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Geochemica!l mole-balance modeling with uncertain data

David L. Parkhurst
U.S. Geological Survey, Lakewood, Colorado

Abstract. Geochemical mole-balance models are sets of chemical reactions that
quantitatively account for changes in the chemical and isotopic composition of water along
a flow path. A revised mole-balance formulation that includes an uncertainty term for
each chemical and isotopic datum is derived. The revised formulation is comprised of
mole-balance equations for each el€ment or element redox state, alkalinity, electrons, -
" solvent water, and each isotope; a charge-balance equation and an equation that relates
- the uncertainty terms for pH, alkalinity, and total dissolved inorganic carbon for each
aqueous solution; inequality constraints on the size of the uncertainty terms; and
inequality constraints on the sign of the mole transfer of reactants. The equations and
inequality constraints are solved by a modification of the simplex algorithm combined with
an exhaustive search for unique combinations of aqueous solutions and reactants for
which the equations and inequality constraints can be solved and the uncertainty terms
minimized. Additional algorithms find only the simplest mole-balance models and
determine the ranges of mixing fractions for each solution and mole transfers for each
reactant that are consistent with specified limits on the uncertainty terms. The revised
formulation produces simpler and more robust mole-balance models and allows_ the
significance-of mixing fractions and mole transfers to be evaluated. In an example from
the central Oklahoma aquifer, inclusion of up to 5% uncertainty in the chemical data can
reduce the number of reactants in mole-balance models from seven or more to as few as
three, these being cation exchange, dolomite dissolution, and silica precipitation. In
another example from the Madison aquifer, inclusion of the charge-balance constraint
requires significant increases in the mole transfers of calcite, dolomite, and organic matter,
which reduce the estimated maximum carbon 14 age of the sample by about 10,000 years,

from 22,700 years to 12,600 years.

Introduction

Quantitative mole-balance modeling was introduced to geo-
chemical literature by Garrels and Mackenzie [1967]. They de-
veloped a mole-balance model that accounted for the compo-
sitional difference between an ephemeral spring and a more
chemically evolved perennial spring by the reaction of minerals

in Sierra Nevada rocks. A mole-balancé model is a set of

mixing fractions of initial aqueous solutions and mole transfers
of minerals and gases that quantitatively account for the chem-
ical composition of the final solution. Implicit in this approach
is the assumption that the final solution did indeed evolve from
the initial aqueous solutions by reaction with the proposed

minerals and gases. This assumption is frequently applicable in

regional aquifer studies, where the flow system and mineralogy
are well known and the chemical composition of water in the
aquifer can be assumed to be nearly a steady state, that is,
invariant at each location with respect to time (see discussion
by Glynn and Brown [1996]).

In their simplest form the constitutive equations of a mole-
balance model are mass conservation equations for each ele-

ment in the chemical system [Plummer et dl.,"1983]
' Angn ks
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where j represents an element, Q is the number of aqueous
solutions and the first @ — 1 solutions mix to form the last
solution Q, «, is the mixing fraction of solution g, T}, is the
total concentration of element; in solution g; P is the number
of reactive phases, ¢; , is the stoichiometric coefficient of ele-
ment j in phase p, and a,, is the mole transfer of phase p. The
unknowns in this formulation are the mixing fractions e, and
the mole transfers of the phases e,,. The formulation described
by Parkhurst et al. [1982] leads to a set of linear mole-balance
equations, one equation for each element in the system except
for hydrogen and oxygen. The set of equations can be solved by
Gaussian elimination, provided the number of unknowns
equals the number of equations and the equations are linearly
independent. Enhancements of the mole-balance approach
have added an equation to conserve electrons, which forces
oxidative reactions to balance reductive reactions, and isotope-
balance equations [Plummer and Back, 1980; Parkhurst et al.,
1982; Plummer et al., 1983; Plummer et al., 1990, 1991, 1994].
Another enhancement to the mole-balance approach ad-
dresses the problem when the number of reactant phases P
exceeds the number of mole-balance equations #. In this case
the mole-balance equations are formulated for every combi-
nation of n reactant phases. All sets of # phases for which a.
solution to the equations can be found are potential mole-
balance models. These models can then be accepted. or re-

‘jected by determining whether they are consistent with any

dissolution’ or precipitation constraints that can be deduced
from thermodynamic considerations or microscopic evaluation
of minerals. The program NETPATH has- the capability for -
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mole-balance modeling with all of these enhancements [Plum-
mer et al., 1991, 1994]. ‘

The present work expands on the previous approaches by
including an additional set of unknowns that are uncertainty
terms for each chemical and isotopic datum. These uncertainty
terms allow each datum to increase or decrease, but the mag-
nitude of the increase or decrease is constrained to vary only
within a specified limit. Each limit is specified on the basis of
-the sources of uncertainty in the datum, which include analyt-
ical uncertainty and sampling uncertainty, and may also in-
clude uncertainty due to spatial variability. The constraints on
the uncertainty terms are formulated as a set of linear inequal-
ity constraints. The new formulation uses the same chemical
-and analytical data as previous approaches to mole-balance
modeling but requires the additional specification of the un-
certainty limits for all chemical and isotopic data.

In addition, the new formulation expands on the previous
approaches by including (1) mole-balance equations for each
valence state of an element (in place of one mole-balance
equation for the total element), if an element may exist in

_more than one valence state in aqueous solution (a redox
element), (2) a different electron-balance equation, (3) a mole-
balance equation on alkalinity, (4) a charge-balance equation
for each aqueous solution, (5) a mole-balance equation for
solvent water, and (6) an equation relating the uncertainty
terms for pH, alkalinity, and total dissolved inorganic carbon
for each aqueous solution. The combined set of equations and
inequality constraints are solved using a modification of the
simplex algorithm.

Mole-balance models calculated by using the new formula-
tion. are more reliable because charge balance is explicitly
included, more robust because small differences in chemical
data or mineral composition do not lead to major differences
in the mole-balance models, and more consistent because the
new formulation provides the means for assessing the signifi-
cance of mole transfers relative to uncertainties in the chemical
data. This work shows that consideration of reasonable uncer-

tainties in field data can entirely eliminate certain reactants .

and aqueous solutions from mole-balance models and can de-
termine which reactants and aqueous solutions are essential in
mole-balance models. The revised formulation of mole-
balance modeling provides a method to determine the simplest
sets of geochemical reactions that explain the chemical and
isotopic data within specified limits of uncertainty.

Equations and Inequality Constraints

Several changes in the set of equations previously used for
mole-balance modeling are needed to account for uncertain-
ties in the chemical and isotopic data. The revised set includes
mole-balance equations for each element or element valence
" state, an electron-balance equation, an alkalinity-balance
equation, a charge-balance equation for each aqueous solu-
tion, a water-balance equation, isotope-balance equatjons, and
equations relating the uncertainty terms for pH, alkalinity, and
total dissolved inorganic carbon. Inequalities are included to
constrain uncertainty terms to be smaller than specified uncer-
tainty limits and to comstrain specified phases to dissolve or
precipitate. .

Mole-Balance Equations

In previous formulations, mole-balance equations were in-
cluded only for the total concentration of each element (except
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hydrogen and oxygen) and for the redox state of the aqueous
solution [Parkhurst et al., 1982; Plummer et al., 1983, 1991,
. 1994]. If uncertainties are considered for the total concentra-
tion of an element, no simple way exists to consider the un-
certainties in individual redox states of elements. Uncertainties
in trace'redox elements would be effectively neglected in the
redox-state equation because of the jarger magnitude of the
uncertainties for the major redox elements (sulfur and carbon)
in the total redox state of the solution.

The new formulation includes a mole-balance equation for
each valence state of each redox element in the system. It is
assumed that the number of moles of an element or element
valence state in the final solution may be derived from the
initial aqueous solutions, the reactive phases, and in the case of

élement valence states, aqueous redox reactions. As an exam- -

ple of an aqueous redox reaction, the following equation would
transfer ferrous iron to ferric iron or the reverse, depending on
the sign of the mole transfer:

Fe**=>Fe* +¢™. )

The mole-balance equation including uncertainty terms and
redox reactions can be written as follows:

Q .
2 g0y (Tp g+ 8g) + 2 Cm, ptp + 2 Corty =0, 3)
q P r

where T, , is the total number of moles of element or element

valence state m in aqueous solution g, 8,, , is a term for the -

uncertainty in the number of moles of T,, ,, ¢, , is the stoi-
chiometric coefficient of element or element valence state 2 in
the dissolution reaction for phase p (by convention, all chem-
ical reactions for phases are written as dissolution reactions;
precipitation in mole-balance models is indicated by negative
mole transfers, @, < 0), and ¢,,, is the coefficient of the-
element valence state m in redox reaction . The last aqueous
solution, number @, is assumed to be formed from mixing the
“ first Q — I~aqueous solutions such that ¢, = 1.0 forg < Q
and ¢y = —1.0. The unknowns in the equation are the mixing
fractions of the solutions e, (unitless), the mole transfers of
the phases a, (moles), the extent of redox reactions- .
(moles), and a term for the uncertainty in the number of moles
of the element or element valence state in each aqueous solu-

tion §,, , (moles).
Electron-Balance Equation

In place of the redox-state equation used in previous mole-
balance modeling formulations, a mole-balance equation for
electrons is used. Electrons may enter or leave the aqueous
phase through aqueous redox reactions or through phase dis-
solution and precipitation reactions. However, the electron-
balance equation requires that the sum of all electrons entering
and leaving the aqueous phase must be zero,

2 Ce-, vty + 2 Ce =0, 4
r P

.where c,-, represents the number of electrons released or
consumed in each aqueous redox reaction and c.-, is the
number of electrons released or consumed in the phase disso-
lution reaction.

Alkalinity-Balanée Equation

Chemical data for aqueous solutions always contain some
analytical error. One manifestation of this error is that al-




though all aqueous solutions are physically charge balanced,
most chemical analyses have some charge imbalance between
analyzed cations and analyzed anions. This charge imbalance
should be considered in mole-balance modeling, but to formu-
- late a complete charge-balance equation, it is necessary to
. include the charge contribution of alkalinity.

For the purposes of mole-balance modeling, the alkalinity of

an aqueous solution is defined operationally by a summation

Ak, = D) Can iy, (5)
i

where Alk, is the alkalinity of solution g, ¢ oy ; is the alkalinity
contribution of aqueous species i, and m; , is the number of
moles of species i in solution g. If a set of master or basis
species is chosen, one for each element or element valence
state plus hydrogen ion and water, then chemical equations for
all other aqueous complexes can be written in terms of the
master species, with no electrons in the reaction. The values of
€ ai,m for the master species are chosen such that the refer-
ence state (c 4y, ; = 0) for each element or element valence
state is the predominant aqueous species at the approximate
PH of the endpoint of a titration; pH 4.5 is used in all the
. calculations in this paper. The following definitions apply to
hydrogen ion, ¢ oy g+ = ~1.0, and water, ¢y pr,0 = 0. The
alkalinity contribution of an aqueous complex is defined to be
the sum of the alkalinity contributions of each of the master
species in a balanced chemical association reaction that con-
tains only master species and no electrons. By disallowing
electrons in the equation, the alkalinity contribution of an
aqueous species is defined unequivocally; if electrons were
allowed in the equation, then different alkalinity contributions
for a single species could be calculated by using association
reactions involving different redox states. The unique defini-
tion of the alkalinity contribution of an aqueous species allows
a unique definition of the calculated alkalinity of a solution,
which is determined by (5) from the distribution of aqueous
species as calculated by an ion-association speciation model.

Conceptually, the calculated alkalinity for a solution differs
from the measured alkalinity. The calculation assumes that all
of the aqueous species present at the measured sample pH are
converted to species with defined alkalinity contributions of
zero in the course of a titration. In an.alkalinity titration,
however, significant concentrations of the species with defined
alkalinity contributions that are nonzero may exist at the end
point of the titration. The extent to which these species exist at
the end point of the titration causes the measured alkalinity to
differ from the calculated alkalinity. (The correct alkalinity
should be the calculated alkalinity at the initial pH minus the
calculated alkalinity at the end point of the titration, but the
end point of the titration is not known a priori.) Species that
are especially susceptible to this problem are the hydroxide
complexes of iron and aluminum. However, in most solutions
the operational definition of alkalinity is adequate because
alkalinity is derived predominantly from carbonate species, for
which alkalinity contributions can be reliably defined.

The alkalinity contribution of a phase is the sum of the
alkalinity contributions of the aqueous species in a balanced
chemical reaction for the dissolution of the phase. Phase dis-
solution reactions can include electrons, and so, the defined
alkalinity for a phase can vary, depending on the chemical
reaction that is used to define it. However, the reactions for the
phases are only used in combination with redox transfer reac-
tions in the complete mole-balance formulation. The combi-
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nation of the phase mole transfer and the redox mole transfers
gives the correct alkalinity contribution to the aqueous solu-

tion, provided the same definitions for the alkalinities of the .

master species are used in all chemical reactions. The alkalinity
contribution of the electron is 0, ¢ g5 .- = 0.

The forii*6f the mole-balance equation for alkalinity is iden-
tical to the form of-the other mole:balance equations,

Q
E cqaq(TAIk,q + 3Alk,q) + 2 CAlk,pap + E cAlk,rar = 07 (6)

9 P

where the coefficients ¢y, are calculated from balanced
chemical reactions for phase dissolution reactions, ¢y, , =
2; Alkc;, pande; , is the stoichiometric coefficient of aque-
ous species i in the dissolution reaction for phase p; and ¢ 4 ,
are calculated from aqueous redox transformations, ¢ oy, , =
2, Ak, c,, ,,andc,, . isthe stoichiometric coefficient of the
master species m in aqueous redox reaction r.

Charge-Balance Equation

A charge-balance equation is included for each of the aque-
ous solutions. The concentrations of the elements and element
valence states are allowed to vary within specified uncertainty
limits, but variations in concentrations should not be allowed
to generate charge imbalanced solutions. In fact, the variations
in the concentrations should correct for the calculated charge
imbalance in each aqueous solution. The charge-balance equa-
tions constrain the uncertainty terms for the chemical data (8)
to be such that when the & values are added to the original
analytical data, charge balance is produced in each aqueous
solution. The revised mole-balance formulation allows any
combination of adjustments within the uncertainty limits to
obtain charge balance for each aqueous solution. The charge-
balance equation for an aqueous solution is as follows:

2 ZBmg = ™

z,q:

where T, , = SM=z;n, , is the charge imbalance (in equiva-
lents) in aqueous solution ¢, which is calculated by summing
charge z; times moles n; , for all aqueous species in solution g.
The summation in (7) ranges over all elements and element
valence states and also includes a term for alkalinity. For al-
kalinity, Z o, is defined to bé —1.0. For the master species of an
element or valence state m, %, is defined to be the charge on
the master species plus the alkahmty assigned to the master
species, Z,,, = z,,, + Alk,,. Adding the alkalinity to the charge
avoids double accounting of the charge contribution of the
element or element valence state when the master species is
defined to have a nonzero alkalinity contribution. Thus the
summation for charge balance can be divided into two parts: a
part that is calculated by a summation over the concentrations
of each element and element valence state (accounted for by
%,) and a part that is the alkalinity. This division is most
important for inorganic carbon, which is the major source of
alkalinity in most natural waters. If CO3™ is chosen as the
master species for carbon (IV), the alkalinity assigned to this
species is 2. The value of Z o) is the charge plus the alkalinity,
which equals zero (Zegvy = —2 + 2 = 0). These definitions
imply that no charge contribution for carbon (IV) is included

in the first part of the charge-balance summation (the summa- -

tion over elements and element valence states) and all of the
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charge contribution for carbon (IV) is contained in the second
part of the charge-balance summation, the measured alkalinity.

Water-Balance Equation

A mole-balance equation is included for water. This equa-
tion is a generalization of the constraint that the mixing frac-
tions for the initial aqueous solutions sum to 1.0, which was
used in previous mole-balance formulations. The water-
balance equation states that the moles of water derived from
the initial aqueous solutions plus water produced or consumed
in redox reactions plus water produced or consumed in mineral
and gas reactions equals the moles of water in the final aque-
ous solution. The equation is approximate because it does not
account for homogeneous hydrolysis reactions that produce or
consume water within the aqueous phase, for example, hydro-
lysis of ferric ion to form ferric hydroxide aqueous complexes.
However, homogeneous reactions are expected to produce or
consume less than a few millimoles of water out of approxi-
mately 55.5 moles in a kilogram of water.

The mole-balance equation for water is as follows:

oz,, + z CHzo,paP + 2 CH.0,r%r + 6H30’Q = 0,
P r :
(8)

where GFWyy ¢ is the gram formula weight for water (~0.018
kg/mol), W, , is the mass of water in solution g, Cp,0, i the
stoichiometric coefficient of water in the dissolution reaction
for phase p, ¢y,0, - is the stoichiometric coefficient of water in
the aqueous redox reaction, and 8y,0,o is an uncertainty term
for the number of moles of water in the final aqueous solution.
To avoid multiple correlated unknowns, the last term in (8)
accounts for all the uncertainty in the moles of water in the
system; conceptually, the individual terms for the uncertainty
in the moles of water in each aqueous solution are included in
this single term.-

“q q
2 GFWyyo

Isotope-Balance Equations

Geochemical mole-balance models must account for the iso-
topic composition as well as the chemical composition of the
final aqueous solution. In general, isotopic evolution requires
solving a differential equation that accounts for fractionation
processes for precipitating solids and exsolving gases. In the
development presented here, only the simpler case of isotopic
mole balance, without explicit fractionation, is considered.
This approach is correct if all isotope-bearing phases dissolve
but is approxunate when isotope-bearing phases precipitate or
exsolve.

Mole balance for an isotope can be written as follows:

Q
2 anq 2 (an,q + 6Rf".,’)(Tm + Snl,q)
q .

Me

+2 Cep(Rep + g ), = 0, ©)

4 Lo #

where M, ranges over all valence states of élement e, R, _ is
the isotopic ratio (which may be delta notation (for example,
8'3C or 8%*S), 1C activity in percent modern carbon, or any
units that allow linear mixing) for isotope i for valence state m
in aqueous solution ¢, 8, _is an uncertainty term for the i iso-
topic ratio for a valence state in the aqueous solution, R’ P

the isotopic ratio of element ¢ in phase p, and & is an
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uncertainty term for the isotopic ratio of the element in the
phase.

Expanding (9) and neglecting the products of & values gives
the following approximation:-

Q
z z (CoRm,qTmtq + CoRI g2 Bm,q + CaTuOR, q)
M

q
+ 2 (e RE,
14

Commonly, the uncertainty limit for the valence state will be
small relative to the concentration of the valence state or the
uncertainty limit for the isotopic ratio will be small relative to
the isotopic ratio itself. In either case the products of 8 values
that are neglected will be small relative to the other terms and
(10) will be a good approximation. The approximation in (10)
will be poor only if the concentration of the valence state and
the isotopic ratio have large calculated & values. In this case the
overall effect is that the true values of the uncertainty terms
will be larger than the specified uncertainty limits. The ne-
glected terms can be made smaller by decreasing the uncer-
tainty limits on ejther the valence-state concentrations or the
isotopic ratios for each aqueous solution. In the future, non-
linear programming may provide a better approach to avoid
neglecting terms as well as to allow for isotopic fractionation
and evaluation of the uncertainties in carbon 14 ages.

&y + C.patyBr) = 0. (10)

Relation Among pH, Alkalinity, and Total Dissolved
Inorganic Carbon Uncertainty Terms

In general, the uncertainty terms associated with the chem-
ical data (8) are assumed to be unrelated, except for the
charge-balance relation for ions. However, the uncertainty
terms for some sets of data can be related, including (1) pe (by
convention, pe is the negative log of the activity of the elec-
tron) and the concentrations of the valence states of a redox
element and (2) pH, alkalinity, and total dissolved inorganic
carbon. In the current mole-balance formulation, uncertainty
terms are included for each valence state of each redox ele-
ment. However, no relation has been included between the
uncertainty in pe and the uncertainty terms for the concentra-
tions of the individual valence states of an element, and un-
certainty in the pe is not included in the formulation at all. The
lack of a relation with pe is potentially a problem only when
the total concentration of a redox element is specified and pe
is used to distribute this element among its valence states.
Usually, pe is not used to distribute the major redox elements
(carbon, sulfur, dissolved oxygen, and nitrogen) into their in-
dividual valence states. Other redox elements tend to have
trace concentrations. Usually, these trace redox elements are
either conserved in the solid phases (for example iron), which
makes the aqueous concentrations relatively unimportant, or
the .stoichiometries of the sources of these elements are not
well defined, which indicates that mole-balance modeling is not
applicable for these elements.

If inorganic carbon is included in the model, one additional

-equation is added for each aqueous solution. This equation is

needed because the combination of alkalinity, charge-balance,
electron-balance, and element mole-balance equations overde-
termine the chemical system. The uncertainty terms for pH,
alkalinity, and total dissolved inorganic carbon are not inde-
pendent, and the revised mole-balance formulation uses the
following equation to account for the interdependency: .
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ac(Iv), acay),
cuv), = m’k_q' Alk,q —Em‘ SpH.q' (11)

The partial derivatives for this equation can be evaluated nu-

merically for each aqueous solution. Inequality constraints (see
(12)) are included for carbon (IV), alkalinity, and pH for each
aqueous solution.

Inequality Constraints

The revised formulation for mole-balance modeling makes
sense only if the values of & are small, which means that the
adjusted aqueous solution compositions (original data plus §
values) do not deviate much from the original data. A set of
inequality constraints ensures that the values of & are small.
The absolute value of the uncertainty term for each chemical
datum 8, ,, is constrained to be smaller than a specified
uncertainty limit u,, 4, .

|8 gl = thm,g-
Likewise, the absolute value of the uncertainty term for each

isotope ratio for each aqueouis solution 5! , i constrained to
be smaller than a specified uncertainty limit u

|8

1ty

i
g’

q[ = ug, (13)
and the absolute value of the uncertainty term for each isotope
ratio for each phase is constrained to be less than a specified
uncertairity limit ug! ,
|8Ri,p| = HRLI’. (14)
In addition, the mixing fractions for the initial aqueous so-
lutions (¢ < Q) are constrained to be nonnegative,

o, = 0. (15)
If phases are known only to dissolve, or only to precipitate, the
mole transfe of the phases may be constrained to be nonnega-
tive, : .

&, = 0 (dissolution), (16
» :

or nonpositive,

a, = 0 (precipitation). 17)

Change of Variables

The unknowns in the system of equations and inequality
constraints for mole-balance modeling (equations (3}, (4), 6)-
(8), (10)-(17)) are denoted « and 8. The equations, as pre-
sented, are nonlinear because they include thie product of un-
knowns of the forms @8, 4, @0R,, » and ap'o‘RLp. However, if
the following substitutions are made,

Emg= XOma | (18)
&R, , = %O, » (19
SRL‘P = apaRi‘p’ (20)

the system can be linearized.
The mole-balance equations (3) are written as

(12) -

1961

Q Q
2 CqT g + E CeBmq T 2 Cm,p®p
q q - P

+ ) Cmtty = 0. (21)

“The electron-balance equation (4) is unchanged. The alkalin-

ity-balance equation (6) is written as

0 0
D cqTang®e + 2 Cofamg + > Caks®
q q V4

+ 2 ’(:Alk,,.ot, = (. (22)

By multiplying through by e, the charge—balancé equation (7)
is written as )

Togty+ D Znbmg = 0. (23)
m

The mole-balance eqﬁation for water (8) is unchanged. The

isotope-balance equation (10) is writtén as

Q
2 2 (CqRin,quaq + chﬁn.qsm:q + ch"‘BRfu,,)

q M

+ D (CopRE 0, + Coper,) = 0. (24)
»

By multiplying through by a,, the pH-alkalinity-carbon rela-
tion (11) is written as

3C(IV),

BC(IV),,
Ecavy, = "m €Alk,q

opH, EpH,q-

(25

The inequality ¢onstraints must also be modified to be con-
sistent with the new unknowns. Each inequality for the chem-
ical data (12) is multiplied by @, to change variables and then
coriverted into two inequalities to remove the absolute value

function,
(26)

“Up,g0lq = Emq = U g0y

These two inequalities can be written because both o, and
U, , are required to be nonnegative. Putting these inequalities
into a standard form gives

@7
(28)

-— <
Emg ™ Umq2q =0
~Emg— Umg®=0.

Similarly, each inequality for the isotopic composition of an
élement or valence state in an aqueous solution (13) is trans-
formed to the following two inequality constraisits:

&Rl = U, =0 (29)

g

—eg, T UR, 0S 0. (30)

To ise the same approach to constrain the uncertainty term
for the isotopic composition of a phase (14), the sign of the
mole transfer of the phase must be known. Thus, to use purely
linear programming, all reactant phases containing isotopes
must be constrained either to dissolve or precipitate. If a phase
is constrained to dissolve, o, = 0, the following two inequality
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constraints are used for the uncertainty term for the isotopic
composition of the phasé:

eR,, ~ U, =0 (31)

} _SR:, » uR""yap =0. (32)

If a phase is constrained to precipitate, @, = 0, theén the
following two inequality constraints are used:

e, T ur,0 =0 (33)

—ex,, tug o, =0. (34)

The equations (4), (8), and (21)~(25) and inequalities (15)-
{17) and (27)=(34) constitute the complete formulation for
mole-balance modeling. All of the equations and ifieqitality
constraints are linear in the unknowns & and &, and oncg the
values of all of the o and ¢ are known, the values of & can be
easily determiinéd from (18)-(20).

Numerlcal Method

The algebraic constramts for the mole-balance problem can
be posed with the following matrix equalities and inequalities:

CX=D

EX=<F. (35)

Previoué_mole-balazice formulaticns contained only a set of the
equalities in which the number of unknowns equa.léd the num-
ber of equanons and could be solved by simple Gaussian elim-
ination. A more, complicated algorithm developed by Barrodale
and Roberts [1980] is used to solve the revised formulatlon,

- which iricludes inequality constrdints and has thore equations
and inequality constraints than unknowns: Their algorithm
performs an L1 minimization (rhiniriize the sum of the abso-
lute values) on a set of liriear equations,

AX = B, (36)
subject to equahty and 1nequa11ty constramts The matrix equa-
tion 4X = B is minimized such that P ]b 3 a; ,xj| isa
minimum, where £ is the row index andj is the column mdex
Thus, if (35) i$ the set 6f eéquations and inequality cofistraints
for a mole-balance problém, any set of equalities’ (36) mdy be
chosen as the objective functions. The algorithm will find a
solution that minimizes the objective functions (4X = B) or
will detérmine that no model exists subject to the constraints
(equation (35)). :
Initially, AX = B is set to minimize EN . |s |/u;; where N,

is the total fumber of unknowns labeled &, regardless .of sub- ]

scripts. This is- accomphshed with N, equations of the form
-g;/u; = 0. Because & = -ab, these ob]ecnve functions minimize

the sum of the, absolute values of the deviations from the-

original chemnical and isotopic data (8 values), standardized by
the specified uncertainty limits » and weighted by the mixing
fraction a, or mole transfer a, (for iSotopes only). The weight-
ing is an amfact of the change of vanables to maintair hneanty
~and is necessary to maifitain the use of thie linear programming
: techmque The weighting affects the values of the uncertainty
terms; but, the Vvalues of the uncertamty terms are not neces-
sarily umquely defined anyway. In practlce the actual valiies of
the tincertainty terms are not ds significant as the fact that

ncertamiy terms can be found that allow a mole-balance
odel to be valid within the specified uncertainty limits. Stan-
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dardizing by the uncertainty limits produces mole-balance
models with mole transfers that have central values relative to
the range of mole transféis that are possible within the con-
straints of the uncertainty limits.

The equality constraints (CX = D) include all mole-
balance, electron-balance, alkalinity-balance, charge-balance,
water-balance, isotope-balance, and. pH-alkalinity-carbon
equations. The inequality constraints (EX < F) include two
inequalities for each of thé e values for the cherhical data, an
inequality for each mixing fraction for an aqueous solution, an
inequality for each phase that is specified only to dissolve or
only to prec1p1tate two inequalities for each isotopé of each
valence state in each aqueous solution, and two inequalities for
each isotope in each phase. ,

Application of the optimization technique will determine
whether a mole-balance model exists that is consistent with the
constraints, that is, if there is at least one set of mixing fractions
and phdse mole transfers (plus associated & values) that satisfy
the constraints. But could other sets of aqueous solutions and
phases dlso produce feasible mole-balance models? An addi-
tional algorithm is used to find uniqite mole-balarice models.

Ignoring the values of ¢ and redox mole transfers («,), let

the set of nonzero a, and @, (mixing fractions and phase mole
transfers) uniquely 1dent1fy a mole-balance model. A binary
sequence of zeros and ones is constructéd to define the model,
a one for each aqueous solution and phase that is included in
the model and a zero for each aqueous solution and phase that
is not included. The magnitudes of & are not considered in the
identity of an mole-balance model, only the fact that a set of
the « values are nonzero.

Assuming P reactant phases and Q aqueous solutions, we
proceed as follows: If no feasible model is found when all Q
aqueous solutions and P phises are included in the formula-
tion, the job is done because iio feasible model exists. If a
feasible model is found, then a procedure is used to identify a
“minimal” model; a minimal model is défined to be a model for
which no feasible model can be found with any proper subset
(that is, any subset smaller than the whole set) of the solutions
and phases of the model. To find a minimal model, a revised
model is derived from the original model by using the optimi-
zation miethod to test the necessity of including each-aqueotis
solution or phase in the model. Imtlally, all of the aqueous
solutions and phases of the original model are included in the
revised model. The first aqueous solution or phase in the re-
vised miodel is removed, and the remaining set of aqueous
solutions and phases is tested for the existence of a feasible
model. If a feasible niodel is found when excluding the aque-
ous solution or phase, then that aqueous solution or phase is
not essential and is removed from the revised model; 1f ho
feasible model is found, then the aqueous solution or phase is
essential and is retained in the revised model. Next the second
aqueous solution or phase is removed from the reviséd model,
arid the existenice of a feasible sohition is tested. After each
aqueous solution and phase has beer tested, the aqueous $o-
lutions and phases that remain in the revised model constitute
a minimal model. Three lists.of binafy sequences that repre-
sent feasible and infeasible models are kept during this pro-
cess, one list for each feasible model, another list for each
infeasible model, and a third list for each minimal model. The
minimal models are the simplest models that account for the
data within the uncertainty limits. It is sometimes useful to find
only the minimal models, both because they ate the simplest
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and because the algorithm is computationally faster when
looking only for these models.

Next each combination of P — 1 phases is tested for feasible
models as follows: If the set of aqueous solutions and phases is
a subset of an infeasible model or a subset of a minimal model,
the model is automatlcally infeasible or equal to the minimal
model, so the model is not tested with the optimization
method. If only minimal models are to be found, the model is
not tested if it is a superset of a minimal model, because any
new minimal model must not contain at least one of the phases
of any other minimal model. If a model is not eliminated
because of these comparisons, the optimization problem is
formulated and solved by using the set of aqueous solutions
and the P — 1 phases in the same way as described above,
maintaining the three lists durmg_ the process. Onc_e all sets of
P — 1 phases have been tested, the process continues with sets
of P — 2 phases, and so on until the set containing no phases
is tested or until, for a given number of phases, P — n, every
set of phases tested is either a subset of an infeasible model or
a subset of a minimal model.

At this peint the entire process is repeated using each pos-
sible combination of one or more of the @ — 1 initial aqueous

.solutions. Although the process at first appears extremely com-

puter intensive, most sets of phases are eliminated by the
subset and superset comparisons on the binary sequences,
which are very fast binary comparisons. The number of models
that are formulated and solved by the optimization procedure
are relatively few (commonly less than 200). The process has
the useful feature that it determines immediately whether any
feasible model exists with the first invocation of the optimiza-
tion procedure.

Not every feasible model is found by this search procedure.
The relevant criterion is that every feasible model that mini-
mizes the objective function is found by the algorithm. It is
almost always possible to include a tiny amount of a new phase
in 2 mole-balance model and with minor adjustments in the
mole-transfers of the other phases or the uncertainty terms,
still satisfy all of the equality and inequality constraints. How-
ever, this augmented model will be identified by the algorithm
only if it reduces the objective function. Also, only end-

member models are found by the algorithm. Additional mole-

balance models can be constructed by taking linear combina-
tions of the end-member models. Each linear combination
produces a new mole-balance model that satisfies all the con-
straints, prov1ded the coefﬁc1ents of the linear combination are
positive and sum to 1. '

An alternative formulation of the objective functions can be
used to determine the ranges of mixing fractions for each
aqueous solution and mole transfers for each phase that are
consistent with the specified uncertainty limits. For this
“range” calculation the equality and inequality constraints for
a given model are solved twice for each aqueous solution and
phase in the model, once to determine the maximum value and

‘once to determine the minimum value of the mixing fraction or

mole transfer. In these calculations the. sums-of g/u are not

- minimized; instead, the single objective function for maximi-

zation is simply
a=M, 37
and for minimization,

ol = -M, (38)
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where a refers to either o, Or a,, and M is a positive number
larger than the absolute value of any mixing fraction or mole

- transfer. The optimization algorithm will minimize the differ-

ence between o and M and —M, thus calculating maximum
and minimum mixing fractions or mole transfers that are con-
sistent w1th the constraints.

Examples
Two examples are presented that are taken from regional

- groundwater studies that contamed mole-balance modeling

results. The examples demonstrate some of the features of the
revised mole-balance formulation and contrast mole-halance
results derived with and without consideration of nncertainties.
The program NETPATH [Plummer et al., 1994] is'a computer
program for calculating mole-balance models. It does not have

.any capabilities for directly mcludmg uncertainty in the mole-

balance calculations but does have the capability to calculate
isotopic evolution and carbon 14 ages by including fraction-
ation effects. For the examples in this report, NETPATH was
used to-make the mole-balance calculations that do not include
consideration of uncertainty, and it was used for all carbon 14
age calculations. Mole-balance models calculated without un-
certainty will be referred to as “NETPATH models.”
PHREEQC [Parkhurst, 1995] is a computer program that
has the capability to calculate mole-balance models by using
the revised formulation described in this report, except that

: 1sotope mole-balance equations are not included. A modified

version of PHREEQC was developed that has the added ca-
pability to madel isotope mole balance with the associated
uncertainty terms. Other minor enhancements in the modified
version include the incorporation of an uncertainty term for
the moles of water in the system and the capability to mclude
any selected phase in the range calculation. These modifica-
tions exphmtly implement the complete revised mole-balance
formulatron described in this report. For the examples in this
report, mole—balance calculations that consider uncertainty in
the chemical and isotopic data were made with the modified
version of PHREEQC, and mole-balance models calculated
with uncertainty will be referred to as “PHREEQC models.”

Application to the Central Oklahoma Aquifer

This example calculation incarporates uncertalntles in mole-
balance modeling to evaluate geachemical reactions in the
central Oklahoma aquifer. Two typés of water predominate in
the aquifer! a calcium magnesium bicarbonate water in the
unconfined part of the aquifer with pH in the range from 7.0 to
7.5 and a sodiutn bicarbonate water in the deep and confined
parts of the aquifer with pH in the range from 8.5 to 9.2
[Parkhurst et al., 1996]. In addition, marine- -derived sodium
chloride brines exist below the aquifer and presumably in fluid
Inclusions and in dead-end pore spaces within the aquifer. The
conceptual model for the evolution of the water in the aquifer
is that the calcium magnésium bicarbonate water, which is
praduced during or soon after recharge, evolves to the sodium
bicarbonate water that is present at the distal ends of flow
paths by chemical reactions and by mixing with brines. The
modeling attempts to identify and quantify the geochem1ca1
reactions that cause this chemica] evolution of water along the
flow.path. '

Water compositions and reactants. The two initial waters
used in this example-are calcium magnesium bicarbonate wa-
ters representative of the unconfined part of the aquifer.
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Table 1. Analytical Data for Solutions Used in the Central
Oklahoma Aquifer Example

Analyte Solution 1 Solution 2 Brine Solution 3
pH 738 - 721 55 9.07
Ca 1.34 1.65 430 0.03
Mg 1.32 1.62 190 0.02
Na 0.06 0.06 4990 827

K 0.01 0.01 0 0.01

Si 0.30 0:30 0 0.16
TDIC 5.54 7.16 0 7.22
SO, 0.13 0.13 0 0.14

Cl 0.07 0.07 6230 031
Al 0 0 0 0

§3C -14 +3 -14 %3 -10.7 1

All data are in millimoles per kllogram of water, except pH and
813C. TDIC, total dissolved inorganic carbon; 8*3C, carbon 13 compo-
sition of TDIC in per mil relative to Pee Dee belemnite (PDB); +,
uncertainty limit assigned in inverse modeling. Uncertainty limit for
pH was 0.05, uncertamty limit for all other data was 5% of value.

Parkhurst et al. [1996] demonstrated that the range in chemical
composmon of the calcium magnesium bicarbonate waters is
pnmanly the result of evaporation of rainwater, influx of vary-
ing amounts of carbon dioxide in the soil zone, and reaction of
calcite and dolomite. The most important factor determining
the chemical composition of the waters is the amount of car-
bon dioxide that enters the aqueous solution as it passes

through the unsaturated zone. The two calcium magnesium -

bicarbonate solutrons used in this example (Table 1, solutions
1 and 2)'weré generated by Parkhurst et al. [1996, Table 10] by
using the program PHREEQE [Parkhurst et al., 1980] to sim-
ilate the addxtron of 3.0 and 4.0 mmol of carbon dioxide to
evaporated ramwater, followed by ethbratxon with calcite
ite. The concentration of silica in the two simulated
waters i§;the mean of silica’ concentrations in recharge-water
samples ; ‘The concentrations of chloride, so-
dium, and sulfate are. 10 times ra1nwater ‘'values and are based
on the estunated range of evapotransplratron factors for the
aquifer [Parkhurst eta ’-1996] Isotopic values for solutions 1
and 2 are based on lSOtOplC data from recharge-water samples.

“A simplified bri ition (Table 1) that is typical of
the most concentrated:_bnnes' “found-in’ “deep formations in
central Oklahoma is used a a source-of chloride in the aquifer.
Eved. though fluid flow should have beén sufficient to remove
brines from the active ﬂow system in the aqulfer, it is assumed
that watér simiilar to ‘this brinié 1§ vailable in fluid inclusions
and very nnpermeable sﬂtstones in the parts of the aquifer in
which the sodium bicarbonate water evolves. A typical sodium
bicarbonaté water from the aquifer [Parkhurst et al., 1996,
sample number 34, Table 8] was selected to represent the net
result of geochemical reactlons in the aqulfet (Table 1, solu-
tion 3).

. Optical and scanning electron mrcroscope ev1dence and cat-
jon exchange measurements [Breit et al., 1990; Parkhurst et al.,
1996] suggest that the primary reactants in the ‘aquifer are
. calcite, dolomite, silica, kaolinite, chlorrte potassmm feldspar,
plagioclase, cation-exchanging c¢lays, and gypsum The stoi-
chiometries and dissolution constraints that” Were used. for
these minerals are hs_ted in Table 2. The constrairts wére
determined ori the basis of mineral textures and saturation
indices for the minerals. As a simplification, the cation ex-
change reaction was assumed to exchange sodium for calcium
and magnesium, with a calcium to magnesitm ratio of 1:1. The
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calcium to magnesium ratio is consistent with the exchangeable
cation data for clays from the aquifer [Parkhurst et al., 1996],
which show ratios of approximately 1:1 to 2:1.

The uncertainty limits assigned to the chemical and isotopic
data include contributions from analytical, sampling, and spa-
tial uncertainties. Replicate samples from the central Okla-
homa aquifer indicate that the combination of analytical un-
certainty and sampling uncertainty is relatively small, plus or
minus 1 to 2%. Spatial uncertainty was estimated from five
pairs of deep wells; each pair was from the same well field, of
similar depth, and separated by less than a kilometer horizon-
tally. The median fractional uncertainty (|(v; — v)/(v, + ),
where v represents the sample values for the two wells) for
eight major constituents of water (Ca, Mg, Na, K, alkalinity, Cl,
SO,, Si0,) from these five pairs of wells was 0.05. In three .
separate calculations the effect of increasing uncertainty was

" investigated by assigning uncertainty limits of plus or minus 1,

2, and 5% to all chemical data. Aluminum concentrations are
below detection limits in almost all samples from central Okla-
homa, so aluminum concentrations were assumed to be essen-
tially.zero. For all calculations the uncertainty limit for pH was
arbitrarily set to 0.05 units, which is approximately thie mea-
surement uncertainty. On the basis of the range of §**C mea-
surements in recharge waters, sodium-bicarbonate waters, and
in calcite and dolomite [Parkhurst et al., 1996] the uncertainty
limits for §"3C were specified to be 3% for the initial solu-
tions, 1%o for the final solution, and 1%o for dolomite and
calcite (Tables 1 and 2). PHREEQC was used to determine
only the simplest, or minimal models for each of the three
levels of uncertainty in.the chemical data (1, 2, and 5%).
Results and discussion. The mole-balance modeling cal-
culations allowed the two calcium bicarbonate waters to mix
with the brine and react with the specified phases to produce
the sodium bicarbonate water. Concentrations of bicarbonate,
which is the dominant anion in the system, are roughly the
same in initial waters and the final water. Thus the main effect
of the reactions is to vary the cation composition. Calcite,’
dolomite, chlorite, plagioclase, and cation-exchange mole
transfers all interact to produce the calcium, magnesium, and
sodium concentrations in the final water. Because dissolved
aluminum concentrations are negligible, any aluminum pro-
duced by the dissolution of feldspars and chlorite must precip-
itate as kaolinite. Similarly, any silicon produced by dissolution
reactions (and some dissolved silica from the initial solutions)
must precipitate in kaolinite and the silica phase. The mixing

Table 2. Chemical Formula for Each Reactant in the
Central Oklahoma Aquifer Example

Reactant Formula Constraint §3C
Calcite CaCO, dissolve —80+1
Dolomite CaMg(CO,), dissolve =901
Silica Si0, none
Kaplinite Al,8i,05(0H), none
Chlorite MgsAl,Si;0,0(0H)g dissolve
K feldspar KAISi;Oq dissolve
Plagioclase Cag4Nag Al 4Si, s0g  dissolve
Cation exchange  CagsMgg s dissolve
Gypsum CaSQ, « 2H,0 none

. Formula for plagioclase corresponds to An40. Positive mole transfer
for exchange causes calcium and magnesium to decrease and sodium
to increase in solution. Here 8'3C, carbon 13 composition in per mil
relative to PDB; =+, uncertainty assigned in inverse modeling..
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Table 3. Mole-Balance Results for the Central Oklahoma Aquifer Example

Mixing Fraction

Mole Transfer, mmol/kg H,O

Dolo- : Plagio- Cag sMgys/Na,
Calculation  Solution 1 Solution 2 Brine Calcite mite SiO, Kaolinite Chlorite K Feldspar clase Exchange  Gypsum
Group 1
NETPATH A 0.66 034  0.0004 --- 057 -0.14 -0006  0.006 0.0002 e 4.01 0.005
1% uncertainty 0.63 0.37  0.00004 --- 0.55.-014 -0.0001 e 0.0002 ee 3.97 0.004
2% uncertainty 0.63 037  0.00004 --- 054 -0.14 ee cre T e 3.95 0.005
5% uncertainty 0.63 0.37  0.00004 .-+ 054 -0.14 oo s e .o 3.95 e
Group 2
NETPATH B 023 0.77 .0.00004 043 ... -023 -0.09 0.09 0.0002 e 4,01 0.005
1% uncertainty 020 0.80  0.00004 040 .-+ —023 -0.09 0.09 0.0002 e 3.97 0.005
2% uncertainty e 10 0.00004 034 .- =022 -0.08 0.08 ves e 4.01 0.005
5% uncertainty e 1.0 0.00004 036 --- =023 -0.09 0.09 o 3T 4.01 e
Group 3
NETPATH C - e 1.0 0.00004 0.06 --- —087 -045 0.06 0.0002 0.55 3.84 0.005
NETPATH D . -1.0 0.00004 --- 003 -0.92 -048 0.06 0.0002 . 0.60 3.83 0.005
1% uncertainty .- 1.0 _ 0.0004 --- <o =094 049 0.06 0.0002 0.62 3.78 0.005
2% uncertainty e 1.0 0.00004  --- »ee —089 -046 0.06 . 0.58 3.78 0.005
5% uncertainty vee 1.0 0.00004  :-+ .-+ —086 —044 .0.05 e 0.56 3.75 e

Positive numbers for mineral mass transfer indicate dissolution; negative nuimbers indicate precipitation. For Cag sMgg s/Na, exchange, positive
mole transfer causes calcium and magnesium to decrease and sodium to increase in solution.

fraction of brine is determined solely by the chloride concen-
tration in the final water, which is relatively small. The mole
transfer of gypsum is determined solely by the sulfate concen-
tration in the final water, which also is relatively small.

With the limited number of phases and the multiple con-
straints for dissolution of phases (Table 2) that were identified
by scanning electron and optical microscopy, it is possible to
find only four unique models with NETPATH. In two of the
models (A and B) the two initial solutions mix with the brine
and react with additional phases to produce the final solution.
In the other two models (C and D) only the second initial
solution mixes with the brine and reacts with additional phases.
Calculations with the modified version of PHREEQC produce
three sets of minimal mole-balance models, and the results in
Table 3 are separated into three groups corresponding to
PHREEQC models. The phases in NETPATH models in each
group are supersets of the phases in the PHREEQC models
for that group.

The first group of models contains NETPATH model A and
three PHREEQC models, one for each of the specified unces-
tainty levels for chemical data, 1, 2, and 5%. The distinguishing
feature of these models is a relatively large mole transfer of
dolomite. All these models indicate a mixture of approximately
two-thirds initial solution 1, one-third initial solution 2, and a
small fraction (0.00004) of the concentrated brine. In NET-
PATH model A, dolomite dissolves (0.57 mmol/kg H,0), and

“calcium and magnesium exchange for sodium (4.01 eq/kg

H,0): In addition, small amounts of chlorite, X feldspar, and
gypsum dissolve (0.006, 0.0002, and 0.005 mmol/kg H,0) while
silica and kaolinite precipitate (—0.14 and —0.006 mmol/kg
H,0). .

The PHREEQC results are very similar for the mixing frac-
tions and for the phases that have large mole transfers, includ-
ing dolomite. However, the small mole transfers have varying
degrees of significance. With a 1% uncertainty limit (adjust-
ments to the chemical data must be 1% or less), chlorite can be
eliminated, and the kaolinite mole transfer can be reduced
almost to zero. With a 2% uncertainty limit, kaolinite, chlorite,
and K feldspar can be eliminated. With a 5% uncertainty limit,

kaolinite, chlorite, X feldspar, and gypsum can be eliminated.
Thus, with uncertainties of plus or minus 5%, which are within

the range of spatial uncertainty estimated for the aquifer, the -

simplest dolomite-containing model reéquires a mixture of so-
lution 1, solution 2, and the brine plus only three additional
reactions: cation exchange, dissolution of dolomite, and pre-
cipitation of silica.

The second group of results (Table 3) is similar to the first
group, except that calcite is a major reactant in place of dolo-
mite. The PHREEQC results with a 1% uncertainty limit are
very similar to the results of NETPATH model B. The minor
differences are due to the charge-balance constraints included
in the PHREEQC formulation. With a 2% uncertainty limit,
solution 1 and X feldspar can be eliminated. With a 5% un-
certainty limit, gypsum also can be eliminated. Thus, with a 5%
uncertainty limit the simplest calcite-containing model re-
quires a mixture of solution 2 and the brine plus cation ex-
change, dissolution of calcite and chlorite, and precipitation of
silica and kaolinite. ]

In the third group of results (Table 3), NETPATH models C
and D mix only solution 2 with the brine and have a relatively
large mole transfer of plagioclase. Even with as little as a 1%
uncertainty limit the small mole transfers of calcite or dolomite
included in the NETPATH models are eliminated in the
PHREEQC model. With a 2% uncertainty limit, K feldspar
can be eliminated, and with a 5% uncertainty limit, gypsum
also can be eliminated. Thus, with a 5% uncertainty limit the
simplest plagioclase-containing model requires a mixture of
solution 2 and the brine plus cation exchange, dissolution of
chlorite and plagioclase, and precipitation of silica and kaolin-
ite.

The NETPATH or PHREEQC models in each group ac-
count for the aqueous §*3C data if the §*3C values of the initial
solutions are approximately —11%eo, which is within. the range
observed in recharge samples from the aquifer. The mole
transfer of carbon-bearing minerals is not large enough in any
of the models to affect significantly the isotopic composition of
the aqueous solution. Any of the models of either NETPATH
or PHREEQC are plausible reactions for the central Okla-
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Figure 1. Maximum range of mixing fractions of aqueous
solutions and mole transfers of phases for example 1, the
central Oklahoma aquifer. Ranges are calculated with 5% un-
certainty limits for chemical data. Other uncertainty limits and
dissolution/precipitation constraints on the phases are noted in
Tables 1 and 2.

homa aquifer, because, they are consistent with the chemical,
isotopic, and microscopic data for the aquifer. The models that
include dolomite are preferred because of the prevalence of
dolomite relative to calcite [Parkhurst et al., 1996] and the
greater reactivity of dolomite relative to silicates. However,
linear combinations of each of the end-member models are
plausible; a new model containing dolomite, calcite, and (or)
plagioclase may be constructed by summing fractions of the
end-member models, provided the sum of the fractions is equal
to 1.0.

The revised mole-balance formulation can be used to deter-
mine the maximum and minimum values of mixing fractions
and mole transfers that can be attained within specified uncer-
tainty limits. The calculated range of values provides additional
information about the significance of mixing fractions and
mole transfers. The maximum and minimum values for exam-
ple 1 were calculated by using an uncertainty limit of 5% for all
chemical data (other uncertainty limits are those given in Ta-
bles 1 and 2) and allowing the reaction of all solutions and
phases simultaneously (Figure 1). The NETPATH and mini-
mal model PHREEQC results alone indicate that the mixing
fraction of solution 2 could range from 0.34 to 1.0 (Table 3);
however, the range calculation indicates that it is possible to
find models with a very small mixing fraction for solution 2
(less than 0. 01) with adjustments to the chemical data of 5% or
less. Thus, in this problem it is not possible to determme the
mixing fractions of solutions 1. and 2 with assurance if an
uncertainty limit of 5% in the chemical,data is accepted.

In contrast, the mixing ‘fraction of brine and thg mole trans-
fers of some of the phases are well constrained within the
specified uncertainty limits. The mixing fraction of brine is too
small to show on Figure 1 but is approximately 0.00004. This
mixing fraction can vary by only about.10% because of the
uncertainty limits that ‘were specified for chloride (plus or
minus 5%). The only reactions that are required in all models
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are cation exchange and. precipitation of silica. Cation ex-
change is approximately 4 mmol/kg H,O, regardless of other
reactions. Silica precipitation is at least 0.1 mmol/kg H,O but
may be greater if chlorite or plagioclase dissolve to a significant

" extent. Similarly, kaolinite precipitation may vary from 0 to 0.6

mmol/kg H,0, depending on the extent of chlorite and plagio-
clase dissolution. Dissolution of up to 0.57 mmol of calcite or
0.64 mmol of dolomite dissolution is consistent with the un-
certainty limits and with the microscopic data, but neither are
essential reactants in all mole-balance models. Gypsum and K
feldspar dissolution are negligible.

The primary use of the range calculation of the revised
mole-balance formulation is to assess the significance of mixing
fractions and mole transfers. Some apparently small mole
transfers (silica in group 1; silica, kaolinite, and chlorite in .
group 2; chlorite in group 3) are found to be essential reactants
within the specified uncertainty limit of 5%. However, the
range calculation shows that the mixing fractions of solutions 1
and 2 can not be determined with assurance, and many of the
mole transfers of phases required in the NETPATH models
(kaolinite, chlorite, X feldspar, and gypsum in NETPATH A,
K feldspar and gypsum in NETPATH B; and calcite, dolomite,
X feldspar, and gypsum in NETPATH C and D (Table 3) can
be shown to be insignificant by the PHREEQC calculations.
For all three groups of models the revised formulation leads to
simpler models that require fewer phases to explain the pre-
dominant geochemical reactions. The simplest model requires
a mixture of solutions 1 and 2 with the brine plus only three
additional reactions: cation exchange, dolomite dissolution,
and silica precipitation. The simple models do not rule out the
possibility of more complex reactions; for example, the NET-
PATH models are more complicated but are still reasonable
geochemical reactions. Furthermore, the simpler the model
calculated by PHREEQC, the greater the deviation from the
original analytical data. However, if the principle of Occam’s
razor is accepted, that the simplest explanations are the best,
then the revised formulation of mole-balance modeling, with a
search for minimal models, provides a method to determine
objectively the simplest geochemical reactions that explain the
chemical and isotopic data within specified limits of uncer-
tainty.

Application to the Madison Aquifer

In this example the revised mole-balance formulation, in-
cluding isotope mole balance, is applied to the evolution of a
water safnple in the Madison aquifer in Montana. Plummer et
al. [1990] used mole-balance modeling to quantify the extent of
dedolomitization at locations throughout the aquifer. In the
dedolomitization process, anhydrite dissolution causes the pre-
cipitation of calcite and dissolution of dolomite. Additional
reactions identified by mole-balance modeling include sulfate
reduction, cation exchange, and halite and sylvite dissolution
[Plummer et al., 1990]. The 8"3C and 8°*S data were used to
corroborate the mole-balance models, and carbon 14 was used
to estimate groundwater ages [Plummer et al., 1990]. Initial and
final water samples were selected from a flow path that extends
from north central Wyoming northeast across Montana [Plum-
mer et al., 1990, flow path 3). This pair of water samples was
selected specifically because it was one of the few pairs that
showed a relatively large discrepancy between previous mole-
balance approaches and the revised mole-balance approach;
results for most sample pairs were not significantly different
between the two approaches. In addition, this pair of samples
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Table 4. Analytical Data for Solutions Used in the
Madison Aquifer Example

Analyte Solution 1 Solution 2
Temperature, °C 9.9 63.0
pH 7.55 6.61
Ca 1.20 11.28
Mg 1.01 4.54
Na 0.02 31.89
X - 0.02 2.54
Fe(II) 0.001 0.0004
TDIC 4.30 6.87
SO, 0.16 19.86
H,S 0 0.26
Cl 0.02 17.85
§3C ~ -70x14 -23+02
8*4S(VI) 9.7x09 163 x15
8%4S(-11) e -221%70
e 52.3 0.8
Charge balance +0.11 +3.24

Charge balance is milliequivalents per kilogram of water.  All other
data are in millimoles per kilogram of water, except pH, 8'°C, §*S,
and C. TDIC, total dissolved inorganic carbon, §'3C, carbon 13
composition of TDIC in per mil relative to PDB; 8*S(VI), sulfur 34
composition of sulfate in per mil relative to Cafion Diablo Troilite
(CDT); 8*S(-1I), sulfur 34 composition of total sulfide in per mil
relative to CDT; 14C, carbon 14 composition in percent modern car-
bon; *, uncertainty assigned in inverse modeling. Uncertainty limit for
pHwas 0.1, uncertainty limit for all other data was 5% of value, except
iron, which was 100%.

was selected because it was modeled in detail in Plummer et al.
[1990] to determine the sensitivity of mole-balance results to
various mode] assumptions and because it was used as an
example in the NETPATH manual [Plummer et al., 1994, ex-
ample 6].

Water compositions and reactants. The initial water for
mole-balance modeling (solution 1, Table 4) is the water iden-
tified as the recharge water for flow path 3 [Plummer et al.,
1990]. This calcium magnesium bicarbonate water is typical of
recharge water in a terrane containing calcite and dolomite.
The final water (solution 2, Table 4) is a sodium calcium sulfate
water (with significant chloride concentration) (see Plummer et
al. {1990, Table 1] for Mysse Flowing Well), which has a charge
imbalance of +3.2 meqg/kg H,O. The final water also contains
measurable sulfide. An uncertainty limit of 5% was assigned to
-all chemical data, except iron, for the initial water and final
water. This uncertainty limit was chosen for the initial water
because of spatial uncertainty in the location of a recharge
water that is on the same flow path as the final water, and this
limit was chosen for the final water because it was near the
_ minimum uncertainty limit necessary to obtain charge balance.
Iron was assigned an uncertainty limit of 100% because of the
small concentrations. An uncertainty limit of 0.1 unit was as-
signed to pH, which is conservative because of the potential for
CO, degassing at this sampling site (L. N. Plummer, U.S.
Geological Survey, written communication, 1996). The §*C
values become heavier from the initial water to the final water
(—7.0 to —2.3%o), as do 8°*S values; (9.7 to 16.3%o). Uncer-
tainty limits for isotopic values of the. initial solution were set
to half the range in isotopic composition in the four recharge
waters from flow paths 3 and 4 [Plummer et al., 1990] (Table 4).
Uncertainty limits for isotopic values of the final water were set
to half the range in isotopic composition in samples from the
distal end of flow path 3 [Plummer et al., 1990] (Table 4).

Reactants considered by Plummer et al. [1990] were dolo-
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mite, calcite, anhydrite, organic matter (CH,0), goethite, py-
rite, Ca/Na, cation exchange, halite, sylvite, and CO, gas. In
sensitivity calculations, Mg/Na, cation exchange and methane
were considered as potential reactants. The aquifer was con-
sidered to be a closed system with respect to CO,, and meth-
ane gain or loss was considered to be unlikely [Plummer et al.,
1990]; therefore, CO, and methane were not included as re-
actants in mole-balance modeling with uncertainty. The uncer-
tainty limits for the isotopic compositions of dissolving phases
were taken from data presented by Plummer et al. [1990] with
slight modifications as follows: 8"*C of dolomite, 1 to 5%o;
813C of organic carbon, —30 to —20%o; and 8**S of anhydrite,
11.5 to 15.5%o. The 8'3C of precipitating calcite depends on
the isotopic evolution of the solution and is affected by isotopic
fractionation. The fractionation equations are not included in
PHREEQC, so it is necessary to assume a compositional range
of calcite that represents the average isotopic composition of
the precipitating calcite. The average isotopic composition of
precipitating calcite from NETPATH calculations was about
—1.5%o0 [Plummer et al., 1994], and an uncertainty limit of
1.0%0 was selected to account for uncertainties in fraction-
ation factors. The 8°*S of precipitating pyrite was estimated to
be —22%o [Plummer et al., 1990] with an uncertainty limit of
2%o; sensitivity analysis indicated that the isotopic value for
the precipitating pyrite had little affect on mole transfers.

Mole-balance calculations included equations for all ele-
ments in the reactive phases and an equation for §**S. NET-
PATH calculations included isotopic fractionation equations
to calculate the 8'C of the final water, while PHREEQC
calculations included a mole-balance equation on §'*C. The
adjusted concentrations (original data plus calculated & values)
from the PHREEQC results were rerun with NETPATH to
obtain carbon 14 ages and to consider the fractionation effects
of calcite precipitation. One NETPATH calculation used the
charge-balancing option to identify the effects of charge-
balance errors. The charge-balance option adjusts the concen-
trations of all cationic elements by a fraction f and of all
anionic elements by a fraction 1/f to achieve charge balance
for the solution. (The charge-balance option of NETPATH
was improved in version 2.13 to produce an exact charge bal-
ance; previous versions produced only an approximate charge
balance.)

For all NETPATH calculations (including calculations that
used PHREEQC-adjusted concentrations), carbon dioxide was
included as a potentially reactive phase, but the §%*S of anhy-
drite wa$ adjusted to produce zero mole transfer of carbon
dioxide. The 83C values of dolomite and organic matter were
adjusted within their uncertainty limits to reproduce the §°C
of the final solution as nearly as possible.

Results and discussion. The predominant reactions deter-
mined by mole-balance modeling are dedolomitization, ien
exchange, halite dissolution, and sulfate reduction (Table 5).
The driving force for dedolomitization is dissolution of anhy-
drite (about 20 mmol/kg H,O, Table 5), which causes dolomite
dissolution and calcite precipitation. Some of the calcium from
anhydrite dissolution and (or) magnesium from dolomite dis-
solution is taken up by ion-exchange sites, which release so-
dium to solution. About 15 mmol/kg H,O of halite-dissolves.
Oxidation of organic matter by sulfate reduction leads to dis-
solution of iron oxyhydroxides and precipitation of pyrite.

Plummer et al. [1990] realized that the stoichiometry of the
exchange reaction was not well defined and considered two -
variations on these reactions in the sensitivity analysis of the
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Table 5. Mole-Balance Results for the Madison Aquifer Example Co-

Ca/Na, Mg/Na, Cag75Mgo.2s/Na,
NETPATH C’ )
Result NETPATH A  NETPATHB PHREEQCB NETPATHC  Charge balanced PHREEQCC

Ca/Na, exchange 83 et e e e
Cay 75Mgy 25/Na, exchange e e e 83 7.6 8.2
Mg/Na, exchange e . 8.3 7.7 . ces e
Dolomite (CaMg(COs),) 35 11.8 11.2 5.6 53 5.6
Calcite (CaCOs) =53 -21.8 -23.9 - =95 —12.3 —12.3
Anhydrite (CaSO,) ©201 20.1 22.9 20.1 225 224
CH,0 0.8 0.8 4.1 0.9 4.3 33
Goethite (FeOOH) 0.1 1.0 1.0 0.1 1.0 0.7
Pyrite (FeS,) -0.1 -0.1 -1.0 ~0.1 =10 -0.7
Halite (NaCl) 153 15.3 153 15.3 15.8 15.3
Sylvite (KCI) 2.5 2.5 2.5 25 2.5 25
Carbon dioxide (CO,) 0.0 0.0 e 0.0 0.0 e
14C reaction adjusted 12.3 0.6 0.4 57 3.6 3.9
Apparent age, years 22,700 —2,400 —5,400 16,400 ‘ 12,500 12,600
8°*S anhydrite 15.6 15.6 12.9 15.6 12.5 135
8'3C dolomite : 3.6 1.0 35 1.9 5.0 5.0
8C, CH,0 —25.0 -30.0 —-20.0 —25.0 —20.0 —20.0
Calculated §*C, final water -23 -22 -2.3 -23 —4.3 -2.9
Calculated 8%, final water 15.8 15.8 16.1 - 158 : 15.9 16.0

Results are in millimoles per kilogram of water, unless otherwise noted. Here, C, carbon 14 in percent modern carbon (pmc); 8'*C, carbon
13 in per mil PDB; ™S, sulfur 34 in per mil CDT; CH,O, organic matter. Positive numbers for mineral mass transfer indicate dissolution;
negative numbers indicate precipitation. For exchange reactions, positive numbers indicate a decrease in calcium and (or) magnesium and an

increase in sodium in solution. The &**S of pyrite was approximately —22 permil in all models. For comparison to calculated isotopic values, -

measured 8°C, —2.3%o; measured 8**S (total), 15.8%0 measured *C, 0.8 pme.

mole-balance model. Pure Ca/Na, exchange and pure Mg/Na,
exchange were considered as potential reactants (NETPATH
A and B, Table 5). When PHREEQC was run with these two
reactants, a model was found with Mg/Na, (PHREEQC B),
but no model was found with pure Ca/Na, exchange. This
difference between NETPATH and PHREEQC results is at-
tributed to the charge imbalance of the solutions. Solution 2
(Table 4) has a charge imbalance of 3.2 meq/kg H,O, which is
more than 3% relative to the sum of cation and anion equiv-
alents. This is not an exceptionally large percentage error, but
the absolute magnitude in milliequivalents is large relative to
some of the mole transfers of the mole-balance models. When
the charge-balance constraint is included in the revised mole-
balance calculation with pure Ca/Na, exchange as the only
exchange reaction, it is not possible simultaneously to attain
mole-balance on elements and isotopes, produce charge bal-
ance for each solution, and keep uncertainty terms within the
specified . uncertainty limits. The exchange reaction with the
largest calcium component for which a model could be found
was about Cag,sMgoos/Na, (PHREEQC C). This exchange
reaction was then used in NETPATH to find NETPATH C.
NETPATH C’ was calculated by using the charge-balance op-
tion of NETPATH with all phases and constraints the same as
in NETPATH C. ’

One consistent difference between the NETPATH models
without the charge-balance option (NETPATH A, B, and C)
and the PHREEQC models is that the amount of organic
matter oxidation and the mole transfers,of goethite and pyrite
are larger in the PHREEQC models. These dif‘gerencés are
attributed to the effects of charge balance on'tiie mole trans-
fers. It has been noted that charge-balance errors frequently
manifest themselves as erroneous mole transfers of single com-
ponent reactants, such as carbon dioxide or organic matter
[Plummer et al., 1994]. Except for differences in mole transfers
in organic matter, goethite, and pyrite, the Mg/Na, models are

similar (NETPATH B and PHREEQC B). However, both
models imply a negative carbon 14 age, which is physically
impossible, as noted by Plummer et al. [1990].

" The PHREEQC model most similar to the pure Ca/Na,
exchange model (NETPATH A) is the Ca, 75Mgg »5/Na, model
(PHREEQC C). This model has larger mole.transfers of car-
bonate minerals and organic matter than the Ca/Na, model,
which decreases the reaction-adjusted carbon 14 activity and
produces a younger groundwater age, 12,600 (PHREEQC C)
compared to 22,700 (NETPATH A) years. This large change in
the calculated age can be attributed to the charge-balance
error and can be divided into two effects: the change in the
exchange reaction and the adjustments for charge-balance er-

rors. The effect of the change in exchange reaction is estimated

by the differences between NETPATH A, which contains pure
Ca/Na, exchange, and NETPATH C, which contains
Caq 7sMg, o5/Na, exchange, but neither model includes correc-
tions for'charge imbalances in the solution compositions. The
increase in Mg in the exchange reaction causes larger mole
transfers of calcite and dolomite and decreases the calculated
age from 22,700 to 16,400 years. The effects of charge-balance
errors are estimated by the differences between NETPATH C
and C’, which differ only in that the NETPATH charge-
balance option was used in NETPATH C'. Charge balancing
the solutions produces larger mole transfers of organic matter
and calcite and decreases the calculated age from 16,400 to
12,500 years. The mole transfers and calculated age for NET-
PATH C' are similar to PHREEQC C but differ slightly be-
cause the uncertainty terms in the PHREEQC model have
been distributed to achieve not only charge balance but also to

reproduce more closely the observed §'3C of the final solution. -

One advantage of the revised mole-balance formulation is
that much of the sensitivity analysis that was formerly done by
setting up and running multiple models can now be done by

.including uncertainty limits for all chemical and isotopic data
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simultaneously. For example, one run of the revised mole-
balance formulation determines that no pure Ca/Na, model
can be found even if any or all of the chemical data were
adjusted by as much as plus or minus 10%. This kind of infor-
mation would be very difficult and time-consuming to establish
with previous mole-balance formulations. Another improve-
ment in the revised formulation is the explicit inclusion of
charge-balance constraints. In this example, including the
charge-balance constraint requires a change in the exchange
reaction and adjustments to solution composmon, which have
the combined effect of lowering the estimated maximum age of
the groundwater by about 10,000 years. If Mg/Na, exchange is
a possible reactant, the estimated minimum age may be essen-
tially modern. Thus the estimated range in age is still large, 0
to 12,600 years. However, on the basis of the large calcium to
magnesium ratio in solution (2.5:1) and approximately equal
cation-exchange constants for calcium and magnesium [Appelo
and Postma, 1993], a calcium-dominated exchange reaction is
more plausible, which is consistent with ages at the older end
of the range. Furthermore, comparison with other carbon 14
ages in the aquifer and with groundwater flow model ages also
indicates an older age is most reasonable.

Summary and Conclusions

Geochemical mole-balance models describe balanced chem-
ical reactions that account for changes in the chemical and
isotopic composition of water along a flow path. A revised
mole-balance formulation has been derived that includes an
additional uncertainty term for each chemical and isotopic
datum. The revised formylation includes the following equa-
tions and inequality constraints: mole-balance equations for
each element or élement redox state, alkalinity, electrons, sol-
vent water, and each isotope; a charge-balance equation and
an equation that relates the uncertainty terms for pH, alkalin-
ity, and total dissolved inorganic carbon for each aqueous
solution; inequality constraints that limit the magnitude of the
uncertainty terms; and inequality constraints on the sign of the
mole transfer of reactants. The set of equations and inequality
constraints is solved by an optimization algorithm that effec-
tively minimizes a weighted sum of the absolute values of the
" uncertainty terms. Alternatively, the optimization algofithm
can be used to determine the ranges of mixing fractions for
each aqueous solution and mole transfers for each reactant
that are consistent with the specified uncertainty limits. An
exhaustive search procedure is employed to find all unique
combinations of aqueous solutions and reactants for which the
equations and inequalify constraints can be solved and the
uncertainty terms minimized. A modified search procedure
finds only minimal models, which are models such that no
model can be found if any one of the aqueous solutions or
phases of the model is removed. The mole-balance models that
are found with either search procedure are a set of end-
members; additional models may be found by linear combina-
tions of these end-members provided that the coefficients in

By allowing for uncertainty the revised formulatlon ensures
that mole-balance models are robust; that is, small Changes to
chemical and isotopic data do not cause large changes in the

results. The range and minimal model calculations allow sys-,

tematic evaluation of the significance of mole transfers. In
addition, the revised formulation provides an objective means
to determine the simplest set of reactions that explain the data
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within the specified uncertainty limits. In the central Okla-
homa aquifer example, if uncertainty is not included, each
mole-balance model has seven or more reactants. However, if
uncertainty limits for the chemical data are specified to be plus
or minus 5%, then the number of reactions can be reduced to
as few as three: cation exchange, dolomite dissolution, and
silica precipitation.

Inclusion of charge-balance constraints eliminates poten-
tially misleading results due to charge-balance érrors in aque-
ous solution compositions. In the Madison aquifer example,
when no corrections are made for charge-balance errors, the
mole-balance calculation for one sample that has a large
charge imbalance produces a model that includes pure Ca/Na,
exchange. When charge-balance corrections are made, no
model that contains pure Ca/Na, exchange is possible; some
Mg/Na, exchange is necessary. The change in reactant and the
correction for the charge imbalance cause significant changes
in mole transfers of calcite, dolomite, and organic carbon,
which reduce the maximum estimated carbon 14 age for
groundwater at this site by about 10,000 years from 22,700 to
12,600 years.

DOS and Unix versions including documentation of the pro-
grams PHREEQC (version 1.5) and NETPATH (version 2:13)
are available by anonymous ftp from the site brrerfip.cr.usgs.gov
in the directory /geochem or from the World Wide Web site
water.usgs.gov. The current version of PHREEQC (1.5) has all
the equations of the revised mole-balance formulation described
in this report except the isotope mole-balance equations.
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