN;

+4h0zu dyy Oy N;Op N; + 4h0zu dyy 03 N0 N;
+2h0yv dyy, Oy NjOu N; + 2h0yv dyyy Oy NjOp N;
+h03v dyy OyN;jOyN; + hOgv dgy O, N;0yN;
+hdyudyy Oy N;OyNi + hdyu dyy 0y N;0, N

= hyd,N;0,N;
+(4h0zu dgy + 2h0yv dyyy) Op N;Op N;
+(hdyv dyy + hOyudyy) Oy N0y N;
+(hOyv dgy + hOyu dyy) Ox NjOy N;
+(4h0zu dyy + 2h0yv dyy) Oy N; 05 N;

= hn0yN;0,N;
F2ER(2 00 + €4y )ény O N;0uN;
+ B2, (2 + €a2) 8, N;0, N;
+ B2 gy ay 02 N;0, N
F2ER(2n + ) (2 + €an) Oy N; 05 N;

If we swap u and v and z and y and then ¢ and j (transpose) we get the same matrix, hence

Kig = Ky
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[Kiili; = 4h(100.N; + 0pu(deudsN; + dyudyN;)) 9. N;
4218, 0(duda N + dyudyN;) 9, N;
+h(05v(dpuOs Nj + dyy, Oy N;) Oy N;
+h(n 0y N; + 8yu(deudsN; + dyudyN;)) 0, N;

= h(4n + (40,u + 20y0)d )0, N; Ox N;
Fh(0+ (O -+ 0,0)dyu) 0, N; 0, N
+h(40,u + 20, v)dy, Oy N; 0, N;
+h (050 + Oyu)dyy, 03 N;jOy N,
= h(4n + E2(2€50 + €yy)(2€00 + €yy))0uN; OuN;
(1 + 2Bé gy, )0y N;0,N;
Y ER2(2 s + éyy)ényOy N0 N;
FER2 4y (2 + ¢4y)0:N;0, N,
= 4hn0yN; 0y N; + hndyN;0yN;
+2hE(2éxx + éyy)zaxNj 0 N;
+2EhéZ, 0,N;0,N;
2B (250 + €yy)eay (0yN;0:N; + 0, N;0,N;)

so K11 and Koy are symmetrical.
One might expect that the ud,3? Av makes the matrix unsymmetrical, but in fact

wdyf” = u(l/m — D)0 o 0 = u(1fm — DOV o] T 0 = 0 d, 5
so the contributions to 12 and 21 are equal, and hence this term does not give rise to an unsymmetrical
matrix.
The tangent matrix K is symmetrical for non-linear flow including both the non-linear effects of 32
and 7.
Note: In 1D T get

4h(Dn Opu + 1 0, Au)0, N; + (DB*u + 5% Au)N;
= —|—%Qg cos Oy h? Oy N; — pgh(@xs' cos o — sin ) N; — 4hnd,udp ¢ — B2u N

10.8 Weak form

z direction

/Q(aw(élhnawu + 2hndyv) + Oy (hn(0zv + Oyu)) — tye — pgh(Ogscos o —sina))pdr dy = 0

with von Neumann BC on I'y
1
(4hndzu + 2hndyv)ng + nh(0zv + Oyu)n, = ipgh(h — H)n,

and
1
Nh(0yv + Oyu)ng + (4nhdyv + 2nhd,u)n, = ipgh(h — H)n,

Green’s theorem used to get rid of second derivatives gives
— / ((4hndgu + 2hn0yv) 0 N + hn(0zv + Oyu)Oyw) dx dy
Q

— / (toe + pgh(Ozscosa —sina)N dx dy + /((4h7781u + 2hn0yv)ng + hn(0zv + Oyu)ny )N dI' = 0
Q r
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Using the BC we have
- / ((4hndgu + 2hn0yv)0x N + hn(0zv + Oyu)dyw) dx dy
Q

1
- / (toe + pgh(Oxscosa —sinw))N dx dy + / égp(l — p/po)h*ny N dl = 0
Q

I
y direction
/Q 0, ((4hmdyv + 20y 1) + D (h(Dyu + Dav)) — thy — pghdys cos )N da dy
Green’s
- /Q (4hnd,v + 2h00w), N + hn(Dyu + 8y0)dpw) dz dy
— /Q (tvy + pghdys cos )N dx dy
+ /F((4h778yv + 2hndzu)ny + nh(Oyu + 0zv)ng )N dT (10.39)
the von Neumann BC is
nh(9zv + Oyu)ng + (4hndyv + 2hndyu)n, = %pgh(h — H)n,
hence
- /Q((Zlhnayv + 2hn0;u)0y N + hn(Oyu + 0,v)0, N) dx dy

1
_ / (toy + pghdyscos )N dx dy +/ igp(l — p/po)h*nywdl =0
Q

I
Ice shelf
/Q(am(thnaxu + 2hn0yv) + Oy (hn(Oyv + Oyu)) — toy — %p(l — p/po)g0zh?*N dx dy = 0
On I'y we write the von Neumann BC as
(4nhozu + 2nh0yv)ng + nh(0zv + Oyu)n, = %p(l — p/po)gh*n,

and

1
1(0zv + Oyu)ng + (4ndyv + 2ndyu)n, = 5,0(1 — p/po)gh’ny

we consider the term

/ (0, (4hmByu + 20y v) + B, (D + Dyu)) — %p(l p)pa)gduh)N dzdy —  (10.40)
Q
— / (4hndyu + 2hn0yv + hn(dyv + Jyu) — %p(l — p/po)gh®)0.N da dy (10.41)
Q
+ / ((4hndzu + 2hndyv)ng + hn(Oyv + Oyu)n, — %p(l — p/po)gh*ng)N dT (10.42)
r

Along I's, the path integral disappears and along I'y we set w* = 0, hence

1
- / (4hnOyu + 2hndyv + hn(0yv + Oyu) — §p(1 — p/po)gh?)0pw — tp, N) dx dy = 0 (10.43)
Q
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10.9 Thoughts about ice shelf von Neumann BC

10.9.1 1d case

Field equation:

40, (nhOzu) — ty — pghOyscosa + pghsina = 0

Boundary condition

1
Andsu = 5pg(1 = p/po)h (10.44)

which for n = $A471/"|9,u|=™)/" can also be written as

Ozu= A(pgf/4)"

where f = (1 — p/po)h(z.), and z. is the location of the calving front. We write the field equation as
40, (nhdyu) — B*u — pgh@w(s/ + (1= p/po)h)cosa+ pghsina =0

with

’

s ::f_(l_p/po)h:S_S_(l_p/po)h
or as

1 /
40, (nhOu) — 9 cos ap(1 — p/po)0zh* — pghcosadys — B%u+ pghsina = 0,

using 9,5 = 0. Here S is the elevation of sea level (usually the coordinate system would be defined
so that S = 0), and s the surface elevation of the upper ice surface.
When deriving the weak form we do integration by terms on the first two terms

]. 7
/(48:,3(7]h81u) — 59c0s ap(1 — p/p,)d:h? — pghcosadys — t, + pghsina)N dx
1
= (4nhdyu — Sgcosap(l — p/po)h*)N|3;
1
- /(4nh8xu — 59cos ap(1 = p/pe)h?)0,N dx
_ /(pg cos ah0ys + ty — pghsina)N dx

The neat thing about this formulation is that for the usual BC at the ice-shelf edge, the ‘boundary
integral term’ is zero.

The quantity s is the difference between the actual surface altitude above sea level, and the surface
altitude above sea level if floating. On a floating ice shelf s  is equal to zero everywhere.

If all von Neumann boundary conditions are of the type (10.44) we only have to solve

1 /
/((—477h8$u + 59 cos ap(1 — p/p,)h?*)0sw — (pg cos ahdys +t, — pghsina)N)dz =0

with

s =s—=S5—=(1=p/po)h

or

/ 1
—/4nh8wu6dex—/thdx = pgcosa/h@ws Nda:—ipgcosa(l—p/po)/hzadex—pgsina/hNdx

10.10 Tracer equation with cross-wind diffusion

Oth+V - (vh) =V - (kVh)=a

with
k=¢(l-nen)
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V - (Vh), dq) =< Oy(uh) + 0y (vh), dg)
=< h(0pu + Oyv) + uOgh + v Oyh, ¢g)
=< ¢p(0zu + 0yv) + u0ydp + v O0ydp, Og)hp

< KkVh, Vo, =<e(1—n®n)Vh,Vo,)

<€1Vh, Vo )— < e(n®@n)Vh,Vo,)

ehy <V, Vog) —e < (n-Vh)n,Vo,)

hp(020p0zdg + OydpOydg) — € < (T - hpVp)h, Vy)
p(0x0p0sdq + 0ydp0yde) — € < (ne0:¢p + nydydp)hy M, Vy)
»(

(

02 PpOsbgq + 0ydp0ydy) — € (N 0rdp + 1y Oy dp) by (N2 02 g + 1y Oy g )

eh
eh
€ hy ((020p020q + 0ydp0ydq) — (Na0xPp + 1y Oydp) (N20xPg + 1y0ydy))

and
€=¢€ i
Mg = Ngj ¢z

After assembly the system can be written on the form
Kh=b

Test case in cylindrical coordinates

1
—0p(rhv,) = a
r

T

! ’

rth:/ ar dr
0
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Some aspects of glacier mechanics,
possibly of interest to Uausers, but not
specifically related to Ua
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Here I've put some rather random bits related to glacier mechanics. The selection is based both on
what many Uausers might find useful, but also reflects somewhat the topics I've covered in previous
lectures that I've given on glacier mechanics, especially lectures given at Caltech in 2014.
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Chapter 11

An 1ce shelf in one horizontal dimension
(1HD).

We consider an ice shelf in one horizontal dimension (1HD) under plain-strain conditions
€yy = 0,

and in addition we assume v = 0, and that all other transverse gradients to be zero as well. This ice shelf
is laterally confined, , i.e. it can not spread out in y direction, but there is no friction along the sides. It
is free to deform in x direction only.

The vertical stress is, as always in the SSA approximation, given by

0.2 = —pg(s — 2), (11.1)

where s is the upper surface. The traction at the lower surface, where z = b, must equal the ocean
pressure giving
p(s —b) = po(S — D),

from which various other floating relationships follow:

-5 Po
h=ped/p=——2_—Porg_p). 11.2
pod/p = 7 i p ( ) (11.2)
[):M:S_ﬁh7 (11.3)
P = Po Po
s =8+ (1= p/po)h = (1= po/p)b+ %& (11.4)
f=0—p/po)h. (11.5)

Note that we write d = S — b for the ice shelf draft, f = S — s for the freeboard, and h = s — b and
H=S5-B8B.
The SSTREAM /SSA equation to be solved is in this case simply
40, (hndyu) = pg(1 — p/po)h Oz h, (11.6)

where the effective viscosity 7 is given by
1
n = §A_1/"|8wu|(1_")/".

Eq. (11.6) is the vertically integrated form of the momentum equation in x direction, and reflects the
equilibrium of vertically integrated forces in the horizontal direction. The equation can also written in
terms of the horizontal deviatoric stress 7., as

Zaz(hfm) = pg(l - p/PO)hazh» (11-7)

or as 1
am(hsz) = Zggarhza (118)

217
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where

0=p(1=p/po).
If o is independent of z (an assumption that has already been made in the derivation of Eq. 11.6) then
we can integrate (11.8) on both sides, and we find that

1

where K is independent of x.
Note that the freeboard f = s — S is equal to

[= (1 - p/po)h ’ (115)

so we can also write (11.9) as,
1
hTyy = nghf + K. (11.10)
The integration constant K follows from the boundary conditions, and we will show below that K = 0.
Eq. (11.10) shows that the horizontal deviatoric stresses are directly proportional to the freeboard. In
some ways gpf/4 is the ‘driving stress’ that drives the deformation of the ice shelf, and it plays a similar

role to the driving stress pghd,s in the SIA.
Knowing 7., and o,,, we can now determine the pressure p from

P =Tzz =0z = —Tgg — Ozz, (1111)
using the incompressibility condition €, + é,, = 0 and the flow law. The horizontal stress o, is then
Ogy = Tag — P = Tox — <_Ta:a: - Uzz) = 27—:r:v + Ozz,s (1112)

Once we have determined all stresses, we can determine the deformation using the Glen-Steinemann

flow law
€ij = A"y, (11.13)

where A and n are some rheological parameters, and 7 is the second invariant of the deviatoric stress
tensor given by
1/2
7= (TpqTpa/2)/* . (11.14)

11.1 Boundary condition at the calving front
Across the (vertical) interface between ice and ocean the traction must be continuous, i.e.

(Tice shelf — Focean) = 0,

where 7 is a unit normal vector pointing horizontally outwards from the calving front. The position of
the calving front is given by = = x..

We ignore bending forces at the calving front and only require continuity of integrated values. Hence
we require

s S
/ Ope dz = / Opr dx (11.15)
<& L
ice shelf ocean

The vertically integrated force of the ocean on the ice at = x. is given by the integral

s S
/ Ogz dT = —/ Pog(S —2)dz = —%pog(S —b)?, (11.16)
b b

ocean

where S is the ocean surface.
This integrated force must equal the vertical integrated horizontal stress within the ice shelf along the
calving front given by the integral
S
/ Oz dz,
b
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at © = x.. We know o, within the ice shelf from Eq. (11.1). Using Eq. (11.12) to express o, in terms

of 0., and o,,, we find
S S
/ Oppdz = / (27pe + 022) dz
b b

ice shelf

2N Tye + pg/ (z—s)dz
b
2hTez + pg ((52 — bg)/2 —s(s— b))

1
= 2Ty, — ipghg, (11.17)

where we have made use of the fact that 7., is independent of z. Hence, equality of vertical integrated
horizontal stresses at the calving front requires

1 1
2N Ty — 5pgh2 = —§pog(s —b)?%, (11.18)
Using Eq. (11.18) together with the floating condition (11.2) we find
1 1
2hTee = 5pgh® = 5pog(S —b)?

1 1 p
= —pgh® — Zpogh(S — b)—
5P9 5Pogh(S )p

o

1
= §pgh(h —S+b)

1
= 5pgh(s = 5)

or 1
Wew = 109hf, (11.19)

at the calving front where x = z.
Comparing the above boundary condition, valid at the calving front, with expression (11.9), valid
anywhere within the ice shelf, we find that integration constant K in Eq. (11.9) is equal to zero, and

therefore )

Tex = lpgfa

everywhere.

Note that the (horizontal) boundary condition (11.19) is now identical to the expression for horizontal
deviatoric stresses valid everywhere within the ice shelf. Physically this implies that at any given location
within the ice shelf, the stresses are identical to stresses imposed by the calving-front boundary condition
at that location. In other words, if we were to cut off the ice shelf at any given location, thereby forming
a new calving front, the stresses at that newly formed calving front will not be affected. In this respect,
the ice shelf downstream of a given point is ‘passive’ and does not affect the flow in upstream direction.
In particular, the stresses in the ice shelf downstream from the grounding line do not affect the stresses
in the ice shelf at the grounding line.

11.2 The SSA as an expression of horizontal force balance.
Inserting the Glen-Steinemann flow law directly into the boundary condition (11.19) gives
A0l D = L pgf
Since (s —S) > 0, both 7, and J,u are positive, and Eq. (11.19) can be written on the form
€aw = Owu = Alpgf/4)", (11.20)

at * = x.. Further versions of Eq. (11.19) are

1
2A7H |0, Dy = S pg (1~ p/ po)h (11.21)
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and
8nhdyu — pg(1 — p/po)h? = 0, (11.22)

at r = z..
Note that if we differentiate Eq. (11.22) with respect to x, we find

402 (nhOyu) = pg(1 — p/po)hdzh. (11.23)
which is formally identical to Eq. (11.6) valid for any x. We arrived at (11.23) by considering the vertical
integrated force balance along the calving front using 1) the fact that the effective stress 7., is independent
of z, and 2) that the vertical stress component o, is equal to the weight of the ice (Eq. 11.1). By simply

making these two assumptions, rather than deriving these facts through scaling analysis as we have done,
we would have been able to derive Eq. (11.6) in a fairly simple manner.

11.3 Stresses and strains within a one-dimensional plane-strain
ice shelf

We now know that

1

everywhere within a 1HD ice shelf, where f = s — S is the freeboard given by
J=(1=p/po)h, (11.5)
The only non-zero terms of the deviatoric stress tensor are 7., and 7,,. From (11.14) we find that
1
T = |Taa| = Zpgf

and using the Glen-Steinemann flow law that

€za = Ozu = A(pgf/4)", (11.25)
or alternatively using (11.5)
ére = Opu = A (0gh/4)", (11.26)
where
0=p(L=p/po). (1.34)

The horizontal stress component can then be calculated as

1
Opp = 2Tpy + 02y = ipgf +(z—3s)pg (11.27)

where we have used Eq. (11.1). As can be seen o, varies linearly with depth. Along the upper surface
where z = s, 0., = pgf/2 and is positive, and along the lower surface, where z = b, 0,, = —p(1 —
p/po)gh/2, and is negative.

The pressure is given by

1
P=Tzz —0zz = _ipgf + (8 - Z)pg

Note that the pressure is not hydrostatic.
We write the transverse stress component as

Oyy =Tyy =P = Tyy + 02z — Tzz.
The plane strain conditions implies 7,, = 0 and incompressibility 7., = —7,,, hence

Oyy = Ozz + Tgg = (z—8)pg + pgf/4.
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11.4 Shear stress

The shear stress 7., is a first-order quantity (but its vertical derivative enters the equilibrium equations
at zeroth order). From
8:cha: + azazz =0.

we find )
6zo'wz - _83;wa - 5098£57 (1128)

which shows that o, also varies linearly with depth and that
1
Tez = ipg 08 2+ K, (11.29)

where K is an integration constant.
The boundary condition at the upper surface (z = s) is

Tez(2 = 8) = 04z(2 = 8) Ops
giving
Tez(2=8) = %pgs@ws. (11.30)
using (11.27). Similarly the boundary condition at z = b gives,
Toz(2 = b) = pgh 9zb 4 042(2 = b)0,b,
= pgh 0,b + %pgf 02b — pgh 0;b,
- %pgf 0., (11.31)

From Eq. (11.30) we find can now determine K in (11.29) and find
1

It remains to be seen if this expression is consistent with the other boundary condition (11.31) at the
lower surface. Inserting z = b into (11.32) gives

1
Using the floating condition one can show that
Oz8(b—8) =0,b(s—9),

and therefore that (11.32) fulfils the lower boundary condition also.

From (11.32) we see that o,,/7,, is O(d) as expected. In contrast to the other stress terms listed
above, the shear stress 7, is a first-order quantity.

Summarising, the stress tensor in an ice shelf where all transverse gradients are zero (9/0y = 0) and
S =0, is given by

s/2—z 0 —120,s
o= —pg 0 3s/4— 2 0 , (11.34)
—129,s 0 s—z

2
and the pressure by
p=pyg(3s/4—z),

and deviatoric stress tensor

T=0+1p,
is
s/4 0 1z0,s
T = pg 0 0 0 . (11.35)
120,5 0 —s/4
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Figure 11.1: Left: Stresses within a one-dimensional ice shelf. Horizontal Cauchy stresses are positive at
the surface and negative below z = d/2 where d is the is ice shelf draft. Horizontal and vertical deviatoric
stresses are independent of depth, and horizontal deviatoric stresses positive while vertical deviatoric
stresses are negative. Parameters: p = 910kgm™3, p, = 1030kgm—2, » = 100 m.

Note that the sign of the horizontal stress components (o,, and o,,) changes with depth. At the
surface (z = s) horizontal stresses are positive, at the base (z = b) they are negative. The longitudinal
horizontal stresses (0,,) are only positive (extensional stresses ) for z > s/2 (see Fig. 11.1).

The stresses in the shelf given by Eq. (11.34) are valid everywhere within the ice shelf, in particular the
stresses in the ice shelf at the grounding line are also given by Eq. (11.34). As is evident from Eq. (11.34)
the stresses, and therefore also the strain rates, are at each location functions of local surface slope and
local ice thickness only.

Note that it has here been assumed that S = 0, in which case s = f, so one could replace s with the
freeboard (f) in the above expressions for the stresses.

The ocean pressure, p, is

Po = po(S — 2)
for z < S, and therefore
Ozz + Do = pg(5/2 - Z) + poz

for S =0. For z = —%pih the sum of horizontal stresses and ocean pressure is zero (Fig. 11.1).

11.5 Steady-state geometry of a 1HD plane-strain ice shelf

We will now derive an analytical expressions for steady-state geometry and the velocity of a 1HD plane-
strain ice shelf. The surface mass-balance is assumed to be constant. This surface mass balance (a)
can be thought of as the sum of the mass fluxes along the upper (as) and the lower surface (ay), i-e.
a=as + ap.
From Eq. (11.26) we have
Ozu = A(ogh/4)". (11.36)

In a steady state, mass continuity requires
0z (uh) = a, (11.37)

where we have used that the ice flux ¢ is ¢ = uh. Assuming constant accumulation rate we can integrate
Eq. (11.37) giving
u(z)h(z) — g = alz — zg) (11.38)

where x4 is the grounding line position, and g4 = g(x4) is the flux at the grounding line. We define the
origin of the x coordinates so that x4 = 0.
We also have from Eq. (11.37)
hOzu+ udzh =a (11.39)
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Figure 11.2: Analytical ice shelf profile. The left hand figure is for an accumulation of @ = 0.3ma™?!,

while the figure on the right was made for @ = —1ma~!. All other parameters are the same in both
cases. Parameters: A = 1.14 x 107 8kPa—3a™!, n = 3, hy = 2000m, uy = 300ma~?, p = 910kgm 3,

po = 1030kg m—3. The value for A corresponds to an ice temperature of about -10 degrees Celsius.

Replacing v in (11.39) using (11.38) and inserting (11.36) for d,u, gives

Ah (ogh/N)" + ((ax + qg1)/h)0zh = a, (11.40)
which we write as
Yh" T2 4 (ax + qg1)d.h = ah, (11.41)
with
v = Aleg/4)" , (11.42)
where
0= p(1—p/po) - (1.34)
Separating variables
dh dx

= 11.43
ah —~yh"+2  ax+qg’ ( )

integrating both sides and simplifying gives

1 K —1/(n+1)
B = (a <7 + (4ot + az) 1 ax)w)) ) (11.44)

where K is an integration constant.
We determine K by specifying the thickness at the grounding line, i.e.

h(l'gl = 0) = hgl;

and using gy = hgug which gives
K =gy (a/npt = 7). (11.45)

The solution is shown in Fig. 11.2. Possibly the most striking aspect of the solution is how quickly the
thickness decreases downstream from the grounding line.
Now that the ice geometry has been determined, the ice velocity can be calculated directly from

u= (az + qq)/h.

or

K n+1 1/(n+1)
u(z) = ( 7 (g1 + a) ) (11.46)

a

For a > 0, the ice shelf is infinitely long and approaches asymptotically the thickness h(z — +o0) =
(a/y)"+ . For a < 0, the ice shelf has a finite length I given by | = —g,/a.
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Figure 11.3: Steady-state ice shelf thickness as a function of englacial temperature and surface accumu-
lation. Parameters: n =3, p = 910kgm 3, p, = 1030kg m 3.

The special case a = 0 is not covered by the above equations. One finds that for a = 0 the thickness
distribution is given by
h= (h;l(nﬂ) +y(n+ D)z /gqq) "1/ HD, (11.47)

The above solution describes an ice shelf, with a given ice thickness A = hg at the grounding line, that
spreads out in 1HD without any addition or removal of mass. In the limit £ — +oco the ice thickness is
7€r0.

Note that in the above analysis we fixed the flux at the grounding line to g4. We then determined
the ice geometry and velocities down-stream of the grounding line. We are here not in a position to
calculate the flux at the grounding line for a given ice thickness (or as a function of any other aspects
of the ice geometry that might affect the flux). For a given ice thickness h = hg, and a given ocean
bathymetry (B(z)), we can however always determine possible positions of the grounding line from the
floating condition ph = p,H, where H = S — B with S the ocean surface and B the ocean bed.

Also note that there are two further possible solutions to the differential equation (11.41). There is
the (trivial) solution 7 = 0 and also the somewhat more interesting solution i = (a/v)/*+. For a < 0
this solution can be discarded (possible negative or complex valued thickness). However, if a > 0 this
solution represents an ice shelf with a constant ice thickness that is regenerated through snow fall at the
same rate that it spreads out. The ice thickness of such a steady-state ice shelf is shown in Fig. 11.3 as
a function of temperature and surface mass balance.

Another interesting fact is that the ice shelf thickness can increase with distance downstream from
the grounding line. This happens whenever

hat < (/)04
This can be seen from an inspection of the solution shown above, or by writing
uh = ax + qq1,
differentiating and inserting Eq. (11.26), giving
udzh + hA(pgh/4)" = a,
and then using u = (ax + ¢4)/h and solving for d,h to arrive at
a—yh"t!
(az + qqi) /b’
showing that d,h is positive for h < (a/7)Y/ (1)

Ozh =
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11.6 Side-drag dominated ice shelf

We are here interested in the limiting case when all the driving stress is balanced by side drag alone,
i.e. the term 0, (h7;,) now dropped. This is the opposite limit to the one we considered above where
Oy (h7yy) was the dominating term and was 9, (h7,,) was ignored.

The shallow-ice stream (SSTREAM/SSA /Shelfy) equations are

Oz (W(2T3z + Tyy)) + Oy(hTay) — tow = pghOys (11.48)
Oy (h(27yy + Tax)) + Ou(hTay) — toy = pghOys (11.49)

Over the floating section t, = ¢y, = 0. We assume

€yy = Tyy = 0,
OyTez =0,
Oys = Oyh =0,

and ignore longitudinal stretching in the momentum balance, hence Eqgs. (11.48) and (11.49) become

9y(h7ay) = 0gh0zh, (11.50)
0, (h7sy) = 0. (11.51)

We integrate (11.50) with respect to y from the centre-line y = 0 to the left-hand margin y = w,
where the total width of the ice shelf is 2w, i.e.

Tm = —0gw0zh,

where we 7, is a (positive) shear stress at the margin, i.e. 7,,, = —7,,(y = w), and we have used that
Toy(y = 0) = 0. We consider the plastic case when 7, is a yield stress and independent of ice velocity.
This simplification allows us to calculate the ice thickness directly as

Tm

h=h.— —(x—x.),
ng( )

where h. is the ice thickness at the calving front = = x.. The ice thickness is now a linear function of
distance x. For a given location, z., of the calving front, the grounding line will simply be located where
the ice draft reaches the ocean floor. In this particular case the mass balance upstream of the grounding
line has no impact on the position of the grounding line.

Eq. (11.51) remains correct if evaluated along the centre line where 7., = 0. However, it is unclear if
and how this equation can be consistent with the assumption of constant side shear stress and variable
ice thickness. But if the ice behaves, as we assume, as a plastic material, then this poses no problem.

Similar to the case where a plastic formulation for basal sliding is used, the geometry is determined
directly from the yield stress.! The steady-state velocity can then be calculated from the ice thickness
distribution using

hozu + u0dzh = 0,

giving
A= (x—x.)) Ou—u=0,
where 5
)\ = Qgwite
Tm

The length scale A is ggh. /T, times the half-width, w, of the ice shelf. I'm guessing a reasonable estimate
is O(gghc/Tm) = 1 so A might be similar to the width.

1For a plastic symmetrical ice sheet on a flat bed
pghdzh =T
where 7, is here the basal yield stress and therefore 9,h? = %}b and hence

h? =2z — x|
Pg
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Chapter 12

Simple 1d solutions for an ice-stream

12.1 Problem definition:

Uniform ice thickness h on a constant sloping bed with slope «. The calving front position is at = = [.
The calving front can be either grounded or floating, and 0 < d < ph/p,.

40, (hndzu) — 5% u = pghdys
with

1
n= 5Afl/n |aru|(17n)/n

B2 = fu) T

Boundary conditions:
u=Cpgha at z=0 (12.1)

1 2 2
_ 12.2
T = 4hg(ph pod?) at x =1 ( )

Boundary condition (12.2) can also be written as

o (9(ph? = ped®)\"
8xu|x=l = A <4h

The non-linear case is

—1/n
M(&Uu)l”“1 A% u— C7YVmyt/™ = —pgha

which I’'m not sure if can be solved. However the linear case
AT
2 2
(9mu — k*u = _ﬁ’
has the general solution
uw=c1e" + coe™F 4 Cr,

with
s A
2hC’
and
T = pgha

BCs (12.1) and (12.2) give
ci+e+Cr=Ct
clk:ekl — czke_kl =K

where

g(ph® — pod®)
K=A">~— "~
4h
Hence
O+ K sinh kx
uw=Cr+ —--—.
k cosh kl

227
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12.1.1 One dimensional uniformly inclined slab with periodic BCs

40, (hndu) — B2 u = pghdy,s
u(0) = u(l)
0, u(0) = Oz u(l)

4h(0,m Opu + 102 u) — B2 u = pghdys
u, = B 2pgh d,s (particular solution)
up, = Cre*® — Ce ik (homogeneous solution)
2
L
nh
For a periodic solution we find C; = C5 = 0. So no dependency of the solution on 7!

12.1.2 Two dimensional uniformly inclined slab with periodic BCs

Oz (4hndyu + 2hn0yv) + 0y (hn(0v + dyu)) — B2 u = —pgsin a, (1.21)
0y (4hndyv + 2hnd,u) + 0, (hn(Oyu + 9,v)) — B2v =0. (1.22)

u=ug(y) + eur(z,y)
v = evy(z,y)
h=h
n=mno+en(z,y)
w(—W) =u(+W) =0
Jyu=0 at y=0

B = efi
Zeroth-order:
hnoagyuo = —pghsina (12.3)
vg =0 (12.4)
First order
O (4eng Oy + 2en90yv1) + 0y ((en00zv1) + (€n1dyuo + enodyuy)) — e uy =0 (12.5)

9y (4n0yv + 200, u) + 9, (n(dyu + 9,v)) — BZv =0 (12.6)



Chapter 13

Grounding-line dynamics

13.1 Ice-Shelf Buttressing

Ice-shelf buttressing is defined as the mechanical impact of the ice shelf on the stress at the grounding
line beyond that provided by the ocean. If the vertically integrated horizontal stress state is unaffected
by the ice shelf — i.e. if removing the ice shelf does not affect the state of stress at the grounding line —
the ice-shelf provides no buttressing.

It is sometimes convenient to define a buttressing parameter 0 as

0=+ N
§Qgh
where
N =nl, - (Rf.y) (13.1)
and
0=p(1—p/po), (1.34)

and where 7., is a normal vector pointing horizontally outwards from the grounding line. Buttressing is
the difference between the normal stress at the grounding line with and without an ice shelf.
In the particular case of a floating ice shelf, the field equations Eq. (1.27) can be written as

1

Using the divergence theorem we find
. 1 .
(R-Tigy — iggph Tgy)dl =0 (13.2)

The integrand is identical to the (point wise) expression of the force balance (1.214) at the calving front
of a freely floating ice shelf. We can split this path integral into a 1) section along the grounding line,
2) section along the margins, and 3) section along the calving front. If the margins do not contribute,
the contribution along the grounding line is equal to that of the calving front. Hence, unbuttressed
uniformly-wide ice shelves are passive and don’t provide any buttressing.

From Eq. (13.2) if follows that § = 1 implies no ice-shelf buttressing. This can be taken a bit further
by defining normal and tangential buttressing numbers, but the principle is the same.

13.2 Kinematic expression for GL migration
At the grounding line we have the flotation condition
phgt = poHyi,

that is
hgi = hy ,
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b(x), B(x)

Figure 13.1: Geometrical variables: Glacier surface (s), glacier bed (b), ocean surface (5), ocean floor
(B), glacier thickness (h = s — b)), ocean depth (H = S — B), glacier draft (d = S —b), glacier freeboard
(f=5-9).

where the (maximum) flotation thickness hy is

Po
hf:=—H .
T
At any given time ¢, this condition must always be fulfilled at the grounding line. Note that H = S—B,
and therefore h, are independent of time, whereas h = s — b is a function of time and space, i.e.
h = h(z,t),
hy=h(z) .

Imagine a situation where neither the bedrock, B, or the ocean surface S vary with time. The flotation
ice thickness, hy, is then independent of z, and the grounding line position is located where

Mz =zg,t) =hy,

is fulfilled.
If ice thickness now changes over the time interval At, the grounding line must migrate by a distance
Axg such that the flotation condition is again fulfilled, that is

hy =h(x =g+ Azg,t + At)
= h(z = 24,t) + Och Az g + Oh At + O3

or
Oph Azg + Oih At =0
hence,
. Oih
Tgl = _ﬂ .

As expected, if ice thickness decreases with distance z, that is d,h < 0, the grounding line with advance
for 0;h > 0.
More generally, if we now allow h; to be a function of z, we solve for the shift in the grounding line
position, Az, following a change in the ice thickness profile over the time interval At, as follows
hilx =x4) =h(z =24,t =1)
hi(x =zq + Azxg) = h(z = xg + Azg, t =to + At)

Taylor expansion gives

hf+ 0phy Axg + O = h+ 9,h Axg + 0sh At + O?
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evaluated at * = x4 and t = to. As as

hp(zg) = hy(zgisto)

we have
ath Al'gl = 0.h Aﬂfgl + 0:h At
and therefore arrive at
Och

5.ty —h) (133)

g =
in the limit At — 0.

Eq.(13.3) is a kinematic relationship, and we refer to this equation (13.3) as the kinematic grounding-
line equation. It contains no additional physics other than the observation that ice thickness at the
grounding line is not an explicit function of time. Here this arises because the ice thickness of the
grounding line is always given by the flotation condition and is therefore at any location simply a function
of the ocean depth H and the density ratio p;/p, which both do not depend on time.! The kinematic
grounding-line equation (13.3) shows how the grounding line migration rate (&) relates geometrically
to temporal thickness changes at the grounding line (9;h) and how closely the thickness profile gradient
follows the gradient in flotation thickness. If the ice thickness upstream of the grounding line follows the
flotation profile hy(z) closely, a given change in thickens with time requires a large shift in grounding line
position to arrive at a new location where flotation is again reached.

At the grounding line hy — h = 0, and with increasing distance directly downstream of the grounding
line hy — h must increase, and hence 0,(hy — h) > 0. Therefore the grounding line must advance, i.e.
Zg > 0, whenever 9;h > 0 .

One possible issue with using (13.3) might arise if the gradient in thickness (0,h) were discontinuous
across the grounding line. However, the boundary conditions dictate that 0,u approaches the same value
at the grounding line from both upstream and downstream directions. Furthermore, if A is continuous
across the grounding line, then mass conservation dictates that 0,h is also continuous. So under these
conditions using (13.3) is justified. As most numerical models do not use the kinematic grounding-line
equation (13.3) directly, it can be used to check the internal consistency of calculated grounding-line
migration rates and rates of thickness change for a given bedrock geometry. If modelled grounding-line
migration is not equal or at least very similar to that predicted by (13.3), then clearly something went
wrong somewhere.

Eq. (13.3) has been derived repeatedly in the glaciological literature. The earliest derivation I'm

aware of is by ( ), see his equation (4). In there he makes reference to some earlier work
of his ( ) ) where the formula was also derived (but the source is not easily accessible), and
also gives references to further derivations by other authors. The equation was also used by Sam Pegler
(which paper?) and ( ) used it, they state, to test calving laws for Greenland outlet
glaciers.

13.3 Geometrical grounding-line migration

Changing the sea level (5) causes a shift in the position of the grounding line. This shift is only related to
geometrical factors such as ice thickness (h = s—b) and ocean depth bedrock (H = S— B). To distinguish
this shift in grounding-line position from ice-dynamical effects, we refer to this shift as at ‘geometrical
grounding-line migration’. This horizontal shift in grounding line position due to time dependent changes
in the height of the ocean surface can be determined as follows.

Ocean height (S) changes with time as

S(t) = S + AS(1),

INote that the argument leading to the kinematic grounding-line equation (13.3) does not depend on hy begin

hy=poH/p.
If, for example, we had instead
hy =rxkH
where k > 1 is some number, then we we still arrive at
. Oth
T Bu(hy —h)

but now hy has a different physical interpretation.
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Figure 13.2: Example of grounding line migration in response to tidal forcing using the hydrostatic
assumption. The curves were calculated using the flow model Ua which is a vertically integrated flow
model that calculates grounding line positions using the hydrostatic assumption. The blue curve was
calculated for a constant surface slope of ds/dx = —0.001 and red curve for a constant thickness gradient
of dh/dx = —0.001. In both cases the bedrock gradient as dB/dx = —0.01. The tidal amplitude was 2
m and the tidal period 1 day. To suppress the effects of ice flow, the flow parameters were set to values
that made the ice effectively rigid and basal sliding was enforced to be close to zero. The dashed lines
show the upper and lower extent of horizontal grounding-line migration as calculated by Eq. (13.5).

but not spatially ( i.e. 9,5(t) = 8,5 = 9,AS = 0)
For § = S the grounding line is at * = x4 and

p (s(eg) = bxg)) = polS — Bleg): (13.4)

For a given perturbation, AS, in ocean height, the grounding line moves by some distance AL in
either up or down-stream direction. At this new grounding line position the floating condition must
again hold, and we have

p(s(zg + AL) — b(wg + AL)) = po(S + AS — B(zg + AL))

or
p(s(zg) + 0y SAL — b(zg1) — O,bAL) = po(S + AS — B(zg) — 0, BAL))

(For notational simplicity we have not indicated in the above equation that the derivatives are to be
evaluated on both sides of the grounding line and that they are in fact distinct directional derivatives in
the up and down-stream directions.) Using (13.4) gives

(05 — Dub)AL = po(AS — 8, BAL))

or

PoAS
p(axSJr/i - 3£b+/*) + poaxBJr/i

Eq. (13.5) is valid even if the derivatives are not constant across the location of grounding line (z4) at
mean tide (AS = 0). We have indicated this by adding the superscript +/—. Here AS is positive for a
high tide, and negative for a low tide. At low tide the gradients downstream of x, are to be used (minus
sign), and at high tide the gradients upstream of x4 (positive sign).

If 0, B is the same on both sides of the x4, then it follows from (13.5) that the shifts in grounding
line position at high and low tides are only equal in magnitude provided 0,h is the same on both sides
of x = x4 as well. In other words, for a constant bed slope, a tidally-induced grounding line migration is

ALY/~ = (13.5)
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symmetrical if, and only if, the thickness gradient does not change across the grounding line. Conversely,
if the thickness gradients are not equal on both sides of the grounding line, the grounding line movement
will always be asymmetric with respect to the tidal cycle. In the particular case when the ice thickness
is constant (and d,h = 0) the (horizontal) grounding-line migration is symmetrical with respect to the
tide.

Such an asymmetrical grounding line migration takes place if, for example, the upper surface gradient
(Oxs) is constant across the grounding line. In that case the thickness gradient cannot be equal on both
sides of x = x4 as well. There is then a break in thickness gradient at x = x4 given by

5 h = Ozht = 0,5 — 0, B for z < zg
T 0ehT = 8us/(1 = p/po) for x> xg

(There is no need to use the superscripts +/— with d,s and 9, B in the above equation because here we
are assuming that those derivatives are continuous across the grounding line.) When this expression for
the break in thickness gradient is inserted in (13.5) we find that the migration distance AL~ at a low
tide (when S = S — AL), is given by

AS

/Po ’
1fp’;po 0.5+ 0. B

AL =—

and at a high tide by
AL+ — AS/(1 = p/po)

p/pPo ’
T=p/0n Ops+ 0B

and that

AL™| = (1= p/po)|AL*].
In the case of a constant surface gradient, the upstream grounding-line shift at high tide is therefore
about 9 times as large as the downstream shift at low tide.

In general we expect neither the thickness nor the surface gradient to be constant across the grounding
line. Since the migration is only symmetrical in the particular case of a constant thickness gradient across
the grounding line, we expect an asymmetrical grounding line migration in response to tides to be the
general rule rather than an exception.

An example of transient hydrostatic grounding-line migration in response to tides is shown in Fig. 13.2.
The migration was calculated using the flow model Ua. This model, as do most commonly used flow
model in glaciology, assumes that the grounding line is always exactly where the hydrostatic floating
condition ph = p,(S — b) is met. The modelled grounding line displacements are in a good agreement
with those calculated using Eq. (13.5). For example, in the case of constant surface slope the modelled
values are AL~ = 105 m and ALT = —1013 while those based on Eq. (13.5) are AL~ = 109 m and
ALT = —1020. These differences of a few meters are considerably smaller than the spatial dimension of
85 m of the smallest element of the mesh used in this particular run by the FE-model Ua.

13.4 Flux at the grounding line
Upstream from the grounding line
20, (hA—l/n 19|t/ 8xu> — OV MY = pgh s (13.6)
In terms of stresses this equation can also be written as
205 (hTyz) — tow = pghOys (13.7)
Boundary conditions at the grounding line where x = x4 are

Ozu = A(ogh/4)" (13.8)
h = p,H/p. (13.9)

Note that boundary condition (13.8) can be rearranged as

1
2A™Y ™ (9pu)" = iggh
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If we insert the above expression into (13.6), assuming d,u > 0, we arrive at
1 2
nga:vh — tpe = pghaws .

If we now assume that 0, s ~ J,.h upstream of the grounding line, for example by setting s = B + h with
0, B =0 for x < x4, we obtain

(5 000h%) — 1] = [£ podsh? (13.10)

where the brackets are used to indicate that we are here simply comparing sizes of terms, and where we
have written hd,h = $0,h?

Since o =~ p/10 is it clear that the first term on the left-hand side of (13.10) is small compared to the
right-hand side, and that the right-hand side must therefore be approximately balanced by the second
term on the left-hand side of (13.10), i.e.

[tee] = [*%pgﬁxhzk (13.11)

Note that the key assumption here is that d,s ~ J0,h for © < 4.
Downstream of the grounding line, flotation implies that d,s = d.h/p (see Eq. 1.193) and if, for
example, 0,8 ~ p0;h/p, upstream of the grounding line we instead of (13.10) arrive at

%Qghz] — [toa] = [%@gazhz] (13.12)

and clearly now it is the first term on the left-hand side that balances the right-hand side.
We will now derive an approximation for the flux at the grounding line as a function of (local) ice
thickness, and start by making the assumption that 0,s ~ 0,h in which case as we have seen

toe & —pghOys,

i.e. that the second term on the left-hand sides of (13.6) and (13.7) is now approximately balanced by
their respective right-hand sides. Hence, using Weertman sliding law we have

u = C(—pghd,h)™, (13.13)

where we have anticipated that d,h will be strictly negative.
In a steady state

0z (uh) = a, (13.14)
which allows us to write
Ozh = (a — ho,u) /u. (13.15)
Inserting the boundary condition (13.8) into (13.15) gives
0zh = (a — hA(ogh/N)"™) /u, (13.16)

and then inserting (13.16) into (13.13) and assuming that a < hA(ggh/4)" gives
u = C (pghhA (pgégh/4)" Ju)™ . (13.17)

or
um+1 _ 47nm CAm(gp)m+nm6nm hnm+2m,

where ¢ is defined as
6:=1-p/po
The ice flux ¢ = uh at the grounding line is therefore
—nm m m+nm nmy 1/(m+1 nm+3m m
g= (47" C AT (gp) ™™ (1 pfpo)™™) Y plrmetme ) /Gnt1) (13.18)

where? h is the thickness at the grounding line, i.e.

h = hg = poH/p.

2For q = puh and keeping the 6 term we have

s o\ (1m)
q=p(4 Y™ A(pg)" (1 = p/po) )

9nm/(1+m) h(nm+3m+1)/(1+m)
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The relationship between flux relationship (13.18) is identical to that of Schoof’s ‘B’ model. We arrived
at this flux relationship by assuming that velocity at the grounding line follows from SIA, and that d,u
at the grounding line is given by the boundary condition (13.8) for horizontal strain rates. In addition
we assumed steady-state conditions and that a < hd, u.

Note that, as Eq. (13.17) shows, it is possible to express the velocity at the grounding line as a function
of the ice thickness h alone, i.e. without any reference to the surface slope 0,h. This is possible because
the surface slope at the grounding line is related to thickness through Eq. (13.16). We were able to use
the boundary condition (13.8), the mass conservation equation (13.14), and the simplified momentum
equation (13.13) to arrive at Eq. (13.17), giving velocity at the grounding-line as a function of thickness
alone. To see this more clearly, inserting (13.13) and (13.8) into

wOph +ho,u=0

gives
C(pghO,h)™0.h 4 h A(ogh/4)" =0

or

ny\ 1/(m+1)
Ouh = — (hA(Qgh/4) )

C(pgh)™
1 A Yt n—m)/(m n/(m ntl-m
=g (B) ) (1 e

showing how the surface slope at the grounding line depends on ice thickness.

13.5 Balance between terms on both side of the grounding line

(What follows is basically a slightly different framing of the argument in section 13.4 used to show that the
basal shear traction will balance the driving stress upstream of the grounding line, provided 0,s ~ 9,h.)
Field equation and boundary condition at the grounding line written in terms of velocity are

247770, (hl|ul @™ Opu) = H(h = hg) O™ | U™ w = pgho,s (13.19)
_ 1

247 Y"n ||3zu||(1 s Ozu = 599 h? at x= Tgl (13.20)

h=hy at =g (13.21)

where H is the Heaviside step function, and where

hf = PoH//)

and where o = p(1 — p/po)-
Inserting (13.20) into (13.19) and assuming that over the grounded area |0, s| > |9,b|, and therefore
that 9,h = 9,5 — 0,b ~ 0,5, we arrive at

1 _
5090s (h?) = H(h— hy) CY™ ul| ™My = pghdh

or

1 Cm )/ 1
5090:h” —H(h—hy) O™ [l T 0 = 2 pgd

which immediately shows that the first term on the left hand side is o/p = p(1—p/po))/p = (1—p/po) = 0.1
the size of the right-hand side.

Downstream of the grounding line s = (1 — p,/p)h and therefore 9,5 = 60,b ~ 0.19,b, or J,s K O,h
and this reversal of the relative sizes of the upper and lower slopes ensures that we now also have the
right balance downstream of the grounding line, where the first term on the left-hand side now equals
the right-hand side.



236 CHAPTER 13. GROUNDING-LINE DYNAMICS

13.6 GL scalings (Schoof)

Field equations written in terms of velocity and stresses, respectively, are
247179, (h [[0gul| /" azu) —H(h— hy) ™™ u| ™y = pghd,s (13.1)
20, (h7az) — 75 = pgh0ys (13.2)

where H is the Heaviside step function. Boundary conditions at x = x4 are

_ 1
2A Y71 | 0gu)| T Opu = 5091’ (13.3)
h = hf (13.4)

where
hy=poH/p
and where 9 = p(1 — p/p,). The above model is only valid for [2]/[z] < 1 and ugq/up < 1, where ug is
the deformational velocity and w; the sliding velocity.
Scalings: With [u] and [z] as scales for the horizontal velocity and the span of the ice sheet, the
kinematic boundary condition suggests

=[a] and [t]=—

We set a scale for C' by writing
[u]'/™ /[C]V™ = pgl2][2]/[2]

i.e. we balance basal shear stress with the driving stress. We introduce

e _ ATV (/[

13.5
Tus 2pg]z] (139
and will consider the case ¢ < 1, and we also define
§=1-p/po (13.6)
where § ~ 0.1.
Inserting these scalings into field equation (13.1) and the boundary condition (13.3) gives
4e O, (h [0/ azu> — | = hos for @ < g (13.7)
—n)/n oh
105l F ™™ Gpu = 5 b T=ag (13.8)
€
Summarising the scaled momentum equations are
4€8, (h 8yl /" amu) |y = hOys for @ < @y (13.9)
_ Sh
10l T ™™ Gpu = 5 At r=og (13.10)
€

Now we consider the scaled momentum equation (13.7) in the vicinity of the grounding line. As we
approach  — x4 from the upstream side we expect the first term on the left-hand side of (13.7) to be
given by (13.8). Inserting (13.8) into (13.7) gives

§hogh — ul| ™™y = hoys, (13.11)

all quantities evaluated at the grounding line.
Now consider the right-hand side of the above equation We always have

Ops = Oy (h +b),

Upstream of the grounding line we do not expect 9,0 to be related (at least not in some simple way) to
O.h. Consider the case 9,b = 0 while d,.h takes some finite value, then equation (13.2) is

§ hdgh — ||ul| "™/ ™y = hoh, (13.12)
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Figure 13.3: Ice flux at a grounding line (red) from Eq. (13.18), and integrated surface mass bal-
ance upstream from the grounding line (cyan), for a given bedrock profile (black). Here A =
1.146 x 1078kPa2a ', n=3, m=3,and C = 0.8 x 1073kPa ®ma!

and since § < 1 (in fact 6 =~ 0.1) the second term on the left-hand side approximately balances the
right-hand side. We therefore have an approximate balance between basal stress and driving stress.

In physical terms the situation down-stream of the grounding line is clear. There the first term on
the left-hand side must balance the term on the right hand side. Here our formulation gives the right
balance because since 9,b and 0, h are related by the floating condition

0z = 0z (h+b) = 05(h — (L — p/po)h) = 6 Ozh,

and when inserted into )
55 Oz (hh) = 6 hdh, (13.13)

we arrive, which is the right balance.
Summarising, if A and b are related through the floating condition, the balance is always between the
first lhs term and the rhs, but the balance is between the second rhs term and the lhs if

10,b] < |81

In the particular case 0,b = 0 the balance is always between the basal shear stress term and the driving
stress.

13.7 Grounding-line instability
For a steady state with the grounding line located at x = x4, mass conservation requires
Y Tg1 +q(zg) =0

where we have assumed that the ice divide is at x = 0 and the surface mass balance is v. We assume
the surface mass balance is spatially constant and positive, i.e. v > 0. Clearly if v < 0, no ice sheet is
possible.
Perturb x4 by Ax
Ty = T + Az
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If
v Az — 0,q Az < 0

then more ice flows across the grounding line than is added over the new surface Az upstream of the
grounding line. The volume of the (grounded) ice sheet must decrease with time and the grounding line
must retreat towards the original steady state. (Note that the derivative of ¢ with respect to x is the
derivative of ¢ following the grounding-line position.)
Hence, if
0pq >y

then the grounding line is stable, but

@ _ 0qg) Ohg
- ahgl ox
_ 9qg1 po 0(Sg1 — Bg1)
N Ohgl p ox
Po anl aBgl

p Ohg Ox

ox r—gl

For a prograde bed, d,B < 0, and therefore we must have 0,q > 0 for the grounding line to be stable.
Conversely, for a retrograde bed where 0, B > 0 we must have 0,¢ < 0 for the grounding line to be stable.



Chapter 14

Subglacial hydrology

Basal water pressure p,, is expressed as
Pw =pi — N = pigh — N (14.1)

where N is the effective water pressure. The argument for introducing the effective water pressure,
N, is that we expect the water pressure to be similar to the overburden pressure, p;gh and therefore
|N| < pigh. If the water pressure is less than the overburden pressure of the ice N is positive, and N = 0
when those are equal.

The basal hydraulic potential is defined as

¢ = pwgb + puw (hydraulic potential) (14.2)

The literature of subsurface hydrology often uses instead of the hydraulic potential, the concept of
hydraulic head, h,, defined as

hy = - (hydraulic head) (14.3)
o
Inserting 14.1 into (14.2)
¢ = pwgb+ puw
= pwgb+ pigh — N
= puwgb+pig(s —b) = N
or
¢ = (pw — pi)gb+ pigs — N (14.4)
or
p=b—N (14.5)
where
D := (pw — pi)gb + pigs , (14.6)
and thus
Vo = (pw — pi)gVb+ pigVs — VN (14.7)

showing that, provided VN = 0, that surface slope is about 10 times more important than bed slope.
In the case of a stagnant water mass, i.e. subglacial lake, for which V¢ = 0, and ice at or above
flotation, i.e. N = 0, the upper and lower glacier surface slopes are related as

(pw — pi)Vb = —p;gVs .
Various approaches to the modelling of subglacial hydrology have been explored. At one end one can

use traditional equations of groundwater flow in a confined layer. Another approach is to consider water
flow in a thin basal layer of variable thickness.

239
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14.1 Traditional groundwater theory

For a groundwater flow within a layer, the vertically integrated conservation equation of water reads

S,
oo+ V- (qu) = ay - 14.8
0 X (quw) (14.8)

The first-term on the left-hand side represents a specific water storage term that is related to the com-
pressibility of the solid phase and its porosity. The dimensionless coefficient, S, is the storativity, or the
storage coefficient. The source term, a,,, has the units distance per time. Note that here a,, is in the SI
units m/s, and g, has the units m?/s.

In terms of the hydraulic head

hy = - (hydraulic head) (14.3)
Pwg
the Eq. (14.8) reads
Suwdihy + V- (qu) = au - (14.9)

Assuming a linear Darcy flow law where the horizontal water flux in a confined channel with the
thickness h.,,, is given as

qw = —khyVo
= —kpuwghyVhy

where k is the hydraulic conductivity. Since a,, is in the SI units m/s, q,, the units m?/s, and h, the

units m, k here has the SI units
m 1

=2 e
s [puw]lg]
Typically, the hydraulic conductivity & is expressed in the SI units m/s, so we will need to divide values

expressed in such units by p,g.!
The groundwater equation becomes

Sw
2U 06—V - (khoy V) = ay, . (14.10)
Py
or
Suwdihy — pugV - (khoVhy) = ay, . (14.11)

If we have a confined aquifer, then h,, is constant and does not evolve, that is
hy = fixed (confined aquifer) .

Our unknown is then the hydraulic pressure head, h,. Alternatively, we can envision a situation of an
unconfined channel where the hydraulic head is the upper boundary itself.

hw = hp (unconfined aquifer) .
Unconfined aquifers are also referred to as phreatic aquifers. For a phreatic aquifer therefore have
SwOthy — pwgV - (khyVhy) = ay (14.12)
and )
quw = —kpwghyVhy, = —§k;pwthfu (14.13)

again using the linear Darcy law.
The source term, a,,, includes local water sources and leakage rates from above and below the layer.
For confined aquifers we can define
K :=khy, (14.14)

where K is the transmissivity tensor of the layer, which will depend on the thickness of the layer, for
example as K = h,k where h,, is the thickness of the layer, and k is the hydraulic conductivity tensor.
For a fixed layer thickness that does not vary in time, we can however think of K as a constant.

IMost tables of hydraulic conductivity values are effectively incomprehensible to the average human person as they tend
to be provided in the units darcy, which definition involves the unit centipose. Glacier till is supposed to have values ranging
from 10713 to 1072 ms~1/(gpw), s0 it is has been narrowed down to a range covering 11 orders of magnitudes.
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14.1.1 Simple analytical steady-state solution of the groundwater equation

Consider the one-dimensional steady-state problem for a confined aquifer, for which Eq. (14.10) has the
form
0z (khyw0r ) = ayy - (14.15)
In terms of the hydraulic (pressure head), h,, and assuming constant hydraulic conductivity, this can
also be written as
¢

hp == — (hydraulic head) (14.3)
Pwg

or
Pwgkhy (‘ﬁwhp = —Qy

with the boundary conditions

hpy=h at z=1
Ozhpy =0 at z =1

The solution is
Aoy

2
- 2
ki (/2 4+ Cz + C9)

hy(z) =

or
Aw

The solution implies that h,, — 4+00 as * — —oo so clearly this solution can not be used for infinite
aquifers (see also Baer, Hydraulics of Groundwater, 1979).
For a one-dimensional unconfined (phreatic) steady-state aquifer Eq. (14.12) reads where

_ Pugk

5 Oxh? = ay, . (14.16)

and the flux is given by Eq. (14.13), which in one-dimension reads

pwgk
2

quw = *pwgkhwamh - - arhi B

where, again, we have assumed a linear Darcy law. Assuming k is not spatially variable, conservation of
mass then implies, which is same as Eq. (14.12). Integrating both sides of (14.16)

w k
gz () = —%&,hi =aur —Cy, (14.17)

and hence
pwgk b2 () = —apaz? + 2012 + Cy . (14.18)

This is the general solution of h,(z). The constants C; and Cy are then determined by prescribing
suitable boundary conditions.
For the boundary conditions, h,, = h; at x = and 0,h,, =0 at z =

Ozhy =0
= 0,h% =0
— —2a,l+2C1 =0
=— (1 = ayl

and for the BC, that

hy(z=1)=h
pgkth = —ayl® + 2a,0% + Cy
Cy = pwgkhl2 —aypl?.
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Hence

puwgk b2 (x) = —a,2® + 201z + Cy
= —ay,2> + 2ay,lz + pwgkhl2 — ayl?
= —ay(2® — 2aplx + 1%) + pogkh?
= —ay(z = 1)* + pugkhi

And the solution is
(I —z)? 4 h}

The corresponding flux is

quw(x) = —pwjkathu = ay(z—1)

This is a rather odd solution where the flux for z < [ is negative and h2 becomes negative for z — —oo.
However, this is a direct consequence of our prescribed boundary conditions. By setting the flux to zero
at x = [, the water flux must be directed away from x = [ in the negative direction, for a,, > 0. This also
implies that the water-film thickness must decrease in the negative = direction, and eventually become

negative.
Another set of boundary conditions are:

hy=h at z=I
hy=ho at =0

Applying these conditions to
pwgk b2 () = —awaz? + 2012 + Cy .

gives
puwgk h(2) = (s
and

puwgk b} = —a,l* + 2011 + pugkh?

Wik
— 201:plg (h2 — h2) + ayl .

And therefore

Pwgk hi(m) = —apz® + 2012 + Cy

w3k
— a4 (L2 0 13) 4 aut) -+ pught

= —aw(@® —lz) + pugk (h§ + (hf — h§) /1)

and from (14.17)

and we note that ¢,(x = 0) # 0.
Now consider the boundary conditions

qw=0 at x=
hy=h at z=I
Applying these conditions to
puwgk h2 (2) = —awx?® + 201z + Cy

gives

(14.18)

(14.18)
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Figure 14.1: The solution to Eq. (14.19) for h,(z) (black line) and g, (z) (red line) for an unconfined

aquifer. Here hy(x =1) = 1m, a, = lmyr~!, 1 = 100km and k = 1 x 10*myr kg~*.

and

Pwgk hl2 = —aul? + Cy
— Cy = pugkh? + ay,l?

And therefore

Pwgk hi}(x) = —apz® + 2012 + Cy

= —apz’® + pwgkhl2 + ayl?
or
(z) = aw(l® — 2%) + pugkh? (14.19)
and from (14.17)

Gw(x) = agx.
Note that

hywOrhyw = —a,l at =1

and that the slope becomes infinite in the limit where h,,(z = 1) = h; = 0. The thickness is in this limit
zero, but the flux is finite.

We conclude that if our domain is 0 < z < [, and we which to have ¢(x = 0) = 0, this boundary
condition must be prescribed at the upper boundary. Prescribing the thickness at x = 0, will not
provide us with this flux relationship. Also prescribing both the thickness at h,(x = 1) = h; and a
no-flux condition ¢, (z = 1) = 0 results in an unphysical profile with negative (or complex) values for the
thickness.

14.1.2 Possible modifications of the groundwater equation for glacier hydrol-
ogy

There are various reasons why solving Eq. (14.11) my lead to contradictions and conceptual difficulties
when applied to glacier flow. For example one might find that the solution my violate

o(z,y) = puwgb(z,y) + pw(z,y) < puwgb(z,y)

at some locations (z,y). The water pressure has then become negative. Various approaches have been

suggested to address this issue, e.g. ( ).
If we insert Egs. (14.4) and (14.7) into Eq. (14.11) we obtain
Sw
— N —V - (K ((pw — pi)gVb+ pigVs)) =V - (kVN) =m (14.20)

Py
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or

Sw
p—g@tN + V- (KVN)=m+V - (K (pw — pi)gVb+ pigVs)) . (14.21)
In terms of the (constant) water layer thickness we can also write this as
%&N + V. (khyVN) =ay + V- (khy ((pw — pi)gVb+ pigVs)) . (14.22)
or g
p—watN +V - (khyVN) =ay,+ V- (kh,V®) . (14.23)
g
where
® = (py — pi)gb + pigs . (14.6)

This is a linear diffusion equation for N.

Eq. (14.23) requires a boundary condition for ¢, or N, for those to be fully determined. Otherwise
they are only determined within some constant value.

The boundary condition at glacier terminus will be p,, = 0 or

¢ = pwgb (Boundary condition at terminus)
or py, = (S — b)pg at the grounding line, i.e.
® = pwgb+ pwg(S —b) = puwgS (Boundary condition at grounding lines)

where S is the ocean surface elevation. At outflow boundaries we might, however, prefer to use the no-flux
condition
gy - n=—KV¢p-n=0 (No outflow condition)

where n is a unit normal points outwards from the boundary.

When solving (14.22) we might treat s and b as independent of N. However, if N = 0, in which case
the ice is afloat, we will need to adjust s and b accordingly. For the specific case of a floating ice shelf,
where N = 0, the ‘water layer’ is the open ocean and we set S,, = inf and therefore 9; N = 0. Eq. (14.22)
then implies

Vs=-——L"_vb
Pw — Pi
as expected.
We have
b= B+ hy,

although if h,, is on the order of a few millimetres we might simply write b = B.
We solve the transient (14.11) using the § method, whereby

Sw
pg At

(01— o) =(1—=0)(m1 + V- (KVdpy)) +60(ma+ V- (KVe1)) (14.24)
Form the inner products with respect to the basis v,

(1 — o | ¢p> = (1-0)At <m0a¢p> - <KV¢0,V¢p>
+0 At (ma, ) — (KV 1, Vib,)

Su
Py

The finite-element formulation is

N -V - (KV¢) =a

OHN -V - (KV(®—N))=a
(N1 = No,vb) = At(V - (KV(® — N)), 1) = Ata, ¥)
(N1 — No, ¥)) + At (KV(® — N), Vo) = At{a, )

(N1,9) — 0At (KV Ny, Vip) =(No, ¥)
+ At (1 = 0) ({ao, ¥) — (KV®q, Vi) + (KV Ny, V)
+ At9(<alvw> - <qu)1a VW)

The last expression is the FE system in the finite form for Ny, as opposed to an incremental form for
AN;.
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14.2 Basal water flow in a film of variable thickness
If we have substantial water thickness, h,,, where
b= B + hy

we write this as
¢ = pwg(B + hy) + Duw (hydraulic head) (14.25)

where p,, is the (fixed) water pressure at the top of the water layer. We now have
¢ = g(pw — pi) (B + hw) + gpis — N, (14.26)

and thus
Vo = g(pw — pi)VB + gpiVs+ glpw — pi)Vhy — VN (14.27)

We imagine the subglacial water to flow in a film with an effective thickness h,,, for which
ath@ + athw + V- quw = Ay (1428)

The h, terms represents englacial storage, for example a partially filled moulin. For a moulin the englacial
storage could be expressed as
¢ B d)m

Pwd

where A,, is the cross-sectional area of the moulin, and h,, the water level in the moulin.
Water flux in a channel is often described by the empirical Darcy-Weisback law as

he = Ap(hy — hy) = Ap,

qw = —kh|V¢||" 2 Vo (14.29)

This system (14.4), (14.28) and (14.29), contains h and N as unknowns, and to close the system we need
one additional equation, which is provided by an evolutionary law for the water film thickness, h,,. This
could, for example, have the form

Qi = ay — AIN["7IN + ]|v |
Agsuming, for the moment, linear Darcy flow to keep the notation simple, 8 = 2 and a = 1, gives
G = —khy Vo
Inserting into the mass conservation equation, results in
Othy — V- (khyV) =m

And then inserting
V¢ =d+ VN (14.31)

gives
Othy — V - (khyd) — V - (khyy VN) = ay, (14.30)

and the water sheet thickness evolution is
Othy = m — A\N|”’1N + v||vsl|

The gradient of the hydraulic potential contains terms that are only dependent on the ice geometry,
and a term dependent on the effective water pressure N. We write

Vé=d—VN (14.31)

where
d = (pw — pi)gVb+ p;igVs (14.32)

We note that kd can be thought of as the velocity of the water in the channel, i.e.

v, = kd
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Figure 14.2: Total water flux across a closed circular boundary. In steady state the flux across the
boundary must be equal to the total internal water production within the area enclosed by the boundary.
The horizontal dashed line is the analytically calculated correct steady state limit Qiny = 7r2a, =
38.4845km3 /yr
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Figure 14.3: Calculated steady state water flux vectors. The thick black line is the circle used in Fig. 14.2
to calculate the water flux shown. The red line is the grounding line. Across the grounded area a uniform
water flux of a,, = 10 m/yr is prescribed. The radius of the flux gate is 7 = 35km and the total internal
water production within that circle is therefore Qin = mr2a,, = 38.4845km? /yr
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14.3 Simplified hydrological model for routing purposes

We have
athw +V- (qw) = Ay (1433)
where
quw = —khyVo (14.34)
and
¢ = gpwB + gpwhw + Puw
= 9pwB + gpuwhw + gpih — N
= 9puwB + gpuwhw + gpi(s —b) = N
= gpwB + gpuwhw + gpi(s — (B + hy)) = N
= 9(pw — pi) B+ g(pw — pi)hw + gpis — N
or
p=2+T—-N. (14.35)
with
® = (pw — pi)9B + pigs , (14.36)
and
T = g(pw — pi)hw , (14.37)

where we have replaced b with B compared to Eq. (14.6). We find that this formulation results in the
right answer for a floating ice shelf.? The gradient of the potential is

Vo =V ((pw — pi)gB + pigs) + g(pw — pi)Vhw =V N (14.38)
=P =T

=V®+VY VN (14.39)

(14.40)

We have two unknowns, the water layer thickness h,, and the effective water pressure N. For routing
purposes it is common to assume that N = 0. Another approach to close the system is to add some
additional evolutionary equation for h,, where h,, = h,,(N).

With

quw = —hwkVo, (14.34)

and setting
N=0,

2For a floating ice shelf N = 0 and
¢=gpw(B+H).

Thus
pwB + pwhy + pih = /’w(B + H)
= pwhw + pih = pwH
= hy = H — pi/puwh
= hy =S5 — B — p;i/pwh
= hw+ B =5—pi/pwh
= b=5—pi/pwh

which agrees with the flotation relationship Eq. (1.194). We can also check the implications of

quw=V¢=0

for a floating ice shelf, i.e.

V¢ = V(g(pw — pi) B+ g(pw — pi)hw + gpis — N)
= V(g9(pw — pi)(B + hw) + gpis)
= V(g(pw — pi)b+ gpis)
or
Vs = —(pw/pi —1)Vb
and find, as expected, that the basal slope is about 9 times larger and of opposite sign to the surface slope.
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our water mass conservation equation (14.33) can then be written as
Othy —V - (khyV(® + 1)) = ay (14.41)
or as
Othy —V - (khyyV®) — V - (khyVhy) = ay (14.42)

where
k= g(pw — p)k

Equation (14.41) is similar (or even identical?) to Eq. (27) in Buehler (2015).
We define the water velocity as
vy = —kVD (14.43)

and write
Othyw + V- (hyvy) = V- (khy Vi) = ay (14.44)

which now has the from of an advection-diffusion equation. The diffusion term is non-linear.
We now have two flux terms, the velocity flux

qy = khwvw )
which is related to the ice-sheet potential ®, and the diffusion flux term
qp = —khyVhy .

Both fluxes depend on the evolving water layer thickness h,,.

There are different possible finite-element formulations possible, depending on whether we use the
form pure diffusion form (14.41), or the advection-diffusion from (14.44). Both forms are mathematically
equal.

The finite-element formulation of (14.41) is

(Orhw|¥) + (khw V@ + Kl Vhe V) = (aw|) (14.45)

where integral formula (B.3) has been applied to the two diffusion terms. The natural boundary condition
is therefore the no-flux condition.
The finite-element formulation of (14.44) is

<athw‘7/}> + <v : (hwvw)‘qzw + </€hw Vhwlvd)> = <aw|w> (1446)

where we have used Eq. B.3, and the additional boundary-integral term is

f  bh(Vhe - 1) dT
o0

and
hy (Vhy -n) =0,

is therefore the natural boundary condition. Using the natural boundary conditions sets the diffusive flux
to zero along the boundary where it is applied. In finite-element context the

— (V- (khywVO|¢)

either needs to be calculated using at least second-order finite-elements, or either v,, := —kV® is cal-
culated outside of the element-assembly loop and projected onto the nodes ahead of assembly, and the
term is evaluated as

<V . (hwvw)|¢>

The steady-state solution of the differential equation (14.41) have some properties that might at first
appear surprising. For example, if v,, = 0 and a,, = 0 then, we must have

V- (khVhy) =0

which requires either h,, = 0 or Vh,, = 0. If we force h,, > 0 at the boundary, the diffusive boundary
flux out of the boundary is zero despite prescribing finite thickness as a Dirichlet boundary condition.
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Chapter 15

Time scales

The Volume time scale, ty is the time it takes to fill the perturbation in steady-state ice volume following

a perturbation in, for example, surface mass balance ( , ). That is
M AV
v = Aq

This is a very general concept that can be applied to various situations to provide a lower estimate of
the response time tg. The volume time scale is, hence,

’ change in volume following a perturbation
V =

change in flux into that volume

15.1 Alpine glaciers

Here
AV

t =
V' AgAa
where Ay is the original steady state glacier area, Aa is the perturbation in surface mass balance, and

AV is the change in volume between the initial and final steady states.
In steady state the integrated surface mass balance is zero and therefore to first order

AA ag + Ao Aa=0
where a; is the mass balance at the terminus. Again to first order
AV =0,V AA

and therefore

AV

by = AoAa
94V AA
- AQAG
04V AA

 AAda,
oAV

Qg

Johannesson’s estimate for alpine glaciers is
0AV = heg
where hq is the ice thickness as the equilibrium line, gives Johannesson’s volume time scale

heq
at

ty = —
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He further showed that
ta,t, < ty

where t4 and t, are diffusion and propagation time scales associated with local mass redistribution of
mass and therefore

~

tTNtV

where t, is the response time to external perturbation.

15.2 Marine ice sheets

Here we consider a perturbation to surface mass balance being balanced by changes in flux across the
grounding line, and therefore to first order

Aa Ay + 0aqAA =0

where ¢ is the vertically integrated flux across the grounding line (for example ¢ = uhw where u is
velocity, h ice thickness, and w the width) or if we consider a flow line

Aaly+ 0,qAl =0

Hence, in a flow line situation

AR
wAldq
0.V
 0uq

showing that ¢,y — oo when 9,q — 0 as expected.



Chapter 16

The Shallow Ice Approximation (SIA)

The shallow ice approximation is one of the most commonly used approximations to describe the flow
of large ice masses such as ice sheets, ice caps and alpine glaciers. As with other such theories (e.g. the
shallow ice shelf approximation), there are two key assumptions, one relating to the geometry of the ice
and the other to the stresses within the ice.

16.1 Scaling assumptions

The geometrical assumption is that the horizontal span of the body of ice is large compared to its
thickness. This is the assumption of shallowness and we write this as

kl_, (16.1)

[z]
where € < 1 is some small number, and the square brackets around the symbols denote typical sizes, or
scales, of those quantities. For example [z] stands here for a vertical dimension of the ice (ice thickness),
and [z] for a typical horizontal dimension (horizontal span). Eq. 16.1 expresses the assumption that
typical ice thickness is much smaller than typical horizontal span. These scales also show us how one
quantity scales with another. For example, the typical surface slope, [a], must increase with increasing
[2] and decrease with decreasing [x]. We express this by saying that [a] scales as [z]/[z] and, furthermore,
since we have assumed that [z]/[x] is small, we note that [«] will also be small. We write this as

The assumption about the stresses is based on our expectation that the stresses will be approximately
equal to the stresses we calculated for the uniformly inclined slap in Chapter. (??). There we found that
the pressure, p, is p = pg(s — z) and 7., = pg(s — b) sin(a), where s and b are the upper and lower ice
surfaces, respectively.

Note that here, and in contrast to the analysis done in sec. (??), the analysis is done in a basis {€é;}
where the basis vectors é; and é5 are in the horizontal, and the €; is vertical and pointing upwards, i.e.
the gravity vector g is g = —gés. Therefore we do not expect these expressions for the pressure and the
vertical shear stress to be strictly correct in the more general case where we have a gently undulating
bed geometry and spatially variable surface slope. However, we surmise that for sufficiently small surface
slopes and slowly undulating bed and surface geometries, the relative sizes between, for example, the
pressure p and the shear stress 7., will scale in the same way, i.e.

[Ta:z] = [Oé] [p] :

We can also write this as
[7e2] = pgl2][2]/[2] = pglz]e = [ple

Expressions of this type can be manipulated algebraically to, for example, show that [z]pg = [1..]e ™!
Again motivated by the analytical solutions for the uniformly inclined slap, we expect horizontal deviatoric
stresses to be smaller than the shear stress 7,,. For the uniformly inclined slab the horizontal deviatoric
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stresses were all identical to zero. Here we simply assume that they are much smaller than the vertical
shear stresses, and this we can express, as

[T."cr] == E[T:nz] )

and similarly for the other horizontal deviatoric stresses. Note that we are here using the same number
€ again, but that we have, at least at this stage, no clear guidance as to how large these horizontal
deviatoric stresses can become, or if they do indeed scale linearly with the vertical shear stresses.

Our final scaling assumption relates to the horizontal velocity components u, v and the vertical velocity
component w. While we will see below that this scaling relationship can be derived by requiring either
the mass conservation or the kinematic boundary condition to be invariant under our scaling, we simply
state here that we assume the vertical velocity component to be small in comparison and to scale with
the horizontal velocities, i.e. .

Tl =e.
Summarizing, our scaling assumptions so far are:
o e W
o= c d o] = L (16.2)
Wl o ana Mo
i d ] 1 (16.3)
Zol o and el = Il = el = ] and [l = [ (164
[Tzz} -
) =¢ (16.5)

There is one final scaling assumption that we need. Although, this assumptions is possibly more correctly
described as a statement about balances. We are here using a rheological law on the form ¢ = A7 (listed
in more detail below) and in particular that €,. = Ar™~lr,. and similarly that €y = ATn_lTyZ and we,
again motivated by the solution for the uniformly inclined plane, want vertical shear stresses to balance
vertical shear strain rates, i.e.

This is a statement about the balance between stresses, velocities and distance scales and implies, for
example, that

16.2 Governing equations

We start with the general form of the mass and momentum equations for incompressible flow at low
Reynolds numbers. For completeness we list these here.

Ozt + Oyv + 0, w =0,

am'rzm + aysz + aszz = 8rp ;

Oz Tay + OyTyy + 0.0y, = Oyp ,

amez + ayTyz + aszz =0:p+pg .

We assume the upper surface is ’free’, i.e. not stresses are applied to the surface and its geometry can
evolve with time. The kinematic boundary condition and the stress condition at the upper surface are
therefore
Ops +u 05 +v0ys —w = a, (at z = s(z,y)) ,

oc-n=0 (at z = s(z,y))
For the lower surface the kinematic boundary condition reads

Ob+udpb+v0yb—w=—ay, (atz=s(z,y)).
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It is often assumed that the geometry of the lower surface does not change with time and that the basal
melt can be ignored, in which case 0;b = 0 and ap = 0. The resulting form of the kinematic boundary
condition, u 0;b + vdyb — w = 0, is then referred to as the 'no-penetration’ condition. We assume a
power-law relationship between the bed-tangential component of the basal traction

ty=0n—(n' - on)n,
and basal velocity
v, =v— (Al -v)n,

on the form
ve=c |t "ty (at z=s(z,y)), (16.10)

where 1 being a unit normal vector to the bed pointing into the ice. Finally we have the flow law
éij == AT"_lTij y
where A and n are rheological parameters, and
2 _
TS = TRiTh /2

is the effective stress.

16.3 Scaling the equations

Scaling the equations involves replacing all physical variables with their non-dimensional counterparts.
We use the notation

¢ =[dlo",
where ¢ is the original dimensional quantity appearing the in the governing equations, [¢] is its scale,
and ¢* is the non-dimensional scaled counterpart. Generally, by introducing these scales, we expect the

non-dimensional scaled variables all to be comparable is sizes and ranges, with the relative sizes of the
original dimensional variables expressed through their respective scales. We write for example

For ice caps and ice sheets, for example, we can think of [z] and [y] to be on the order of 1000 km, and
[2] to be on the order of 1 km, and both z* and z* to range from 0 to 1. Hence, 2* and z* are in this
sense comparable in size and range, while [z] and [z] are not.
Scaling the mass-conservation equation (16.6) we find
[u] Ou*  [v] Ov*  [w]ow*

[z] Ox*  [y] Oy* = [z] 0z*

. [u] Du*  [u] Ov*  e[u] Ow*

[x] 0x*  [z] Oy*  elx] Dz*
and therefore the scaled mass-conservation equation has the same form as the original equation, i.e.
ou* n ov* n ow*
dz*  Oy*  Oz*

=0.

Scaling the x component of the momentum equation (16.7) leads to

[T2a] 0Ty | [Tay] OTay | [7az] 071, _ ol @

[x] Ox* [y] Oy* [2] 0z¢  [x] Oz~

or
[ETM} ory, [ETM] aT;y [sz] o, _ 5_1[TIZ] op*

[x] Ox* [z] Oy* = elx] 0z  [x] Ox*
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and therefore
287—;1 + 52 6Twy 87—;2 _ 6]7*

or* oy* dzx Oz

Scaling the y component, Eq (16.8), similarly gives

or* or* or* _Op*

2 $U+ 2 vy Y=z _

Ox* Oy* Oz  Oy*

And for the z component of the momentum equation, (16.13), we find

[TM] ory, [TyZ] (97'52 [TZZ] or, o [p] Op*

[x] Ox* [y] Oy* [2] 0z  [z] 0z

or that i}
[T22] o, [T2z) aTyz [eT] or, - [p] op* [T2z)

[x] Ox* [x] Oy* elr] 0z¢  efz] 92+ 82[x]pg

observing that [7,.] = pg[z]e implies pg = ¢ ~2[r,.][z], and therefore

[T2z] OTy, [Tez) 37’52 €[T22] OTZ, _ 571[7'96.2] op* [Tez)

[x] Ox* [z] Oy* glr] 9z elx] Oz 62[96]'09

giving
ot} or; ot} op*
2 Tz 2 Yz 2 2z __
Ox* te Oy* te Oz*  Oz* trg-

Summarizing, the scaled momentum equations are

28T;z + 82 aT:y + aTz*z _ ap*
ar* oy* 0z* or*
2 072y e 91y, I ory. _ op*

ox* oy* 0z*  Oy*
or* ory orr op*
2 Tz 2 Yz 2 2z _

c ox* te oy* te 0z* oz*

g

+rg

Dropping all but the leading terms, the STA momentum equations are

ory, Op”
dz*  Qx*’
87’;; _ op*
oz  oy*’
dp*
O =
5 T P9

and, as it happens, these are correct to second order, i.e. there are no first-order terms.

(16.11)
(16.12)

(16.13)

Following the same procedure we find that the kinematic boundary condition is unchanged under the

scalings, and that the basal sliding law takes the form

m—1
up, =CT* ot

m—1
v, =Cr "

where 72% = (77,2 + T;z2), and the stress condition at the upper surface is

16.4 SIA solutions

Once we’ve done the scaling analysis we revert back to our original dimensional variables. The scaling

analysis has served its purpose and provided us with the leading-order equations.
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The resulting system of equation is so simple that provided the rheological properties of ice are
spatially uniform, i.e. A and n do not vary in space, we can solve for both velocities and stresses. From
(16.13), which reads
dp

0=+ ,
and using the boundary conditions we find that
p=pg(s—2),

and inserting this expression for the pressure p into

012 Op
9z Oz’
dry,.  Op
9z Oy’

and integrating over depth, we find that
Tz = —pg0Ls (s — 2)
Tyz = _pgams (S - Z)

and that the effective stress is

7= pg ((0:5)° +(9,9)%) """ (s—2).

Using the flow law we can now calculate the strain rates and the deformational velocities through a
vertical integration, arriving at

(u,0) = =B [[Vays|" " (A" = (s = 2)") (9us,0y5) ,

where oA
E= "
n+1@m

These solutions provide us with the stresses and velocities as function of local thickness and surface slope.
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Chapter 17

Shallow Ice Stream Approximation

(SSTREAM /SSA)

The shallow ice stream approximation is one of the classical scaling theories in glaciology. It plays a
fundamental role in the study of ice stream dynamics. The resulting equations are often referred to as
the MacAyeal equations ( , ) but I will here refer to these equations as the shallow-ice-
stream equations (SSTREAM). Other commonly-used names for the resulting approximation of glacier
flow are the shallow ice shelf approximation(SSA), and the shelfy approzimation. These equations have
been derived numerous times in various papers and doctoral thesis, (e.g. ,

; , )- One will find reading the literature that
there are many different ways of deriving the equations.

17.1 Field equations and boundary conditions

The field equations are

v;i; = 0 (mass) (17.1)
Okik +pb; = 0 (linear momentum) (17.2)
oij —oji = 0 (angular momentum) (17.3)

where v; are the components of the velocity vector, o;; the components of the full stress tensor (i.e. the
Cauchy stress tensor), and p the ice density.
In addition we have the kinematic boundary conditions
0s 0s Os
— +u +v——w=a 17.4
ot oz dy ( )
valid at the surface z = s(z,y), where a is the accumulation rate, and we have used u, v, and w to denote
the z, y, and z components of the velocity vector, respectively. There is a corresponding equation valid
at the glacier sole. At the glacier sole both the accumulation rate and the rate of elevation can often be
ignored. The kinematic boundary condition is then usually referred to as the ‘no-penetration condition’.
The relation between strain rates and stresses is taken to be

éij = A(T) Tn_lTZ‘j. (175)
where A is the rate factor and n the stress exponent. Furthermore, 7;; are the deviatoric stress components
Tij = Oij — 5ij0'kk/37

¢;; are the components of the deformation rate tensor (the stretching tensor), and 7 is effective stress
(the square root of the (negative of the) second invariant of the deviatoric stress tensor), i.e.

T = 7’0‘7‘@‘/2.
Eq. (17.5) is the well-known Glen-Steinemann law ( , ,b; , ). Outside of
glaciology it is better known as the Norton-Hoff rheology model or simply as power-law rheology. An
increasingly popular alternative description of ice rheology can be found in ( ).
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Figure 17.1: Problem geometry.

In the situation when the glacier slides over its bed various theoretical arguments show that we have
a mixed-type basal boundary condition to consider of the type

t, = f(vy)

where f is some function, t; is the basal stress vector given by

t, = on— (A’ - on)n,

with n being a unit normal vector to the bed pointing into the ice, and vy is the basal sliding velocity
v, =v— (A’ v)n.
Sometimes a power-law type sliding law
vy = c|ty|™ My, (17.6)

is used, but the correctness of this assumption is debated. The function c is referred to as the basal
slipperiness. The sliding law (17.6) is usually referred to as Weertman sliding law. Alternative forms of
Weertman sliding law are

|vp| = clts|™,

and
t, = cfl/m|vb|(lfm)/mvb'

17.2 Definition of scales

In the following we will perform scaling analysis of all relevant equations. In general we write for any
variable X
X = [ X)X~

where [X] is the scale and X* the dimensionless counterpart to X. We do this to all variables entering
the problem. The idea is that the sizes of all dimensionless variables are comparable, and that the relative
sizes of two variables can be deduced from comparing their respective scales.

The SSTREAM scalings are motivated by three observations:

First, horizontal span is much larger than thickness. The ratio between ice thickness and horizontal
span is therefore small compared to unity.

Second, most of the forward motion of ice streams is due to sliding. It is not uncommon for the slip
ratio, defined as the ratio between forward motion due to basal motion to forward motion due to shearing
throughout the ice, to be on the order of 100 to 1000. Hence, basal and surface velocities are about equal,
and one can use the same scale for both of them.

Third, on ice streams and ice shelves vertical shearing is small compared to longitudinal stretching,
and vertical shear stresses small compared to horizontal deviatoric stresses. In particular, one can expect
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that horizontal strain rates are ‘balanced’ by the horizontal deviatoric stresses.! What is meant by
‘balancing’ different quantities will become clear in what follows.

Motivated by these observations we now consider the case of an ice stream with horizontal length
scale [z] and vertical length scale [z] where the shallow ice approximation [z]/[z] = ¢ < 1 holds, and
write

(z,y,2) = [z](z*,y",02").

where the asterisks denote scaled dimensionless variables.
For the mass conservation equation (v; ; = 0) to be invariant we scale the velocity as

(u,v,w) = [u](u*,v*, dw"). (17.7)
If we furthermore require the kinematic boundary condition at the surface
Ors + 40,5 +v0ys —w = a,
where s is the surface to be invariant under the scalings we must have
a = Slula”,

where a is the accumulation rate. Thus the scale for a is [a] = §[u] = [w], which seems reasonable as we
can expect the vertical velocity to scale with accumulation rate for small surface slopes. We also find,
using the same invariant requirement for the surface kinematic boundary condition, that the time must
be scaled as

t = [x][u] 1t

For [z] ~ 1000 km, and a vertical dimension of 100 m to 1 km, we have ¢ in the range of 0.001 to 0.01.
Horizontal velocities can be expected to be on the order of a 100ma~' and w around 0.1 to Ima~?!,
giving the same range of J. The time scale [t] = [z][u]~! is therefore on the order of 1 to 10 ka.

We assume that the velocity is of same order across the whole ice thickness. In particular we assume
that the horizontal components of the basal sliding velocity (u; and v,) are of the same order as the
surface velocity, i.e.

(up, vp) = [u](up, vp) (17.8)

We are considering a situation where the vertical shear components are small compared to all other
stress components. A set of scalings for the stresses which reflects this situation is

(Ummv Oyys Ozzy Txyy Tz, Tyz)
= (010> Ty T2z Tarys 0Tz, 0T, )- (17.9)
Same scale is used for the pressure, that is p = [o]p*. For the time being, we do not specify how the scale
[o] relates to other variables entering the problem.
Note that we are assuming a ratio between vertical and horizontal dimensions equal to that of the
vertical and horizontal deviatoric stresses, so for example

==
I
|
N
&

In other words, the aspect ratio, [z]/[z], is the same as the stress ratio, [T;.]/[Taz]-

17.3 Scaling the equations

The analysis is done in a coordinate system which is tilted forward in « direction by the angle . The
equilibrium equations are

0204z + OyTuy + 0,70, = —pgsing,
OxTay + Oyoyy + 0:0y. = 0,
OupTuz + Oyoy, +0,0,, = pgcosa.

INote that this situation contracts sharply with what is found on most alpine glaciers, ice sheets and ice caps, where
rates of ice deformation due to shearing dominate horizontal strain rates (except for the top most layer). In this case normal
deviatoric stresses are small compared to the shear stress and the normal stress field close to being isotropic.
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The above listed scalings give
(o))~ 0ur 03, + [0][2] 710y 7, + [0]0]2] 71T 0.0 7y, = —pysina,

(01[e) 072, + [o][2] 0y 05, + [o1312) 150 = 0,

[0][x] 160,17, + [o] [x]*léay*a;‘z + [o][z] 710710, 07, = pgcosa,

which can be written as

Opx 0y + Oy Ty + 0x7y, = —pgla] [o]tsina, (17.10)
Oup=Ty + Oye0yy + 020y, = 0, (17.11)
820, Tr, + 628y*azz +0.0F, = pgdlx][o]™! cosa, (17.12)

If we now fix the scale [o] for the stresses as
lo] = pglz] = pgd[], (17.13)

we arrive at

Opr Oy + Oys Ty + 0pn Ty, = —6 tsina, (17.14)
Op+Tpy + Oyeoy, + 0oy, = 0, (17.15)
520,71, + 6%0ye0y. + Dv0%, = cosa. (17.16)

For the two terms on the right-hand side of the above set of equations to be of order unity we must
furthermore require

a=0(9),
i.e. the tilt angle « of the coordinate system must be small. Hence, the angle « is not arbitrary. (As we
will see below, and as is to be expected, the shear stress 7,.. scales with pg[z]sin « so for it to be small in
comparison to the stress scale pg[z], @ must be small.)

Note that the stress scale must be [o] = pg[z] = pgd|x] for the right-hand side term in Eq. (17.12) to
be of order unity for « = 0. We could have defined this to be the stress scale from the outset, but doing
so would have obscured the fact that this stress scale is required for the vertical gradient of the vertical
stresses (i.e. 0,0,,) to be balanced by the vertical component of the body force (i.e. —pg) for @ = 0.
Furthermore, note that had we defined the stress scale to be the product of thickness and mean slope,
i.e.[o] = pgl2][z]/[z] = pgd[x]d]x]/[z] = pg|x]d?, the right-hand term in Eq. (17.16) would have been on
the order of 6! for a = 0, with no term on the left-hand side of that equation to mach that term.

If we only consider terms of zeroth order and drop terms of order § and higher, we arrive at a reduced
system where the horizontal gradients of the vertical shear stresses are omitted from the equilibrium
equations. There are no first-order terms in the scaled equilibrium equations ((17.14) to (17.16)), and
the resulting reduced system is therefore correct to second order. Despite no first-order terms appearing
in the scaled equilibrium equations, it does of course not follow that none of the quantities entering these
equations are of first order. The vertical shear stresses, 7., and 7., are, for example, of first order.

17.3.1 Sliding law
We assume a power-law relationship between basal shear stress
t,=on—(n’ - on)n,

and basal velocity

v, =v— (AT - v)n.

or
vy = c ||t &, (17.17)

where 1 being a unit normal vector to the bed pointing into the ice. The scaling of the basal sliding law
is done in Appendix A. We find that the components of the scaled basal shear stress vector are given by

the = [0](002-b" (0%, — 03,) — 60y-b"72, + 671.) + O(8°), (17.18)

thy = [0](00,-b (0%, — a7,) — 00, b*TE, + da7.) + O(8%), (17.19)

th: = [0](6%((03, = 03,)(Du-b")? + (0%, — 0y, ) (- b*)? (17.20)
—277, 0 0" Dy b 4 T, Db + 05,0, b7)) + O(8%).
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We see from the above listed equations that the z and y components of the shear stresses vector are of
order d, and that therefore the length of that vector is also or order 9, i.e.

Its]l = O(). (17.21)
Hence

ol = [llEsl]1t5]
dlallty]-

or
[lIts]]] = d[o]
The scaled basal sliding velocity (vy) is

uf + O0(6?)
vy, = [u] vi +0(6?) (17.22)
Suf Opxb* + 07 Oy=b* + O(5%)

We have not yet specified the scale [¢] for the parameter ¢ in the sliding law but we have already
introduced scales for the velocity and the stresses, so by inserting (17.7), (17.13), and (17.24) into (17.17)
we arrive at

* —1 g m— *
[uy = clltll™ [t el B
co™ o™ g ™ dlol t,

5™ o] 6511 8,

or
up = 6™ o)™ ] [t (17.23)

If we want the sliding velocity to be balanced by the basal shear stress, terms on both side of Eq. (17.23)
must be of same order, hence

6™ (o)™ u] " = O(1).

If we write
c=[dc", (17.24)

then
[c] =6~ [u][o] ™. (17.25)

Eq. (17.25) shows that c is of the order §=™. In this sense the slipperiness (¢) must be ‘large’ for the
theory to be consistent.

The product ¢[o]™ is the (typical) basal sliding velocity, while [u] is the (typical) surface velocity.
Hence, Eq. (17.25) simply reflects the condition that for ‘most’ of the forward motion to be due to basal
sliding, the basal slipperiness ¢ must be ‘large’. As an example, if 0,0 = 0,b = 0 we find that

u* =
In principle we could have observed right at the beginning that defining the vertical shear stress com-
ponents to be of O(d) and u = O(1) implies ¢ = O([u][oc] ™™ §~™) for a basal sliding law of the form
up = c7y" if uy is to be of same order as wu.

For the z component of the sliding law obtain using Eq. (17.20) and Eq. (17.22)

S Dy b + 60 Dy b* = ¢ ||| ™ (17.26)
[0](0%((0F, — 0%,)(0p=b")2 4 (07, — a;y)(éy*b*)2 — 275, 000" Oy b + 77,0, 0" + 0, 0y=b")).
Note that the sum of the two terms on the left-hand-side as given by Eqgs. (17.18) and (17.19) gives the
left-hand side of (17.26), so these equations are consistent. Note furthermore that the vertical component
w does not enter the sliding law The vertical component must be calculated from the basal kinematic
boundary condition (u0,b+ v0yb—w = 0).
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Flow law

The flow law can be either written as
éij = A(T) Ty, (17.27)

or alternatively as
Tij = Afl/n E(lfn)/n éij7
where € = /€;;¢;;/2 is the effective strain rate, and T the englacial temperature.
We have so far not discussed the scalings for the normal deviatoric stresses 7., 7/, and 77,. These

scalings follow directly from the fact that we decided above to scale both the normal stresses (0,4, 0ys

042) and the pressure with [0]. Because 7., = 04 +p = [0](0}, + p*) = [o]7}, and similarly for the

other components we have

*

(Tzza Tyy» Tzz) = [U] (T::zv ngy? T,:z)'

The square root of the second invariant of the deviatoric stress tensor, or what glaciologist usually refer
to as the effective stress, is thus

7= o] \/(ng F T2 4 TI2) /2 + T2 4 82122 + T2), (17.28)
and therefore
[7] = lo] (17.29)
and
™ = [o]r*
where
T = \/(75% T+ TEE) /2 4 T+ 02T TR (17.30)

The effective stress 7 is of order unity.
Using the flow law and the incompressibility condition we find

0=wvi; =€ =T

and
72 = (Tuw + Tyy)?

which can be used to eliminate 7, from Eq. (17.30).
We now look at the relation between the individual components of the stretching tensor (the strain
rates) and the deviatoric stress tensor. We find, for example, that

. n—1
€xx = At Trx,

is in scaled variables

[)lz] e, = lo]m AT
or )
&, = Alo]"[z][u] 7" 1, (17.31)
where
E:,E = z*u*

If we want the horizontal strain rates (é;4, €5y, and €,,) to be balanced by the corresponding horizontal
deviatoric stresses, we must require that both sides of Eq. (17.31) are of same order implying

Writing

therefore leads to
[A] = [u][z] o] 7" (17.32)

Next we look at
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and find that this gives
n—1

[u][z] "L (0T iU + 00 w*) = S[o]" AT T

xz)

which we can also write as

8:11/* + 528@;*’11)* — 62[$] [U]n[u]_lAT*nflT*

Tz
_ 2 A% " &
= §“A*r Toss

Note that here we are using the scale for A given by (17.32). We must equate terms of same order, and
hence find that

oju* = 0(52),
and
Oprw™ = [x][a]"[u]flAT*n_lT*

xrz*

We have now reached the important conclusion that the horizontal velocity component u s independent
of depth to second order. Same argument shows that the other horizontal component v is also independent
of depth. Thus, to second order the horizontal velocity components v and v are both independent of z.

We have shown that consistency with the scalings used for stresses requires ,u to be O(62). Note
that we have NOT shown vertical shearing (é,.) to be zero. Both d,w and 7,. enter the field equations
as first order terms.

The incompressibility conditions states that

Ozt + Oy=v™ + 0+ w™ = 0.
Differentiating with respect to z, and assuming that the order of differentiation can be changed, gives
o + 02 0" + 02w = 0.
From which using 8,-u* = 9,-v* = O(8?) it follows that
92 w* = 0(6%)

Hence, to second order ¢, is independent of depth and the vertical velocity varies linearly with depth.
It turns out to be more convenient working with the flow law in the form

Tij = 21’}61]
where 7 is the effective viscosity defined as

0= %A—l/n ca=m/n,

Towards this end we determine the effective strain rate

¢ = J@ e, re)pre, 18 e,

— @t 8yt )21 By Bt B

Inserting é;; = (v;; + vj,)/2 and using the fact that 9,u = O(6?) and 9,v = O(6?) we find
¢ = [u[z] H((Opu®)? + (Oyv™)? + Oprtt* Dyrv* + (Op=v™ + Oyeu*)? /4
+(80,-w* 4+ O(52))? /4 4 (80,-w™ + O(6%))? /4)/?
(] 2] 7B )2 + (B 0*)2 + g0y v + (O v* + By )2 /4 + O(6),

or

¢ =/ (Bsu)? + (9,02 + Do Byv + (0,0 + 0,u)? /4 + O(52). (17.33)
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Slip ratio

We can write the horizontal velocity component u as the sum
U = Up + Uq

where wug is the deformational velocity, and u; the basal sliding velocity. The ratio

up

V==
Uq

between the basal sliding velocity and the deformational velocity is the slip ratio. Using the relationship

for the basal velocity for a uniformly inclined slab with ice thickness h, i.e.

Ug = 24 " L1, h,
n+1
we find
[wa] = [Al[r]" rayll] (17.34)
= [ullz] o] " [0]" " 6[0] O[] (17.35)
= 6%[ul, (17.36)

where we have used Eqs. (17.21), (17.25), (17.29), and (17.32). Since [up] = [u], we have
Y= ladl = O(5732). (17.37)

Note that the we did not specify from the outset that the sliding velocity had to be large as compared
to the deformational velocity, so (17.37) is a result rather than an assumption. It is worthwhile to
think about how we arrived at the conclusion that the slip ratio is of order 6=2. By assuming that the
horizontal deviatoric stresses are large compared to vertical shear stresses (see Eq. 17.9), and by balancing
the horizontal strain rates with the horizontal deviatoric stresses (see Eq. 17.31), we arrived at a scale
for the rate factor A (see Eq. 17.32). We furthermore assumed that the basal sliding velocity was of the
same order as the surface velocity (see Eq. 17.8), i.e. of order unity. We then found the basal stress to
be of order § (see Eq. 17.21), and by requiring a balance between the basal sliding velocity and the basal
stress implied by the sliding law, we arrived at a scale for the basal slipperiness ¢ (see Eq. 17.25). It then
follows, as shown above, that the slip ratio is of order §~2.

We also have

ﬂ — 6_771/[“] [0]_m — 5—771/[:1;} [J]n—nL

[A] - [ulfz] o] 7 '
which puts constrains on the numerical value of ¢ with respect to that of A. This can be interpreted as
showing that ¢ must be large compared to A. Of course these parameters can not be compared directly,
as they have different physical dimensions, but if we, for example consider the case n = m, we can write
this as
[[C] =012

showing that [c] > [A].

Implications of different balances for the slip ratio

When finding the scale [ug] (see (17.35) we used the fact that the effective stress (7) is of order unity (see
Eq. 17.29). In the absence of any significant horizontal deviatoric stresses however, the effective stress
would be of order § and [ug]/[u] = O(6™*1). If the ice is not subjected to horizontal deviatoric stresses of
order unity, we can still balance horizontal strain rates with the horizontal deviatoric stresses as we did
above to arrive at [A]. However, in that case it seems more logical to balance the vertical shear strain
rates and the vertical shear stresses to arrive at a (different) scale for A.

Furthermore, had we not assumed the aspect ratio and the stress ratio to be equal, but instead written

M =¢ and [72:] =9,

[z] [Tz]
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with € now being the aspect ratio, and § as ‘stress’ ratio, we would have found that

[wa] = [Allo]""[0][]
= [u]lo]™"[2] 7" [0]" " b[o]e[2]
[u]de,
1.€. [u(l] B 55.

[u]
Remember that the scaling originally introduced for velocity was in terms of the basal sliding velocity,
and that therefore in fact

U

lug] =€,

[us]
which is the inverse of the slip ratio. We see that for any given aspect ratio e, the slip ratio ([us]/[ud])
becomes small as the stress ratio d goes to infinity, corresponding to the situation where horizontal
deviatoric stresses are small compared to vertical shear stresses.

17.4 The SSTREAM (zeroth-order) equations

Now that we have scaled all equations we can collect terms to the desired order and go back to dimensional
quantities.

Note that in the field equations and all the boundary conditions, first order terms are all identically
equal to zero. Although we only collect zeroth order terms, the first order correction is zero and the
theory is therefore correct to second order in 6.

17.4.1 Boundary conditions

The upper boundary is free. This implies that the surface traction is zero, or

on=0,
which to second order reads
—Opy 0pS — Tyy OyS + Tpy =0, (17.38)
—Tpy OpS — Oyy Oys + Ty, =0, (17.39)

0., =0, (17.40)

for z = s(x,y).
Along the lower surface the traction is not zero as the ocean exerts normal stress, but the bed tangential
component of the traction is assumed to be

O0pb (022 — Oz) — ayb Tay + Toz = tog (17.41)
Oyb (022 — Oyy) — OubTuy + Tyz = toy - (17.42)
Orz = —Duw (17.43)

for z = b(x,y), where t; is provided by a sliding law. This boundary condition along the lower surface is
a mixed boundary condition where neither the stresses nor the velocities are prescribed, but rather the
relationship between them as

up = C [[to]|™ " toa, (17.44)
vy = C [t tay, (17.45)
We could use the z component of the sliding law to calculate w,. But since the sliding law is fully

consistent with the no-penetration condition (see for example Eq. 17.26) , it is easier to determine w; as
a function of u; and v, and the bed geometry directly using the no-penetration condition.
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17.4.2 Field equations
To zeroth order we obtain from Eq. (17.14) to (17.16)

02002 + OyTay + 0,70, = —pgsina (17.46)
OuTay + Oyoyy + 0.7y = 0, (17.47)
0,0,, = pgcosa. (17.48)

Using 7;; = 2né;; and 05 = 735 — pd;; we can also write this system as

— 0D + 205 (Négy) + 20y (Nézy) + 20, (Néy.) = —pgsina, (17.49)
—0yp + 20, (néwy) + 26y(77éyy) + 20, (néyZ) =0, (17.50)
—0,p +20,(né,.) = pgcosa. (17.51)

17.4.3 Vertical integration
We start by considering Eq. (17.48). Integrating from z to z = s(z,y) gives

0:2(8) —0..(2) = —(s — 2)pg cos a. (17.52)
From (17.40) we find 0,,(s) = 0 so that

0., = (2 — s)pgcos a. (17.53)
We now integrate Eq. (17.46) over the depth and use Leibniz’ rule
s(z) s(z)
O o flz,2)dz = /b(z) O f(x,2)dz + f(x,8)0ps — f(x,b)0:b

to interchange the order of integration and differentiation, and find

—pg(s —b)sina = 896/ amdz—i—ay/ Tay d2
b b

—032(8) Ops — Tpy(8) Oys + T2z (s)
+045() Opb + Tyy (b) Oyb — 745 (b).

Note that we did not have to specify how 7,, varies across the depth. Because of boundary condition
(17.38) the second line is equal to zero. Using (17.41) we find that the third line can be written as
—tpe + Ozbo,.(b) so that

S S
—pg(s —b)sina = 0, / Oz dZ + Oy / Tay A2 — tpg + Ozb o2 (D).
b b

Since p = 7., — 0, and Ty; + Ty, + 7. = 0 because ice is incompressible, we find that o, can be written
as

Oxx = Tgx — P
= Tox — Tzz T 02z
= Tog — (—Taw — Tyy) + 022
= 2Tpq + Tyy + 022 (17.54)

Because u and v are independent of depth it follows that 7y, 7., and 7,y are also all independent of
depth. The corresponding vertical integrals are therefore simple to evaluate and we obtain

S
—pghsina = 9, / 022 dz 4 0y (W(2T00 + Tyy)) + Oy(ATay) — toe + Oxb o2 (), (17.55)
b
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where h = s — b is the ice thickness. We have already determined o, (see Eq. (17.53)) and find that
896/ 0., dz = 895/ (z — s)pg cos adz
b b

=0, (—;(s —b)?pg cos a)

= —(s — b)pg cos a(Oys — O,b)
022(b)(0zs — Ozb),

which when inserted into Eq. (17.55) gives
Oz (W(2T3z + Tyy)) + Oy(ATay) — toe = Ozs hpg cos o — pghsin a.

We can express this result in terms of the components of the velocity vector using 7;; = n(v; ; + v;;)
and find that

Oy (AN u + 2hn0yv) + Oy (hn(Oxv + Oyu)) — tpe = pgh(Dyscosa — sina), (17.56)
Oy (4hndyv + 2hndyu) + 05 (hn(Oyu + 0,v)) — tyy = pghOys cos a, (17.57)

where we have added the results for the y direction which follow in an identical manner.2 The effective

viscosity is

0= %A—l/n da=m)/n,

where

é = \/(é)gcu)2 + (0yv)? + Ozu Oyv + (v + Oyu)? /4.

17.4.4 Tensor of restive stresses

In most modeling work the coordinate system is not tilted. For av = 0 the vertically integrated form of
the momentum equation in x and y directions is

6I(h(27'mc + Tyy)) + ay(hTmy) — tpy = PghamS y (17.60)
Oy (h(273a + Tyy)) + Ou(hTay) — toy = pg h Oys, (17.61)

This system can written in a more compact form as

V1, (hR) —ty, = pghV1, s, (17.62)
where
2oz + Tyy Tey
= 1 -
R ( Tzy 27yy + Tua ) (17.63)

is sometimes referred to as the resistive stress tensor, and

vzy = (8’1'7 ay)Ta

_ tbm
bon = (tby> '

2Tpn + Tyy = Oxx — Ozz, (1764)
2Tyy + Tox = Oyy — 02z, (17.65)

and

Note that as Eq. (17.54) shows

2If p is a function of  and y then 8, [, 02- dz = 0.2(b)0zh — %hzg cos a9, p and we have
1
Oz (4hnOzu + 2hndyv) + Oy (hn(Ozv + Oyu)) — tpy = pgh(Ozscosa — sina) + ihzg cos a0z p, (17.58)

1
Oy (4hndyv + 2hn0zu) + Oz (hn(Oyu + 0zv)) — tyy, = pghdyscosa + §h2g cos a Oy p, (17.59)
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and the resistive stress tensor can therefore be written as

R= ("“’ T Tay > . (17.66)
Try Oyy — Ozz

The resistive stress tensor is neither equal to the deviatoric stress tensor or the Cauchy stress tensor. In
the Shallow Ice Stream approximation, the deviatoric and the resistive stress tensors are both independent
of depth, whereas the Cauchy stress tensor is not.

17.4.5 Weertman sliding law
If we use Weertman sliding law the components of basal shear stress, ¢, and ¢, can be written in terms
of the basal velocity as
the = /™ oy |V (17.67)
_ —1/m 1/m—1
tyy = ¢ [|vsl V. (17.68)

The sliding law is sometimes written as

the = B2 u, (17.69)
thy = B0, (17.70)
where e
B = oy 7

in which case we can also write the field equations as

0 (4hn 0w + 2hndyv) + 9y (hn(0yv + Ayu)) — B u = pgh(9.s cosa — sin a), (17.71)
0y (4rndyv + 2hnd,u) + Oy (hn(Oyu + 0yv)) — B2 v = pghdys cos a. (17.72)
We now have a system of two partial differential equations that, given appropriate boundary conditions,
can be solved for the velocity components v and v. Remember that in general both 1 and 32 are

functions of the strain rates and the velocity, respectively. The system is therefore non-linear and if
solved numerically, some sort of appropriate iterative algorithm (e.g. Newton-Raphson) must be used.

17.5 The shallow ice shelf approximation (SSHELF)

The scaling analysis shown above applies to ice shelves as well. The only change we have to make is
setting the basal shear stress to zero. There is no reason to do the analysis in a tilted coordinate system
so we also set @ = 0. Thus for floating ice shelves we have

0 (4hndzu + 2hn0yv) + 0y (hn(Oyv + Oyu)) = pgh Oys, (17.73)
0y (4hndyv + 2hndyu) + 05 (hn(Oyu + 0,v)) = pgh Oys, (17.74)

No stresses act at the upper boundary z = s(z,y), and therefore the stress boundary conditions at
the upper surface are (to second order) simply

_Umzazs - T:L’yays + Tor = 0» (1775)
*Tryaxs - Jyyays + Tyz = O, (1776)
Ozz = 0. (1777)

The stress boundary conditions at the lower boundary z = b(z,y) are

— 020020 — ToyOyb + oo = Py Oub, (17.78)
Ty b — Ty By + Ty = Du Oy, (17.79)
Orz = —Puws (17.80)

where
Pw = puwg(S —b),
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is the ocean pressure acting on the lower boundary of the ice shelf, with p,, denoting the ocean density.
We know that
0.2 = pg(z — s), (17.81)

and the boundary condition (17.80) therefore implies that

pg(s —b) = puwg(S —b),
or
pgh = pwgd.

One can now work out various other floating relationships, and one finds that where the glacier is afloat
the following relations hold:

s— 8 Pw
h=pud/p=—"27_="%% ), 17.82
Pud/p = 7 Y P ( ) (17.82)
po PSTPuS g Loy, (17.83)
P = Pw Pw
s =S+ (1= p/pu)h = (1~ pu/p)b+ %”s, (17.84)
f=Q0=p/pw)h. (17.85)

If 0,5 = 0, the slopes of the upper and the lower boundary are related through

bOys+ s0,b=S0,h, (17.86)
and also
0:8 = (1 — p/pw)0zh. (17.87)
The maximum ice thickness that an ice shelf can have without grounding is
hy = pwH/p.
Where
h > hf,

the ice is grounded.
Using (17.87) in (17.73) and (17.74) gives

0z (4hn0zu + 2hn0yv) + Oy (hn(Ozv + Oyu)) = pg(l — p/pw)h Ozh, (17.88)
0y (4hndyv + 2hndzu) + O (hn(Oyu + 0yv)) = pg(L — p/pw)h Oyh. (17.89)

Expressed in terms of stresses these equations read

O (270 + 7yy)) + Oy(hTay) = pg(1 — p/puw)h Ozh, (17.90)
Oy (h(2Tyy + Taz)) + Oz (hTuy) = pg(1 — p/puw)h Oyh. (17.91)

Using the definition of the resisting stress tensor (see Eq. 17.63) the equations can be written on a compact
form as
ng ’ (hR) = Qghva h,

where
0=p(1—p/puw).
17.5.1 Boundary conditions at the calving front

At the calving front, I's, we require balance of vertically integrated horizontal stresses, i.e.

s S
/ a”hxy - _/ Pw ﬁxy on FC,
b b

where p,, is the hydrostatic ocean pressure, and

Tay = (N2, 1y, 0)7 (17.92)
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is a unit normal pointing horizontally outward from the ice front. In z and y directions this stress
condition is

s S
/ (OgaNg + Toyny) dz = —/ pwnzdz on T, (17.93)
b b

s S
/ (TayNa + oyyny) dz = —/ puwnydz on T (17.94)
b b

If the draft d at the ice front is zero, i.e. if the ice front is fully grounded, then S < b, the right-hand
sides of (17.93) and (17.94) are to be set to zero.
Because o, can be written as
Oz = 2Tz + Tyy + 02z,

(see Eq. 17.54), and
Ozz = —pg(s - Z)7
within the ice, we find that

/ Oz dz = / (QTm—i—Tyy)dz—/ pg(s — z)dx
b b b

= h(27y + Tyy) — %hQ

The x component of the vertically integrated ocean pressure acting on the calving front is

s s
—/ DNy dz = —/ Pwy(S — z)ng dz
b b

1 2
~3Pug(S — )

1

—Z ppgd?
o Pwd

Boundary conditions (17.93) and (17.94) can therefore be written as

h(2Tas + Tyy) e + hiTeyny, = g(phz — pud®) 1y (17.95)
h(2Tyy + Taz)ny + ATaynge = g(th — pwd2) Ny (17.96)
or more compactly as
Rn.= %(ph? — pwd?®) . (17.97)
where
’hc = (n£7ny)T7 (1798)

is a unit normal to the calving front.

In arriving at (17.95) and (17.96) we have not specified any particular relationship between ice shelf
thickness (h) and ice shelf draft (d). These boundary conditions therefore apply to both grounded and
floating ice edges.

If the ice at the calving front is afloat, then h and d are related through the floating condition
ph = pyd. In that case boundary conditions (17.95) and (17.96) take the form

1

T2 + Tyy) s + hTay ny = S 0gh*na, (17.99)
1

h(2Tyy + Tow )Ny + hTay Ny = §Qgh2ny7 (17.100)

where
0:=p(1—p/pw),

or again more compactly using the resistive stress tensor as

1
R fic = S oghc. (17.101)
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On the other hand if the ice terminates on land then d = 0 and

h(2Taz + Ty )M + WTay 1y = gth M, (17.102)
(27 + Taw )Tty + BTny 11y = gth ny. (17.103)
or )
Rn.= ipgh M. (17.104)
Written in terms of the velocity components the boundary conditions along a floating ice front are:
ogh?
nh(40;u + 20,v)ny + nh(0zv + Oyu)n, = 5 e (17.105)
ogh?
Nh(0zv + Oyu)ng + nh(40,v + 20,u)n, = 5 - (17.106)

17.5.2 Ice Shelf Buttressing

The vertically integrated condition on stresses at the calving front is

s S
/ opn.dz = —/ PwNedz on T, (17.107)
b b

where the subscript h on the Cauchy stress tensor implies that we are only considering the horizontal
stress components, that is

o = ("M Tw) . (17.108)

Tzy Oyy

We denote the left-hand by t; (traction on ice side) and those of the right-hand side by ¢, (traction
on ocean side), that is

S
ti:/ opn.dz on I,
b
and

s
toz—/ PwNcdz on T,
b

and find as shown above that 1
t;=hRn,— §pgh2 M.

and 1 2 - Lp 2 -
to = —iﬂwd ne= —ipprgh nc
For (17.107) to hold, i.e.
t; = t,
it follows that 1
Rn, = iggh e (17.109)

Eq. (17.109) is a boundary condition for the resistive stress tensor valid along a floating calving front.
Within an ice shelf, and along the grounding line, the resistive stress tensor will in general not fulfill this
condition.

We can define ice-shelf buttressing as the impact of the ice shelf on the stress regime along the
grounding line. Note that in the absence of an ice shelf, and assuming that the ice front at the grounding
line is exactly at flotation, the ice front will be in a direct contact with the ocean. To quantify the
impact of the ice shelf on stresses at the grounding line we must therefore compare the stresses along
the grounding line to those caused by the ocean pressure. More specifically, if we denote the vertically
integrated horizontal traction along the grounding with £, i.e.

tglz/ opn.dz on Ta (17.110)
b

the buttressing, B, is by definition
B =1t,—t,. (17.111)
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The normal and tangential components of the buttressing vector B are

B, =0k (t, — tg) (17.112)
1 . o1

= —§pipgh2 — bty - (Rne) + 5 pgh? (17.113)

1 ; .
= S0gh? = hig; - Rvg (17.114)

and

By =1}, - (to — tg) (17.115)
=0—hm} - (Rng)+0 (17.116)
= hm} - (Rig) (17.117)

where 1, is a unit vector in the horizontal plane tangential to the grounding line and mgl ‘Mg = 0.

If we want to non-dimentionalise expressions (17.114) and (17.117) then we can do so in a number
of different ways. We could for example normalize with the vertically integrated ocean pressure |t,| =
% pwgd?, or we could normalize using the magnitude of vertically integrated resistive stresses at a calving
front, i.e. h||Rn.| = %gghQ. In ice shelves, and along grounding lines, horizontal deviatoric stresses are
typically on the order of ggh and much smaller than pgd and we therefore opt for the second option and
define dimensionless normal and tangential buttressing numbers as

B nh - (to — tg)

K 17.118
N7 "hal - Rn, ( )
1 AT -
s0gh —1n, -Rn
_ 2090 T T (17.119)
209h
2nl - Rn
_1_ el gl (17.120)
ogh
and
T
m?, - (to —t 1)
Kp=—8_" "% 17.121
"7 "hal Ra, ( )
2ml - Rn
= el Tl (17.122)
ogh
These are the same buttressing numbers as used by ( ).2 Several other ways of quan-
tifying ice-shelf buttressing have been used in the literature. See for example ( )-

31f we normalize with the (absolute value) of the vertically integrated ocean pressure

1ogh? — kAT Rn,

/
Ty =
%ngdQ

5

then T]/V = —1 for a fully grounded calving front, whereas T+ N = —1/(pw/p — 1). In general

!
Ty = (pw/p— )TN,

so Ty is about 10 times larger than TJI\,.
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17.6 Scaling the sliding law using SSA/SSTREAM scalings

We start by scaling the unit normal and find

A 1 —0,b
"= v o |\

. 50, b*
T oot G A
V1402052 b%)2 4 62(9y-b¥) 1

1

—60,+b* + O(83)
= —80,<b* + O(83) . (17.123)

1 — 82((95+b%)2 + (9y=b%)2) /2 + O(6%)

* * *

Ogx Twy 6TZEZ

o * * *
o=[o]| T2y 04y 07 |

* * *
57'“57'yz ¥,

—0D,+ b
(1= 02((0p=b")% + (0y<b")%) /2 + O(6*)) ( —30,-b* )

The stress tensor is

and the product on is therefore
O-;ac T;y 6T;z _66w*b* + 0(53)
on=[o] | 75, 04, 07,. —60,-b* + O(8%)
075,07y, 0%, 1 — 0%((0+b*)? + (0y=b*)?) /2 + O(6*)

=007, Oy b — 07, Oy b* + 077, 4+ O(6°),
(o] —67, Opeb* — b0, Dy b* + 67, + O(8°),
N =627, 0y b — 6777 D= b* + 0%, (1 — 50%((00-b%)% + (0,-07)?) + O(6*) |

)

(17.124)

so that nT - o*n where o = [o]o* is given by
Al 0 A=020pb (04, Opeb* + 70, Oye b* — T5,) + 620, b7 (75, 00 b* + 0, Dyeb* — 7))

1
—0P7L, O b" = 877 Oy b” + 07, (1= S0%((90-07)% + (9,07)%) + O(8Y),
which, if we sort this according to order in ¢, is

+0% {074 = 02.)(00+0")* + (07, — 07.)(By=0")? + 277, 00-0" Dyyeb™ — 277, 05" — 27,00 }

vy

It follows that the normal stress vector on the bed, (T - on)n, is
(AT o*R)A =
—307%,0y=b* + O(63)

—807%, 0y b* + O(63)
0%, (1= 6%((9x+b)? + (9y=1)?)/2) + 8° (05 — 05.)(Buxb*)? + (05 — 05.)(Oyxb*)? + 270y Fyx b* Dy b* — 27020 b* — 2720+ b*) + O(8%)

Predictably our insistence on keeping things up to third order is making things look a bit messy.
The shear stress vector (¢;) can now easily be calculated and is found to be

ty=on — (nT - on)n

=[o] 00y<b* (0%, — 0yy) — 00,0 75, + 07y, + 0(8?)
82((o, — 0%,.)(0:0*)2 + (07, — a;y)(ay*b*)Q = 277 Opr b% Qe b + 77,000 0" + 75,0y b%) + 0(5%)

00,0 (0%, — 0yy) — 00, b7 Ty + 077, + 0(8?) )

Hence, the components of the basal shear stress vector are O(d) or less.
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We now scale the basal velocity vector

~T

v=v—(n' -v)n

and find

—50,-b* + O(6%) R —00,-b* + O(6°)

—[u] 800" + O(6%) oo —80,-b* + O(6%)

1 — 0%((0pb*)? + (9y~b*)?) /2 + O(6*) dw* 1 — 0%((0pb*)? + (9y~b*)?) /2 + O(6*)

u? 82U (B b%)? + 820% 0,y b Bye b — 6280 w* + O(69)

—[u] | vt | =[] | 80 Bpeb® Oy b+ 8207 (8,-b7)2 — 628,-b% w* + O(6%)
ow* —6u*Dpr b — 6U* Dy b* + Sw* + O(83)

u* + 0(6%)
=[u] v* + 0(62) .
Su* By b* + 60*0,-b* + O(6%).

Hence, to second order

(3
vy = [u] v* .
Ou* Oy b* + 6v* 0y=b*



Chapter 18

Perturbation solutions of the

SSTREAM /SSA

18.1 Problem definition

We perform a small-amplitude perturbation analysis of the shallow ice stream (SSTREAM) equations.
The discussion is limited to 1d along a flow line in which case the SSTREAM equations are

205 (A~ b |0u| T 0u) — |u/c|™ ! u/e = pghdys cos(a) — pghsina (18.1)
or
40, (hndyu) — [u/c|™ " u/c = pghdys cos(a) — pghsina (18.2)
with
n= lA—l/n 6(1—11)/77.
2

where ¢ is the effective strain rate, which here is simply
€ = |0zul .

Here we will here limit the analysis to linear Newtonian media where n = 1, but for a general m. The
equaiton we aim to analyse is therefore Eq. (18.2), with 1 being some positive constant, i.e. linear viscosity.

The horizontal velocity component (u) is constant across the depth, and the vertical velocity compo-
nent (w) varies linearly with depth. In these equation s is the surface, h is ice thickness, 7 is the effective
ice viscosity, and c is the basal slipperiness. The parameter m and the basal slipperiness ¢ are parameters
in the sliding law. We write the basal sliding law on the form

wy, = c(x) [t b (18.3)

where t;, is the basal stress vector given by t, = on — (R’ - on)n, with 7 being a unit normal vector to

the bed pointing into the ice. The function ¢(z) is referred to as the basal slipperiness.

For a linear viscous media (n = 1), in which case the viscosity n in Eq. (18.2) is a material constant
and not dependent on the state of stress, and a non-linear sliding law (m arbitrary) this equation can
be linearised and solved analytically using standard methods as follows. We write f = f + Af, where f
stands for some relevant variable entering the problem, and look for a zeroth-order solution where f is
independent of x and y and time ¢, while the first-order field A f is small but can be a function of space
and time.

The perturbations in bedrock (Ab) and slipperiness (Ac) are step functions of time. They are applied
at t = 0, i.e. for t < 0 we have Ab = 0 and Ac = 0 and for ¢ > 0 both Ab and Ac are some constants.
Using this history definition the solutions for the velocity field and the surface geometry become functions
of time.

18.1.1 Bedrock perturbations

We start by considering the response to small perturbation in basal topography (Ab). The bedrock
perturbation is introduced at ¢ = 0, that is

b(x,t) = b+ H(t) Ab(x) (18.4)

277
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where H(t) is the Heaviside step function

0, ift<O
H(t) =<
®) {1, ift>0

We also write

s(x,t) =5+ As(z,t)
u(z,t) = u+ Au(z,t)
w(z, z,t) = Aw(z, z,t)
c=c
n=rn

where s is the surface topography, b the bedrock topography, and u and w the x and z components of
the velocity vector, respectively, and ¢ is the basal slipperiness. The zeroth-order solution to Eq. (18.2)
is

% = ¢(pghsina)™. (18.5)

The zeroth-order solution represents a plug flow down an uniformly inclined plane of constant ice thick-
ness.
The first-order field equations are

Anhd?, Au — yAu = pgh cos(a) 0, As — pgsin(a) Ah, (18.6)
where
" 18.7
and -
Ta = pghsin(a), (18.8)

is the driving stress.
The domain of the first-order solution is transformed to that of the zeroth-order problem. Let f(z)
be some function of the vertical coordinate z. We have

f=Ff+Af

where f is the zeroth order approximation and A f the first order perturbation. For z = Z 4+ Az we write

f(2)=f(z) + Af(2)
=f(2) + 0.fl.=:(2) Az + Af(2)

where terms of second order have been ignored.
For the kinematic boundary condition at the surface

s +udys—w=0
we, for example, get
0t(5+ As) + (t + Au+ 0,1 ,=5 Au)0y (5 + As) — (0 + Aw + 0,0 ,—5 As) = 0.

We have 0,4 = 0 and for the particular zeroth-order solution we are using (plug flow) we have d,w = 0.
It follows that to first order the upper and lower boundary kinematic conditions are

OAs +u0;As — Aw =0, (18.9)

and
aH(t) 0, Ab — Aw = 0, (18.10)

respectively. In (18.9) the surface mass-balance perturbation has been set to zero. The jump conditions
for the stresses have already been using in the derivation of (18.2) and do not need to be considered
further.
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This system of equations is solved using standard Fourier and Laplace transform methods. All vari-
ables are Fourier transformed with respect to the spatial variables x and y and Laplace transformed with
respect to the time variable ¢. The forward Fourier transform f(k) of a function f(z) is

+oo
fk) = / f(x)e™ da, (18.11)
where i is the imaginary unit. The forward Laplace transform f(r) of a function f(¢) is
“+oo
flr) = / flt)e " dt. (18.12)
0+

The kinematic boundary condition along the lower boundary contains a time-dependent term
b(w,t) = b(z) + Ab(z,t) = b+ H(t) Ab(x) .
The Laplace transform of the step function, H(¢), is 1/r, hence
b(k,r) = b(k) + Ab(k,r) = b+ Ab(k) /7 .
The Fourier and Laplace transforms of the first-order field Eq. (18.6) is
dnhk?* Au+vAu = pgsin(a) (As — Ab /1) + ikpg cos(a) hAs, (18.13)
where 7 is defined by Eq. (18.7), and the Fourier transformed mass-conservation equation reads
—ik Au+ 0,Aw = 0. (18.14)
The transformed linearised kinematic boundary condition at the upper boundary, Eq. (18.9), is then
—ikuAs+rAs—As(t=0)—Aw =0 (at z = 3) (18.15)
and the lower-boundary kinematic condition
—ikuAb/r—Aw=0  (at z=0). (18.16)
In addition we have the initial condition
Asg:=As(t=0)=0.

We think of Ab and Asg as externally prescribed perturbations, and we want to determine Awu and As
in terms of Ab and Asg.
The resulting system can be solved in various ways. Note that both w and Awu are constant over the
depth, so that
Au = Au(k,t) (18.17)

and not v = u(k, z,t). From (18.14) we then have
0, Aw =ik Au , (18.18)
which is also independent of depth. Integrating Eq. (18.18) with respect to z therefore gives
Aw(z) = ik(z — b)Au — ikuAb /r (18.19)

where lower kinematic boundary condition (18.16) has been used to determine the integration constant.
Setting z = 5 and using the upper kinematic boundary condition (18.15) gives

Aw(s) = ikhAu — ikuAb /r (18.20)
= —ikuAs +1rAs — Asg (18.21)

using h = 5 — b, or

khAu = —ku(As — Ab /1) — ir As +1Asg (18.22)
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giving Aw in terms of As and Ab. From (18.13) we have
(4nhk?® +~v)Au = pgsin(a) (As — Ab /r) + ikpg cos(a) hAs, (18.23)

Eqs (18.22) and (18.23) are two equations for two unknowns, i.e. As and Au. We first consider the case
Asp = 0 and solve the system

khAu = —ku(As — Ab /r) —ir As (18.24)
EAu = pgsin(a) (As — Ab /r) + ikpg cos(a) hAs, (18.25)

where B
€ =~ +4hk’n , (18.26)

for the (complex) ratio between surface and bedrock amplitude
T (k,7) := As(k,r)/Ab(k) ,

and find, after some algebraic manipulations, such as

kh -
3 (pgsin() (As — Ab /r) + ikpg cos(a) hAs) = —ku(As — Ab /r) — ir As
kh . . - _ .
— (pg sin(a) (Tsp — 1/7) + ikpg cos(c) hst) =—ku(Tep —1/r) —ir Ty
kh , . . . k_ .
3 (pgsin(a) + ikpgcos(a) h) + ku +ir | Ty, = LU + —pgsin(«)
ktq .- . k.
? (1 4+ ikh cot a) +ku+ir) Ty = ;(u +74/6)
thet (i -+ 7a/6)
k(U + 74
Tsp(k == 18.27
sb( ) T) T(’I" — p) ) ( )
where
p=i/t, — 1/t (18.28)
and the two timescales ¢, (phase time scale) and ¢, (relaxation time scale) are given by
toh = k(a+74/€) (18.29)
and -
tot =€k rhcot o (18.30)
Note that ¢, > 0.
The inverse Laplace transform is calculated using the Bromwich integral
1 I'+ico .
t) = — " d 18.31
0 =5m [ ermar, (18.31)

where T is a real number.

We see from Eq. (18.27) that the Ty, (k,r) transfer function has two poles, one at » = 0 and another
one at r = p. The second pole is always in the left-half complex plane and the inverse Laplace transform
can be evaluated by contour integration over a semicircle in the left hand plane using the residue theorem.
We find that

ik(a€+1q)

Top(k,t) = (eP —1). (18.32)

This transfer function describes the relation between surface and bedrock geometry, where
As(k,t) = Top(k, ) Ab(K) .
Transfer functions giving the perturbation in velocity can be calculated in the same manner.
Exercise: Calculate T, := s(k,t)/s(k,t = 0) for Ab = 0 and show that
Tys, = €P*. (18.33)



18.1. PROBLEM DEFINITION

Shallow Ice Sheet

1.8F  Approximation

Shallow Ice Stream
Approximation

161

(1is)

[yl

14

Full System

12r Solution

10 10 10 10 10"
X (B

Figure 18.1: The phase speed (||lv,|) as a function
of wavelength for §=0. The dashed-dotted curve is
based on the shallow-ice-sheet (SSHEET) approxi-
mation, the dashed one is based on the shallow-ice-
stream (SSTREAM) approximation, and the solid
one is a full-system (FS) solution. The surface slope
is =0.005 and slip ratio C=30 and n = m = 1. The
unit on the y axis is the mean surface velocity of the
full-system solution (z=C+1=31).
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Figure 18.3: The phase speed (||v,||) of the full-
system solution as a function of wavelength A and
orientation € of the sinusoidal perturbations with
respect to mean flow direction. The mean surface
slope is @=0.002 and the slip ratio is C=100, and
n =m = 1. The plot has been normalised with the
non-dimensional surface velocity a=C+1=101 of the
full-system solution.
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Figure 18.2: The = component of the group velocity
(ug) as a function of wavelength for #=0. Values of
mean surface slope and slip ratio are 0.005 and 30,
respectively, and m =n = 1.
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Figure 18.4: The shallow-ice-stream phase speed as
a function of wavelength \ and orientation #. As in
Fig. 18.3a the mean surface slope is a=0.002 and the
slip ratio is C=100, n = m = 1, and the plot has been
normalised with the non-dimensional surface velocity
#=C+1=101 of the full-system solution.
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Figure 18.5: The relaxation time scale (¢,) as a func-
tion of wavelength A. The wavelength is given in
units of mean ice thickness (h) and t, is given in
years. The mean surface slope is a=0.002, the slip
ratio is C=999, and n = m = 1. For these values t,.
is on the order of 10 years for a fairly wide range of
wavelengths. Lowering the slip ratio will reduce the
value of ¢,.. It follows that ice streams will react to
sudden changes in basal properties or surface profile

by a characteristic time scale of a few years.
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Figure 18.7: (a) The SSTREAM amplitude ra-
tio (|Tss|) between surface and bed topography
(Eq. 18.32). Surface slope is 0.002, the slip ratio
C=99, and n = m = 1. X is the wavelength of the
sinusoidal bed topography perturbation and 6 is the
angle with respect to the x axis, with §=0 and =90
corresponding to transverse and longitudinal undu-

lations in bed topography, respectively.
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Figure 18.6: Steady-state response of surface topog-
raphy (As) to a perturbation in bed topography
(Ab). The surface slope is 0.002, the mean slip ratio
C=100, and n = m = 1. Transfer functions based on
the shallow-ice-stream approximation (dashed line,
Eq. 18.32), the shallow-ice-sheet approximation (dot-
ted line, and a full system solution (solid line) are

shown.
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Figure 18.7: (b) The FS amplitude ratio between
surface and bed topography (|7s|). The shape of the
same transfer function for the same set of parameters
based on the SSTREAM approximation is shown in
Fig. 18.7a.
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Figure 18.8: (a) The steady-state amplitude ratio
(|Tus|) between longitudinal surface velocity (Au)
and bed topography (Ab) in the shallow-ice-stream
approximation. Surface slope is 0.002, the slip ratio
is 99, and n =m = 1.
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Figure 18.9: (a) The steady-state amplitude ratio
(|Twb]) between transverse velocity (Av) and bed to-
pography (Ab) in the shallow-ice-stream approxima-
tion. Surface slope is 0.002, the slip ratio is 99 and
n=m=1.
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Figure 18.8: (b) The steady-state amplitude ratio
(|ITus]) between longitudinal surface velocity (Auw)
and bed topography (Ab). The shape of the same
transfer function for the same set of parameters, but
based on the shallow-ice-stream approximation, is
shown in Fig. 18.8a.
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Figure 18.8: (b) The steady-state amplitude ratio
(|Twb| between transverse velocity (Av) and bed to-
pography (Ab). The shape of the same transfer func-
tion for the same set of parameters, but based on
the shallow-ice-stream approximation, is shown in
Fig. 18.9a.
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Figure 18.9: Steady-state response of surface topog-
raphy to a perturbation in bed topography for lin-
ear and non-linear sliding. All curves are for linear
medium (n=1). The solid lines are calculated for lin-
ear sliding (m=1) and the dashed lines for non-linear
sliding (m=3). The red lines are SSHEET solutions,
the blue ones are SSTREAM solutions, and the black
line is a F'S solution which is only available for m=1.
Mean surface slope is 0.002 and slip ratio is equal to
100.
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Figure 18.10: Transient surface topography response
to a sinusoidal perturbation in bed topography ap-
plied at t=0. Shown are the amplitude ratios be-
tween surface and bed topography (|Ts|) as a func-
tion of wavelength for a=0.002, =0, C=100, and
n = m = 1 for t=0.001 (red), t=0.01 (blue), and
t=10 (green).
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Figure 18.9: Steady-state response of surface topog-
raphy to a basal slipperiness perturbation. Shown
are FS (solid line), SSTREAM (circles), and
SSHEET (crosses) transfer amplitudes for both C=1
and C=10. In the plot the SSTREAM curves for
C=1 and C=10 are too similar to be distinguished.
The surface slope is 0.002.
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Figure 18.10: Steady-state response of surface lon-
gitudinal (u), transverse (v), and vertical (w) ve-
locity components to a basal slipperiness perturba-
tion. The surface slope is 0.002 and the slip ratio
C=10. The T,. and T,. amplitudes are calculated
for slipperiness perturbations aligned transversely to
the flow direction (0=0). For Ty, 0=45 degrees. Of
the two y axis the scale to the left is for the horizon-
tal velocity components (Ty. and T,.), and the one
to the right is the scale for Ty,..

Tl (112)
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Figure 18.11: Steady-state response of the surface longitudinal (Aw) velocity component to a basal
slipperiness perturbation in the shallow-ice-stream approximation. The surface slope is 0.002 and the slip

ratio C=99.
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Figure 18.12: (a) Surface topography response to a
flow over a Gaussian-shaped bedrock disturbance as
given by a FS (lower half of figure) and a SSTREAM
solution (upper half of figure). The mean flow direc-
tion is from left to right. Surface slope is 3 degrees
and mean basal velocity equal to mean deformational
velocity (C=1). The spatial unit is one mean ice
thickness (h). The Gaussian-shaped bedrock distur-
bance has a width of 10 & and it’s amplitude is 0.1
h. The problem definition is symmetrical about the
x axis (y=0) and any deviations in the figure from
this symmetry are due to differences in the FS and
the SSTREAM solutions.
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Figure 18.13: (b) Response in surface velocity to
a Gaussian-shaped bedrock perturbation. All pa-
rameters are equal to those in Fig. 18.12a. The
contour lines give horizontal speed and the vectors
the horizontal velocities. The velocity unit is mean-
deformational velocity (#4). The slip ratio is equal
to one, and the mean surface velocity is 2u4. The
upper half of the figure is the SSTREAM solution
and the lower half the corresponding FS solution.
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18.1.2 Slipperiness perturbations

We now consider the response to small perturbation in basal slipperiness. We write the slipperiness
perturbation on the form
() = & (14 H(t) Ac(r))

where Ac is the fractional perturbation in basal slipperiness. The total perturbation is ¢Ac. As before
we write h = h + Ah, s = 5+ As, u = @ + Au, and w = Aw. Since there is no perturbation in basal
topography we have b = b and h = h + As.

For the zeroth-order problem we get the plug-flow solution as before

@ = epghsin(a) . (18.34)
OAs +u0;As — Aw =0, (18.35)

and
70, Ab— Aw = 0, (18.36)

To first order the upper and lower boundary kinematic conditions are
O As + 10, As — Aw = 0, (18.37)
as before, while the basal boundary conditions are
Aw =0, (18.38)

In the field equation (18.2) we have, among other terms, the term (u/c)'/™. For u = % + Au and
¢ =¢(1+ Ac) we find

1/m o+ A 1/m TRAL
(3) - (“*“)> = &/™ (@ + Au)(1 — Ac)/m = (%) — yuAc+yAu

¢ 1+ Ac
where
1 sa\Ym gim
Y= (i) = =
um \c
where
Tlfm
S (18.39)
mc
and -
Ta = pghsin(a), (18.40)

is the driving stress.
We then find that the first-order field equations are

4nho?, Au — yAu = pgh cos(a) 9,As — pgsin(a) Ah, (18.41)

and these can be solved using standard Fourier and Laplace transformation methods as done above for
the case of bedrock perturbation.
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Appendix A

Calculating vertical surface velocity

The sign convention for upper- and lower-surface mass balance is such that the kinematic boundary
conditions at the upper and lower surfaces read, respectively,

Os + u0ys + v0ys — ws = as, (A1)
O¢b + u05b + vOyb — wy = —a, (A.2)

i.e. adding ice is always defined as positive surface mass balance.
Subtracting (A.2) from (A.1) gives

Oh +u0zh +v O h — ws +wy = as + ap,
where it has been used that u does not change with depth. Now using (A.5) gives
Oth +uw0zh +v0yh + h(éypy + éyy) = as + ap,

or
Och + 0z (uh) + 0y (vh) = as + ap, (A.3)

hence, in the flux-conservation equation both upper and lower mass balance terms have the same sign.

A.1 grounded part
On the grounded part dys = 9;h and the kinematic boundary condition gives
Ws = Ogh + 1 035 + v 0ys — as, (A4)
but this requires 0;h to be known before we can calculate w,. An alternative approach is to integrate the
vertical strain rate €., over the thickness, use the mass conservation equation and the fact that horizontal
strain rates do not change across the thickness, to arrive at
Ws = Wy — h (€zz + €yy)- (A.5)
We now calculate w;, from the kinematic boundary condition at the lower surface as
Wy = ap + u0yb + voyb,
and insert into (A.5) arriving at
ws = ap + w0pb+ v Iyb — h (€yy + €yy), (A.6)

which represents a convenient way of calculation ws once the horizontal velocity field has been determined.
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A.2 floating part

Where the ice is afloat
s=S8+1=p/po)h

i.e.
Ors = (1= p/po) O¢h

The kinematic boundary condition at the surface gives
Ws = ¢S+ u0ys +v0ys — as

and therefore
ws = (1 — p/po) Oth + 1 0ys + v 0ys — as (A.7)

If Oih is known (A.7) can be used to calculate ws, otherwise we use (A.3) and find that
ws = (1= p/po) (as + ap — Opy — Oyqy) + u0ys +v0ys — as (A.8)
An alternative way of calculating w; is to insert the floating condition
s=(1=po/p)b
into (A.1) and to use (A.2) to get rid of 9;b
(1= po/p)(wy — ap — udzb — vpyb) + (1 — po/p)(u0Lb + vVIyb) — ws = as (A.9)
to arrive at the simple and intuitive expression
(1= po/p)(wp — ap) = as + ws (A.10)
and then to use the (A.5) to get rid of w; leading to
ws = —(1=p/po) (h(éxe + €yy) — an) — as p/po (A.11)

The above expression shows that adding ice to the surface (as > 0) over a floating ice shelf gives rise to
neg. vertical surface velocity, as does horizontal divergent flow (é,, + €,, > 0), and basal melting (a;(0).
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Integral theorem

If f and g are scalar functions then in x and y directions we have
/famng:—/ﬁxfng—k}{ fgng dl (B.1)

Q Q o0
/fayng:—/ayfng—k?{ fgny dl’ (B.2)

Q Q 20

If we write g = g, in the upper one and g = g, in the lower one, add them together and define g = (g., g,)”
and 7o = (nz,n,)7” then we arrive at

/fvmygd(l:f/vwf-ngJr?{ fg-ndl (B.3)
Q Q a0
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Appendix C

Finite-Element equations derived from
a minimisation problem

Consider the minimisation problem

min /
where
/ ( (99" + a w¢)2+k‘y(0y¢y)2)—f¢)> dA
j’{ ( — (s )¢> ds
for

¢ = (,ZS(I,y)

and the given functions k,(x,v), ky(z,y), f(z,y), and g(z,y), with the Dirichlet boundary condition
along the sub-section 9.A; of the boundary 0.4 = 9.A; + 0.As, that is

p=¢ on OA;.

As we show below, the stationary value of I with respect to a variation in ¢ is found when ¢(z,y) is
a solution to

and ¢ fulfils both
¢ =@ on 8A1 y
and
(V@) -n+ a(s)p=~(z) on 0As,
where

0A =0A, 4+ 0A; .

To see that this is indeed the case, we note that for ¢ to be the minimum, the first variation of I with
respect to ¢ must be zero, i.e.

0l =0
The variation of I with respect to ¢ is
dol = [ (9660 + 5.0,00.60-+ 1,0, 0,06 — £30) 04 (€2)
4 (a(s)0d0—1()90) ds (©3)
0A

We now use partial integration to get rid of the 0,6¢ and 0,0¢ terms as follows

/A (kpOpd 000 + kyby 0,06) dA = — /A (0 (kp0pd) 66 + 0, (kyy) 56) A + /8 (kpOpdny + kydyn,) 66 ds

A
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Hence

5l = — /A (96 + By (ke ) + By (yBy,) — F) 66 dA

+ (don,+ byoyn, + a0 =) ods (C4)
0A
For the first variation to be zero, i.e.
5,1 =0 (C.5)
for any d¢ we conclude that
9¢ — 03 (k0,0) — 8y(ku8y¢) =1, (C.1)

at any location (x,y) within the domain A, and
koOwprig + kydyny +adp —y =0,
along the boundary, except for 9.A; where we have
p=¢ on OA,

where we must add the condition
(5(}5 =0 on 6.A1 .

From (C.2) and (C.3) we see that Eq. (C.5) can be written on the form
(90169) + (k20:010:0¢) + (kyOydy|0y69) — (f|o¢) =0, (C.6)

where the inner product is defined as

o) = [ 1w.9) gt a4 ()
with the natural boundary condition being
kyOpdng + kydyny +ap —v=10.
The FE equations are exactly Eq. (C.6) with the basis functions being ¢. The FE-equations are, thus,
derived directly from a minimisation problem.

In the finite element method, functions are expanded with respect to a set of basis functions ¢,(z)
withp=1...N as

N
fa) = Y aioi(a)

Here a; are the coefficients in the expansion, and in a given basis the function f(z) can be considered
to be a function of those set of coefficients {a;}, where the curly bracket indicates that the whole set of
coefficients is included

f=f(a;)

d
Df({az})[aq] :lg}(l)%f(al,GQ,.--,aq+€7.-.,aN)

d (&
= lg% e (; aipi(z) + €¢q($)>
= ¢q($)
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Definition of gradients in terms of
directional derivatives and inner
products

The directional derivative of the scalar function J(p) in the direction ¢ is denoted by D f(p)[¢] and defined
as

DF(p)Ie] = lim L f(p+ o)
iy [0+ €0) — f(p)

e—0 €

The directional derivative is sometimes written as d f(p, ¢) or as f'(p, d) i.e.

Df(p)l¢] = f'(p,d) = f(p,®)

are different ways of writing the directional derivative, all commonly found in the literature.
We define the gradient through

Dfp)l¢l = (ViP)|o) (D.1)

where H is a Hilbert space and f : H — R. Here V f(p) is the gradient of f, and the expression above
defines the gradient in terms of the (directional) derivative for a given inner product. In other words,
for a function f: H — R the gradient is defined as the Riez-representation for the directional derivative
Df(p)[¢] through (D.1). The directional derivative depends on the inner product {, )y and the gradient
is not defined without specifying the inner product.

Example: Consider the case H = R™ with the inner product

(xly) = «" My

where M is symmetric and positive definite (for example the mass matrix or any covariance matrix.)
The directional derivative is

_9f

Df(p)lg] = B

bg = <M_1af/apq|¢q>

and therefore
[vf]p = [Mil]pq 3f/3¢q

Had we instead used the Euclidean inner product as (z|y) = =7y the elements of the corresponding
(Euclidean) gradient are

[Vefly = 0f/0¢p (D.2)

Vf=M1'Vgf (D.3)
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where the subscript E denotes the Euclidean gradient. This distinction becomes important in the ap-
plication of the adjoint method where we obtain a gradient that is dependent on the natural FE inner
product

(flo) = [ £9da
= /fp ¢pgq qudA
= fMg
Hence in FE the dual pairing is
(flg) = f"Mg .

The adjoint L* of a given operator L is defined as

(L*flg) = (f|Lg)

for any f and g.
If we are working in H; = R% and the dual space is Hy = R% and

<f|9>H17H2 =f'g
and
<L*f|g>H1,H2 = <f|Lg>Hl,H2

and we denote by L and L*the matrix representations of the continuous linear operators L and L*,
respectively, then
L*=L".
But if the dual pairing is
T
<f‘9>H17H2 =f Mg

where M is a positive definite matrix, then
L* — M—TLTMT
as can be seen as follows

<M*f|g>H1,H2 = <f|L9>H17H2
= f"M(Lg)
=fTMLM ‘Mg
(M~"L"M" f)" Mg
= (M- T"L"M" f|g)

Hy,Ho

We can generalise this a bit further and consider the case where the dual space has a different dimension
with

<f|f>H1H1 - fTle
99 g, =9 " Mag

and find that
L* =M "L mf
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